QUANTUM THEORY OF FERMION SYSTEMS: TOPICS BETWEEN PHYSICS AND MATHEMATICS

EDWIN LANGMANN Theoretical Physics, KTH, S-10044 Stockholm, Sweden E-mail: langmann@theophys.kth.se

A pedagogical introduction to quantum models of fermions is given emphasizing the interplay between physics and mathematics. The aim is to explain physical ideas and mathematical tools by looking at simple examples. The topics discussed include fermion systems with a finite number of degrees of freedom, examples for the quantum field theory limit and regularization, the abstract formalism of quasi-free second quantization and some of its applications like the boson-fermion correspondence, loop algebras, and the Luttinger model.

Contents

1 Introduction 172 2 Preliminaries 175 2.1 *-Algebras 175 2.2 Operators on Hilbert spaces 176 2.2.1 Finite dimensional Hilbert spaces 177 2.2.2 Infinite dimensional Hilbert spaces 178 2.2.3 Unitary representations of *-algebras 180 2.3 Quantum physics in a nutshell 180 2.4 Quantum field theory limit 182 2.4.1 General remarks 183 2.4.2 Regularizing diverging series 184 2.4.3 Field algebras and their representations 185 3 Fermion quantum mechanics 186 3.1 The simplest fermion system I know. . . 186 3.2 Fermion systems with a finite number of degrees of freedom 187 3.3 Quantum field theory limit: Heuristics 195 4 Quasi-free second quantization of fermions 198 4.1 Fermion field algebras and fermion Fock spaces 198 4.2 Free second quantization of observables and symmetries 200 4.3 Fermion quantum mechanics revisited 202 4.4 Quasi-free representations 203 4.5 Quasi-free second quantization of observables 204 4.6 Quasi-free second quantization of symmetries 210

5 Loop algebras and loop groups 213 5.1 Loop algebra of complex valued maps on the circle 213 5.1.1 Wedge representation 213 5.2 Loop group of maps from the circle to U(1) 215 5.3 Boson-fermion correspondence 217 5.3.1 Bosons from fermions 218 5.3.2 Fermions from bosons 220 5.4 Bosons, fermions, and elliptic functions 221 6 The Luttinger model 223 6.1 Physical interpretation 223 6.2 Construction and solution of the model 225 7 Further developments 231 7.1 Boson-anyon correspondence and the Sutherland model 231 7.2 Other 1+1 dimensional quantum field theory models 232 7.3 Quasi-free second quantization and non-commutative geometry 232 7.4 Bosons and the super-version of quasi-free second quantization 233 References 234

1 Introduction

These notes are intended as an introduction to quantum (field) theory and to (some) mathematical topics used to formulate and analyze simple fermion models relevant in physics, both for mathematics- and theoretical physics students. I should stress that this is not a systematic presentation of the subject but rather my personal (subjective!) selection of topics. My selection was guided by my strong belief that a good way to learn a complicated subject is to first look in detail at simple non-trivial examples where one can understand things explicitly.^1 After that it is often much easier to understand the general structure which underlies all these examples. I also hope that these notes reflect my view that the interplay between mathematics and physics can be very fruitful for both disciplines.

In my presentation I try to be mathematically precise and explicit (which I can be by restricting to rather simple examples), and I also try to explain the physical interpretation of the formalism presented. One of my goals is to give a physics- and mathematics introduction to quasi-free second quantization of fermions, a formalism which allows a mathematical precise formulation and treatment of certain quantum field theory models and, at the same time, plays a central role in the representation theory of certain infinite dimensional Lie algebras like the affine Kac-Moody algebras and the Virasoro algebra. I try to explain the physical ideas underlying this formalism, and to illustrate them in specific examples also making explicit the mathematical elegance of its general, abstract formulation. To substantiate my claim that this formalism is useful I also include short reviews of several seemingly very different research projects in which I have been involved and in which this formalism plays a central role. I have attempted to write these notes so that a student can work through them and acquire an active knowledge of the material treated. Due to limitations of space, these notes cannot be as detailed as a text book. Instead of writing ‘. . . as is easily seen. . . ’ and the like as a substitute for a detailed argument (which in fact might be ‘easily seen’ often only by an expert) I decided to clearly mark as ‘Fact(s)’ all statements where beginners probably have to invest work to prove, verify, or at least fully understand them. Readers who do not find such a Fact obvious are strongly encouraged to work out a proof of it and/or look it up in the references given. I sometimes give some ‘Hints’ outlining a proof (not so much for those Facts which are more difficult to prove, but rather for those where I believe that the proof is important to understand their significance or illustrates a useful calculation

1I learned this several years ago from Harald Grosse who was my PhD supervisor then.

tool). I use the symbol □ to mark the ending of a Fact, Theorem, Remark etc. There are several remarks marked as ‘Remark (adv.)’ which are either more advanced than the rest of the notes or intended for experts. I now describe in more detail the topics discussed in these notes. Fermion models are important in many different areas of physics. They are very successfully used to describe electrons in metals, protons in atomic nuclei, elementary particles in particle accelerators (like the ones at CERN in Geneva) to mention only a few examples. These and many other examples belong to the realm of quantum physics. Quantum systems with a finite number N of degrees of freedom belong to the realm of quantum mechanics, and the mathematical framework for this is very well understood since quite some time. Quantum field theory models deal with quantum systems with an infinite number of degrees of freedom, N = ∞. Quantum field theory is mathematically much more challenging than quantum mechanics due to the occurrence of so-called divergences: the naive limit N → ∞ often does not make sense, and one has to regularize in order to get meaningful answers.

The plan of these these lecture notes is as follows. In Section 2 I collect some prerequisites. Mathematical prerequisites include some facts about ∗-algebras and the theory of Hilbert space operators. The latter subject is essential to fully appreciate the quantum field theory case, but I stress that I tried to write these notes so as to make them accessible also for readers not familiar with the general Hilbert space theory. Section 2 also includes a review of quantum theory intended for mathematicians, and some preliminary discussion of the significance of the quantum field theory limit N → ∞. Fermion quantum mechanics is discussed in Section 3, mainly to introduce the physics ideas needed in the simplest context possible. As an application I mention some basic facts about Hubbard-like models which are important in solid state physics and which can be formulated in the setting of fermion quantum mechanics. I also indicate the additional difficulties arising in the quantum field theory limit. Section 4 is devoted to the general, abstract formalism of quasi-free second quantization from a mathematical point of view. In Section 5 I discuss applications in the representation theory of the loop algebras and loop groups, and I show how the mathematical results in this setting give rise to intriguing identities which are known as the boson-fermion correspondence and which play a central role in the quantum field theory application of this formalism. In Section 6 it is shown how these results can be used to construct and solve the so-called Luttinger model which is a model of interacting(!) fermions moving in one dimensional continuum space and describing a one dimensional metal (e.g. electrons in a wire). I chose this example since it is the simplest non-trivial one I know, and it nicely illustrates one source for divergences in quantum field theory: they can be regarded as the price to pay for simplifying the description of a physical system by eliminating the details of its short distance structure. In this example I also show how the mathematical tools developed in the previous sections can be used to construct a quantum field theory model, and I sketch how the boson-fermion correspondence is used to completely solve this model. Finally, in Section 7 I briefly review several other developments.

Remark: I stress that limiting my discussion of quantum models to fermions is a severe restriction from the physics point of view: many phenomena in nature are described by bosons, e.g. gauge fields (which play a fundamental role in elementary particle physics) are bosons, and conventional quantum mechanics (as discussed in physics text books) can be regarded as quantum theory for bosons with a finite number of degrees of freedom. However, fermion models are, from a mathematical point of view, much simpler and therefore, as I believe, well suited for introducing quantum theory. Moreover, much of what I discuss here for fermions can be quite straightforwardly extended also to boson models (see Ref. [R, GL1, GL2]).

Remark (adv.): In the mathematical theory of infinite dimensional spaces topology plays an important role. We will encounter several such spaces in the examples discussed in these notes. Still, I will avoid to discuss topological questions (and not even define the topology in many cases) since this would be beyond the scope of these lectures.

2 Preliminaries

The mathematical framework of quantum mechanics is Hilbert space theory, and an useful prerequisite for doing quantum mechanics is a good knowledge of the theory of operators on Hilbert spaces. The more fundamental objects in quantum physics are actually ∗-algebras^2 which nevertheless, can in many cases (including all examples I discuss), be represented by operators on a Hilbert space. In quantum field theory (but not quantum mechanics) this view becomes important since there one finds truly different representations of the ∗-algebras of interest.

In this Section I summarize some definitions and facts about ∗-algebras, Hilbert space theory, and quantum physics which I will use later. In particular, some of my notation used later is explained here. Of course, my presentation is too short to be in any way a substitute for systematic courses. I therefore stress that readers with no prior knowledge in Hilbert space theory should be able to understand a large part of these notes with some knowledge in linear algebra corresponding to the special case of finite dimensional Hilbert spaces C^N and accepting on trust the generalizations to general Hilbert spaces which I mention.

2.1 ∗-Algebras

∗-Algebras are an important mathematical structure in quantum physics and I therefore recall their definition in this section.

Let A be a complex algebra (i.e. for A, B ∈ A and λ ∈ C there is a definition of A + B (sum), λA (product with scalar) and AB (product) so that the usual axioms hold). Then A is a ∗-algebra if there is an anti linear map ∗ : A → A called involution so that (AB)^∗ = B^∗A^∗ and (A^∗)^∗ = A for all A, B ∈ A. In the following we always assume that a ∗-algebra has a unit element which we denote as 1 (or 1_A if there is danger of confusion).

A simple example of ∗-algebras are algebras of (complex) N × N matrices (the natural ∗ is given the matrix adjungation). Other important examples are algebras of operators on Hilbert spaces which will be discussed in the next section.

Remark (adv.): Usually the ∗-algebras of interest in quantum physics come with some topology compatible with the algebraic structure, and one often requires that they are C^∗-algebras, see e.g. [BrR] for definition and discussion.

2usually equipped with some suitable topology

Even though the fermion field algebras naturally have the structure of a C^∗- algebra and thus one can make use of the quite powerful (but mathematically advanced) theory of C^∗-algebras, I will not do this for two reasons. Firstly, I believe that avoiding C^∗-algebra arguments makes the subject easier to learn. Secondly, if one insists on C^∗-algebra techniques, the treatment of quantum theory for bosons becomes very different from the fermion case, whereas the approach which I will discuss can be adapted to bosons in a straightforward manner, see e.g. [GL1, GL2, L0].

2.2 Operators on Hilbert spaces

In this paragraph I collect some basic results of Hilbert space operator theory, see e.g. [RS]. Readers familiar with this subject can find a summary of my notation in the next paragraph. Readers not familiar with the terms in this paragraph can get acquainted with them in the rest of this section. For the latter readers I recommend to browse the complete section at first reading and go back to it later when needed.

Notation: If H is a separable Hilbert space then ⟨·, ·⟩ is the inner product in H which we choose anti-linear in the first- and linear in the second argument.^3 We denote as L the space of all linear operators H → H, and B, B_1 and B_2 are the bounded, trace class and Hilbert Schmidt operators on H, respectively. Moreover, Tr is the Hilbert space trace and ∗ the Hilbert space adjoint as usual. Throughout these notes 1 will be the identity operator. We will later have several different Hilbert spaces at the same time and then sometimes write ⟨·, ·⟩_H instead of ⟨·, ·⟩ if there is danger of confusion. Similarly we will sometimes write 1_H, Tr_H, L(H) etc. For A ∈ L and f ∈ H I often write Af instead of A(f). If f_n and g_n are vectors H and λ_n complex numbers I write A = ∑ n λ_nf_n ⟨g_n, ·⟩ short for the operator defined as: Af = ∑ n λ_nf_n ⟨g_n, f⟩ ∀f ∈ H. (As mentioned, the rest of this section is an introduction to Hilbert space theory assuming only knowledge in linear algebra). A basis (= complete orthonormal basis) in H is a set {e_n}^N_{n=1}, 1 ≤ N ≤ ∞, of vectors in H such that ⟨e_m, e_n⟩ = δ_{m,n} (:= 1 if m = n and = 0 otherwise) for all m, n, and ∑_N n=1 e_n ⟨e_n, ·⟩ = 1. Fact: N is basis independent^4 and only depends on H.□ Fact: Given a basis {e_n}^N_{n=1} one can represent all f ∈ H as f = ∑_N n=1 f_ne_n with f_n = ⟨e_n, f⟩.□ Fact: If N < ∞

3This is the convention used by most physicists and which unfortunately is different from what is common in the mathematics literature. 4i.e. it is the same for whatever basis one has

one can therefore naturally identify H with C^N , and we write H ∼= C^N .□ In the following I first discuss the special case H = C^N for finite N. I then discuss some of the caveats which arise if one tries to generalize the results there to the infinite dimensional case N = ∞.

2.2.1 Finite dimensional Hilbert spaces

This section contains a summary of results from linear algebra formulated so that they can be generalized to general Hilbert spaces. The proofs of the ‘Facts’ should be easy and essentially only require getting used to my notation which is chosen to easily generalize to the infinite dimensional case.

The simplest example (sufficient for our discussion of fermion quantum mechanics) is H = C^N with ⟨f, g⟩_CN = ∑_N n=1 f_ng_n where we write C^N ∋ f = (f_1, . . . , f_N ), f_n ∈ C , similarly for g, and the bar denotes complex conjugation. In this case, the distinction between the different operator algebras mentioned above is irrelevant, i.e. L = B = B_1 = B_2 if N < ∞.

Note that the set B of all linear operators on C^N has a natural structure of an algebra, in particular, there is a natural definition of a product of two linear operators on C^N (i.e. for A, B ∈ B, (AB)(f)) := A(B(f)) for all f ∈ H). Fact: The (Hilbert space) adjoint A^∗ of A ∈ B is defined by ⟨f, A^∗g⟩ = ⟨Af, g⟩ for all f, g ∈ H. (Hint: You need to check that this indeed defines A^∗.)□ A linear operator A on H is called self-adjoint if A^∗ = A, and it is called unitary if AA^∗ = A^∗A = 1. Fact: With the ∗ operation A → A^∗, B naturally is a ∗-algebra.□

The standard basis in C^N is defined as follows, (e_n)_k = δ_{n,k} for all n, k = 1, . . . , N. However, there are many other examples for a basis which can be of interest in applications. Fact: Given a basis, we can write all A ∈ B as A = ∑ m,n a_{mn}e_m ⟨e_n, ·⟩, and the operator product thereby can be represented by matrix multiplication. Thus we get the Fact: B(C^N ) can be identified with the ∗-algebra of N × N matrices (with (a^∗)_{mn} = a_{nm}).□

The importance of self-adjoint and unitary operators in quantum physics is closely related to the (generalization of the) following Fact: If A ∈ B is self-adjoint then there a basis {e_n}^N_{n=1} and real numbers {λ_n}^N_{n=1} such that A = ∑_N n=1 λ_ne_n ⟨e_n, ·⟩.□ This result implies that functions of self-adjoint operators are well-defined: f(A) := ∑_N n=1 f(λ_n)e_n ⟨e_n, ·⟩ for any bounded C -valued function f on R. Unitary operators have a similar representation, U = ∑_N n=1 λ_ne_n ⟨e_n, ·⟩, but here the λ_n are phases i.e. complex numbers with absolute value equal 1. One can also easily prove the following

Fact *: For every self-adjoint operator A on H, U(t) := e^{itA} exists and is unitary for all real t. Moreover, U(0) = 1 and U(s)U(t) = U(s + t) for all s, t ∈ R, and^∂_{∂t} U(t)f = iAU(t)f for all f in the domain of definition of A. □

One often refers to e^{itA} as the one-parameter family of unitary operators generated by A.

For all A ∈ B and an arbitrary basis {e_n}^N_{n=1} in C^N we can define the trace Tr(A) := ∑_N n=1 ⟨e_n, Ae_n⟩ which is a linear map B → C . One can easily prove the following Facts: This definition is basis independent, and the trace is cyclic i.e. Tr(AB) = Tr(BA) for all A, B ∈ B.□ The generalization of this to infinite dimensions has several caveats which are of central importance in quantum field theory.

2.2.2 Infinite dimensional Hilbert spaces

We now consider the case N = ∞. Many of the results above can be generalized to this case but this requires some care. For example, one if often interested in operators A ∈ L where Af is not defined for all f ∈ H but only for f in some subset D(A) called the domain of A. In particular, A = B means not only that Af = Bf for all f ∈ D(A) but also that D(A) = D(B). Moreover, to define the sum and the operator product of two operators A, B ∈ L one then has to be careful about domains, and L is not an algebra in general. Also the definition of the adjoint A^∗ of an operator A ∈ L etc. requires some care about domains. The notion of a trace also becomes more delicate (our definition of Tr(A) above now involves an infinite sum which will not converge in general, and even if it converges for some basis, the results will no longer be independent of this basis in general).

The strategy to generalize results valid for C^N , N finite, to general Hilbert spaces H is to restrict them to subsets of L. Fact: One subset for which all definitions and results generalize in a simple manner is the finite rank operators B_0 which is defined as the set of all operators of the form A = ∑_M n=1 λ_ne_n ⟨f_n, ·⟩ as above with M finite, λ_n ∈ C , and both {e_n}^∞_{n=1} and {f_n}^∞_{n=1} some basis.□ Unfortunately, this set B_0 is rather small and many operators of interest are not in B_0. To define interesting larger sets of operators containing more operators of interest it is useful to consider dense subsets D of H which are such that, loosely speaking, every f ∈ H can be represented as a limit of a converging sequence {f_n}^∞_{n=0} where all f_n ∈ D.^5 In particular, the span of any basis {e_n}^∞_{n=1} (i.e. the vector space generated by all finite linear combinations of vectors in this set) is such a dense set. Then one can define

5for a precise definition see [RS]

the set B(D) as the set of all operators which have D as a common dense invariant domain i.e. for all f ∈ D, Af and A^∗f exist and are vectors in D for all A ∈ B(D). Fact: For every dense domain D, B(D) is a ∗-algebra (with product given by the operator product and the star operation by the operator adjoint).□ In particular, B = B(H) are the so-called bounded operators.^6 As mentioned, the definition of self-adjoint operators A ∈ L is now somewhat delicate but for all these operators one can prove the

Spectral Theorem: For any bounded function f : R → C , the definition of f(A) for self-adjoint finite rank operators A can be naturally extended to all self-adjoint operators A ∈ L such that f(A)^∗ = f̄(A). In particular, χ_I (A) is well-defined for all characteristic functions χ_I^7, and χ_{I1∪I2} (A) = χ_{I1} (A) + χ_{I2} (A) if I_1 ∩ I_2 = ∅, and χ_I (A)^∗ = χ_I (A)^2 = χ_I (A).

Proof: see e.g. [RS]. □

One other important result for quantum theory is that Fact * above holds true in arbitrary Hilbert spaces H (this is essentially Stone’s Theorem, see e.g. [RS]).

Other important subsets of L are defined such that they allow for a trace and/or that properties of the matrix trace remain true. To be specific, for 0 < p < ∞, B_p is defined as the set of all A ∈ L for which^8 ∑_∞ n=1 ⟨ e_n, (AA^∗)^{p/2}e_n ⟩ exists (i.e. is finite) for some basis {e_n}^N_{n=1}, and one can prove the Fact that this definition is basis independent□. In particular, B_1 are called the trace class operators and B_2 the Hilbert Schmidt operators. The name of B_1 is due to the following Fact: The Hilbert space trace Tr(A) := ∑_N n=1 ⟨e_n, Ae_n⟩ exists and is basis independent if and only if A ∈ B_1.□ The other subsets B_p are important due to the following Fact: If A ∈ B_p and A ∈ B_q then AB ∈ B_r with^1_r =^1_p +^1_q .□ In particular, the product of two Hilbert Schmidt operators is trace class. We also have the Fact: If A ∈ B, B ∈ B_p for some p < ∞, and AB and BA are trace class then Tr(AB) = Tr(BA).□ Note also the Fact: B_p ⊂ B_q if p < q, and in particular, all trace class operators are Hilbert Schmidt.□

6I abuse notation here: sorry.

7i.e. χ_I (x) = 1 (= 0) for x ∈ I (x /∈ I) where I is some open subset of R 8One uses here the fact that for all A ∈ L, AA^∗ is self-adjoint and non-negative and thus (AA^∗)^{p/2} is well-defined.

2.2.3 Unitary representations of ∗-algebras

In physics one is usually interested in representations π of a ∗-algebra A by operators on some Hilbert space H where ∗ is represented by the Hilbert space adjoint, π(A^∗) = π(A)^∗ for all A ∈ A, and π(1_A) = 1_H. Such representations are called unitary.

Remark: Strictly speaking I should use a different symbol, e.g. †, for the ∗- operaton in the ∗-algebra to distinguish it from the Hilbert space adjungation which I also denote as ∗. Then I could write the condition for a unitary representation as π(A^†) = π(A)^∗ for all A ∈ A, which is somewhat clearer. This distinction between ∗-operation and Hilbert space adjoint is actually important in the boson case. However, every ∗-algebras discussed in these notes can be indentified with the simplest of its representations π_0 which is unitary, and thus it is safe to only use one symbol ∗.

Remark: In quantum mechanics, all unitary representations of the ∗-algebra of interest (see below) are unitarily equivalent, which essentially means that one can identify the ∗-algebra with (any of) its unitary representations. This is not the case in quantum field theory where truly different unitary representations of the relevant ∗-algebras exist. For pedagogical reasons I will always distinguish between the ∗-algebra and its unitary representation. □

2.3 Quantum physics in a nutshell

In this section I summarize the general framework and the postulates in quantum theory.

In a quantum physics model one usually has a separable Hilbert space H together with an ∗-algebra A of operators on H (with the ∗ operation given by the Hilbert space adjoint ∗). (Reader not familiar with Hilbert space theory can assume H = C^N , and operators on H are just complex N × N matrices.)

Vectors^9 in H represent possible pure states of the system, and selfadjoint elements in A represent observables i.e. a possible measurements on the system. We denote the algebra of self-adjoint elements in A as O. Similarly, the unitary elements represent (symmetry) transformations on the system. A is called the field algebra and O the observable algebra of the model.

Remark: Even though only O has a (simple) physical interpretation, it is in many cases very useful to consider the larger algebra A, for example, elements

9to be precise: equivalent classes of non-zero vectors which differ by a phase factor

in O can often be constructed from simpler, non-selfadjoint elements which are not in O but in A. □

In a specific model there is usually one preferred operator H in O which is called Hamiltonian and which plays, at the same time, three special roles: firstly, it represents energy measurements, secondly, it defines the time evolution of the system, and thirdly, it determines the state of the system in thermal equilibrium. Moreover, in many models there is another special element N ∈ O called particle number operator and which corresponds to measurements of the number of particles in the system. This interpretation is reasonable only if the eigenvalues of N are integers. A unitary element in A represents then a symmetry of the model if it commutes with H and (if it exists) with N. Often one has symmetries represented by one-parameter families of unitary operators generated by some A ∈ O via Stone’s theorem (cf. Fact *).

Basic postulates in quantum physics are the following:

Postulate 1: If the system is in the pure state represented by a non-zero ψ ∈ H, then the expectation value of the observable A ∈ O (i.e. expected (average) value for the result of the corresponding measurement) is < A > = ⟨ψ, Aψ⟩ ⟨ψ, ψ⟩ . (1)

In particular, < χ_{[a,b]}(A) > is the probablity for the measurement corresponding to the operator A to give a result in the interval [a, b] (−∞ ≤ a < b ≤ ∞).

Postulate 2: If ψ ∈ H represents the state at time t = t_0, then the state at other times t > t_0 is ψ = e^{−iH(t−t0)}ψ (2) provided the system is isolated in the time interval [t_0, t].

Postulate 3: If the system is in thermal equilibrium and has a temperature T ≥ 0, then the expectation value of the observable A ∈ O (i.e. expected (average) value for the result of the corresponding measurement) is^{10} < A > = Tr(e^{−β(H−μN)}A) Z (3) 10Here one implicitly assumes that e^{−β(H−μN)}A is trace class which should be proven in a specific model.

with

Z = Tr(e^{−β(H−μN)}) (4)

and β = 1/T where μ is a real parameter which is determined by the requirement that the expectation value < N > of the particle number has a fixed, given value.

Note that < 1 > = 1, and the normalization constant Z is usually referred to as partition function. Moreover, the constant μ is traditionally called chemical potential. Note also that

< N > = 1 β ∂ ∂μ log Z . (5)

It is important to note that typcially, a necessary condition for Z to exist is that the Hamiltonian is bounded from below i.e. ⟨ψ, Hψ⟩ ≥ E_0 ⟨ψ, ψ⟩ for all ψ ∈ H and some E_0 > −∞ (this is a necessary condition for e^{−β(H−μN)} to be trace class). If such an E_0 is also an eigenvalue of H i.e. for some ψ_0, Hψ_0 = E_0ψ_0, then this corresponding eigenvector ψ_0 is called ground state of the model, and E_0 is the ground state energy. Many models of interest in physics (but not all!!) have a non-degenerate ground state ψ_0, i.e., at zero temperature (β → ∞), < A > in Eq. (3) reduces to < A > in Eq. (1) with ψ = ψ_0.

Remark: The physicist’s understanding of and intuition about these postulates is mostly based on (many) specific examples of experimental setups and experimental results, together with the corresponding specific quantum models modeling and explaining them. This is the subject of quantum mechanics courses.

Remark: My postulate 3 actually is usually only discussed in statistical physics i.e. systems with many degrees of freedom at finite temperature.

2.4 Quantum field theory limit

One general aspect of quantum field theory is the occurence of divergencies, i.e. in formal computations one is lead to sums and integrals which do not converge. Over the years physicists have learnt to extract meaningful finite numbers from such expressions. The precedures used in this context are called regularization and renormalization, the latter being only necessary in more complicated quantum field theory models which are beyond the scope of these notes. Regularization, however, will be important for us, and I will illustrate its basic idea in a simple example.

The following section contains a few ‘philosophical’ remarks concerning quantum field theory. Section 2.4.2 contains the elementary examples on regularization mentioned, and in Section 2.4.3 I will outline the general strategy for constructing the quantum field theory models which I use in these lectures.

2.4.1 General remarks

There are two different approaches to quantum field theory, one based on path integrals (a good introduction for physicists is e.g. [Ra]; for mathematicians I recommend [S]) and which today is by far dominating, and a more algebraic approach generalizing the Hilbert space approach to quantum mechanics (see e.g. [Ha]). The latter approach is difficult to use in practical computations and thus less popular today. One way to see the difficulty of quantum field theory in this latter approach is as follows. As mentioned, in quantum mechanics all Hilbert space representations of the ∗-algebra A of the model are essentially the same (i.e. they are unitarily equivalent), and it therefore does not matter which representation one uses. It is therefore easy to get the right setting for a given model, and the only (but in general quite demanding) task is to compute numbers which can be compared with experimental results, for example expectation values of obervables in the ground state etc.

This is different in quantum field theory where one first has to construct an appropriate Hilbert space representation of the algebra A of the model which is, in general, difficult and can be done only in special cases. But then, in the end, one needs to compute also numbers.

As a mathematician one would like to clearly separate these two steps, (i) construct the appropriate Hilbert space represenation of the field algebra A of the model, (ii) do computations in that setting. A ‘pure’ mathematician might (perhaps) not be very much interested in (ii) since he/she would regard it as a problem in ‘applied’ mathematics (involving expansions, approximations and numerics). However, in many examples which are important in physics, steps (i) and (ii) cannot be clearly separated. To my opinion, this is an important lesson one learns from a very successful approach to quantum field theory called perturbative renormalization (see e.g. [Co, S]). I believe that this is one fundamental reason why the algebraic approach to quantum field theory is difficult.

The quantum field theory examples discussed in these notes are such that step (i) can be done in a rigorous manner, without doing (ii). These examples already show some of the complications of quantum field theory in a situtation where they can be resolved, and they also show that a Hilbert space approach (which I regard as a special case of the algebraic approach in the spirit of [Ha]) to constructing quantum field theory models non-perturbatively is possible and useful, even though the examples discussed (and actually all examples where the approach I use works) are quite simple from a physics point of view. However, I believe that some generalization of this approach should be useful for understanding more complicated quantum field theory models non-perturbatively.

2.4.2 Regularizing diverging series

The basic idea of regularization is quite old and was used already in the mathematical theory of diverging series quite some time before quantum mechanics was discovered. For examples, the formulas^{11}

1 + 2 + 3 + 4 + · · · = − 1 12 1^3 + 2^3 + 3^3 + 4^3 + · · · = 1 120 (6) can be found already in a famous letter which S. Ramanujan wrote to G.H. Hardy in 1913 (see [BeR]). I will now illustrate the basic idea of regularization by explaining one elementary method to make sense of these series.

I consider the series

S_N = N∑ n=1 a_n and allow for cases where the naive limit N → ∞ does not make sense, e.g. a_n = n^k with integer k ≥ −1. In many such cases it is possible to extract from this limit finite numbers in a well-defined manner. A simple method for that is to introduce a regularization parameter ε > 0 and consider

S_N (ε) = N∑ n=1 a_ne^{−nε} . In many cases (including a_n which are polynomial in n), the limit S_∞(ε) exists for ε > 0, and we can expand S_∞(ε) in a series, S_∞(ε) = ∑ k∈ZŜ_∞(k)εk. In this way we can determine explicity the diverging terms ∑ k<0 Ŝ_∞(k)εk preventing us from taking the limit ε ↓ 0, and after dropping these terms the

11I stress that the sums on the l.h.s. here are regularized sums the precise meaing of which has to be defined: the naive interpretation obviously does not make sense.

limit can be taken. We therefore define ∞∑ n=1 ′ a_n := Ŝ_∞(0) (7)

where the prime here indicates that this defines a regularized sum. In this manner one can derive the following results which give a precise mathematical meaning to the Eqs. in (6): Facts: ∞∑ n=1 ′ n = − 1 12 , ∞∑ n=1 ′ n^3 = 1 120 . (8)

Hint: To prove these formulas it is convenient to introduce the function f(ε) = ∑_∞ n=1 e^{−nε} = e^{−ε}(1 − e^{−ε})^{−1} and obtain the ε-expansion of ∑_∞ n=1 n^ke^{−nε} by taking derivatives of the ε-expansion of f(ε). □

Remark: Note that my definition in Eq. (7) is equivalent to the standard regularization of this limit by analytic continuation, Ŝ_∞(0) = Res(S_∞(ε)ε^{−1}, ε = 0) (cf. K. Wojciechowski’s lectures in the present volume). I also refer the readers to S. Paycha’s lectures (also in this volume) concerning the explanation of diverging integrals. □

2.4.3 Field algebras and their represenations

In this section I describe the strategy which I use in this notes to define and construct quantum models. First, a ∗-algebra A is defined by generators and certain relations amongst them. In all my examples this algebra is generated by fermion field operators obeying anticommutator relations. Even though this algebra is defined without reference to a representation, in all my examples A has a natural representation π_0 on some Hilbert space F. A Model is given by a Hamiltonian, i.e., a self-adjoint element H ∈ A. In case of fermion quantum field theory it is important to consider also other representations π of A, and the crucial point in a proper construction of a model is to find one such representation in which Ĥ = π(H) is a self-adjoint operator bounded from below. As I will discuss, there is a general method to find such a representation for models without interactions. This method also allows to construct certain interacting models, namely all those where there is a non-interacting model with a Hamiltonian H_0 and for which the proper representation π for H_0 is such that also π(H) is a self-adjoint operator bounded from below. Thus such a model has so ‘mild’ interactions that it still can be constructed in the Hilbert space of the corresponding non-interacting model.

3 Fermion quantum mechanics

3.1 The simplest fermion system I know. . .

. . . can be characterized as the ∗-algebra A generated by the element a obeying the following relations,

a^2 = 0, {a, a^∗} = 1_A. (9)

Note that this also implies (a^∗)^2 = 0.

A simple representation π_0 of this algebra is given on the Hilbert space F = C^2 with the usual inner product ⟨·, ·⟩_C2 :

a = σ_− = ( 0 0 1 0 ) , a^∗ = σ_+ = ( 0 1 0 0 )

(10)

and 1 = 1_C2 (= the 2 × 2 unit matrix). Note that I abuse notation here and, strictly speaking, I should write π_0(a) and π_0(a^∗) instead of a and a^∗ in the previous equation. However, for simplicity in notation I identify A and π_0(A) for all A ∈ A here and in the following.

It is easy to see that this representation π_0 is unitary, i.e., ∗ in this representation is the matrix adjoint.

Note that the operator N = a^∗a = ( 1 0 0 0 ) is self-adjoint and has two

eigenvectors, e_0 = ( 0 1 ) and e_1 = ( 1 0 ) with corresponding eigenvalues 0 and

1, Ne_n = ne_n for n = 0, 1. Moreover, the two eigenvectors provide a basis in C^2 .

Physical interpretation:

- e_0 is the vacuum state i.e. the state without particle.

- e_1 is the state with one particle.

- N is the particle number operator.

- a is the particle annihilation operator and a^∗ is the particle creation operator. (Why? Noting that ae_1 = e_0 and ae_0 = 0 resp. a^∗e_0 = e_1 and a^∗e_1 = e_0 and recalling the above interpretation of the states e_{0,1} these names are kind of natural, aren’t they).

Note that we only have states with 0 or 1 particle and thus the Pauli Principle is obeyed: no more than one fermion in one state.

Models: In the present simple example there is not much room to define very interesting models. One kind of Hamiltonian we can consider is H = ωa^∗a with real ω. Since H = ωN, the eigenvectors of H are just the vectors e_n above: He_0 = 0 and He_1 = ωe_1. Note that only for positive ω the zero particle state e_0 is also the ground state of our model, whereas for negative ω the groundstate is e_1 (for ω = 0 one has obviously a degenerate groundstate).

It is instructive to compute the partition function Eq. (4) for the above model, Z = ∑ n=0,1 ⟨ e_n, e^{−β(H−μN)}e_n ⟩ C^2 = ∑ n=0,1 e^{−β(ωn−μn)} = 1 + e^{−β(ω−μ)} . From this we obtain

< N > = 1 β ∂ ∂μ log(1 + e^{−β(ω−μ)}) = 1 e^{β(ω−μ)} + 1 which we can write as < N > = f_β(ω−μ) where f_β is the Fermi distribution function,

f_β(E) = 1 e^{βE} + 1

. (11)

Another representation of the field algebra A is given by

π(a) = σ_+ ≡ ψ, π(a^∗) = σ_− ≡ ψ^∗ . (12)

Note that

ψ = U^∗aU (13)

where U = ( 0 1 1 0 ) is an unitary operator on F: the representations π_0 and π

are unitarily equivalent.

3.2 Fermion systems with a finite number of degrees of freedom. . .

. . . can be characterized by the ∗-algebra A_N generated by elements a_j , j = 1, . . . , N, obeying the following canonical anticommutator relations (CAR), { a_j , a_k } = 0, { a_j , a^∗_k } = δ_{jk}1 ∀j, k = 1, . . . , N. (14) where 1 is the identity in A_N . Note that this implies { a^∗_j , a^∗_k } = 0. In the following I state several ‘Facts’ which can be proven by (in general) simple computations which I only outline as ‘Hints’ but otherwise leave as an exercise to the reader.

Fact: The following defines a representation π_0 of the algebra A_N on the Hilbert space F_N = C^2 ⊗ · · · ⊗ C^2 N times

∼= C 2^N ,12

a_j = σ_3 ⊗ · · · ⊗ σ_3 (j − 1) times ⊗σ_− ⊗ σ_0 ⊗ · · · ⊗ σ_0 (N − j) times a^∗_j = σ_3 ⊗ · · · ⊗ σ_3 (j − 1) times

⊗σ_+ ⊗ σ_0 ⊗ · · · ⊗ σ_0 (N − j) times

(15)

and 1 = σ_0 ⊗ · · · ⊗ σ_0

N times where

σ_0 = ( 1 0 0 1 ) , σ_3 = ( 1 0 0 −1 ) , σ_+ = ( 0 1 0 0 ) , σ_− = ( 0 0 1 0 ) . (16)

Hint: Use

(b_1 ⊗ · · · ⊗ b_N ) · (c_1 ⊗ · · · ⊗ c_N ) = b_1 · c_1 ⊗ · · · ⊗ b_N · c_N for 2 × 2-matrices b_j and c_j . □

Fact: The representation π_0 above is unitary i.e. ∗ is the Hilbert space adjoint. Hint: Recall that the inner product in F_N is given by ⟨f_1 ⊗ · · · ⊗ f_N , g_1 ⊗ · · · ⊗ g_N ⟩_{FN} = ⟨f_1, g_1⟩_C2 · · · ⟨f_N , g_N ⟩_C2 for all f_j , g_j ∈ C^2 . This implies that (b_1 ⊗ · · · ⊗ b_N )^∗ = b^∗_1 ⊗ · · · ⊗ b^∗_N for all 2 × 2 matrices b_j . □

Fact: The vector Ω := e_0 ⊗ · · · ⊗ e_0

N times

∈ F_N (17)

with e_0 = ( 0 1 ) obeys

a_j Ω = 0 ∀j = 1, . . . , N. (18) □ 12Again I identify A and π_0(A) for all A ∈ A_N .

Fact: A basis in F_N is given by

F_n = (a^∗_1)^{n1} · · · (a^∗_N )^{nN} Ω for n = (n_1, . . . , n_N ), n_j ∈ {0, 1}. (19) Hint: Show that F_n = s_ne_{n1} ⊗ · · · ⊗ e_{nN} with e_0 = ( 0 1 ) , e_1 = ( 1 0 ) and s_n either 1 or −1. Use this to show that ⟨F_n, F_m⟩_{FN} = δ_{n1,m1} · · · δ_{nN ,mN} ∀n, m ∈ {0, 1}^N . (20) Check that there are enough independent vectors F_n to span F_N . □ Fact: The operators N_j := a^∗_j a_j (21) obey N_j F_n = n_j F_n (F_n is defined in Eq. (19)), and the operator

N := N∑ j=1 N_j (22)

therefore obeys

NF_n = N∑ j=1 n_j F_n ∀n ∈ {0, 1}^N . (23)

□ Physical interpretation:

- In our system we have N different 1-particle states. In the state F_n we have n_j fermions in the 1-particle state ‘j’, j = 1, . . . , N.

- In particular, Ω is the vacuum state i.e. the ‘empty’ state without fermions.

- N is the particle number operator.

- a_j and a^∗_j are the particle annihilation operator and the particle creation operator corresponding to the 1-particle state ‘j’.

Again we see the Pauli Principle at work: no more than one fermion in one 1-particle state.

Fact: Let F^{(n)}_N be the subspace of F_N spanned by the eigenvectors of N with eigenvalue n. The complex dimension of F^{(n)}_N is N! (N − n)!n! . Moreover,

F_N = F^{(0)}_N ⊕ F^{(1)}_N ⊕ · · · ⊕ F^{(N)}_N = N⨁ n=0 F^{(n)}_N (24)

i.e. the particle number operator gives a natural grading for the Hilbert space on which our system is represented. □ Models: In the present setting we can consider a large class of Hamitonians which are of interest for many physical applications. A very simple class of Hamiltonians is given by H = N∑ j=1 ω_j a^∗_j a_j , ω_1 ≤ ω_2 ≤ · · · ≤ ω_N (25)

equal to H = ∑_N j=1 ω_j N_j . From our discussion above it follows that all the vectors F_n in Eq. (19) are also eigenvectors of H,

HF_n = N∑ j=1 ω_j n_j F_n ∀n ∈ {0, 1}^N . (26)

Thus, if all the ω_j are positive, then Ω obviously is also the groundstate of our model. However, this is not the case if some of the ω_j are negative. Facts: If ω_1, . . . , ω_m < 0, ω_{m+1}, . . . , ω_N > 0 (27) then Ω̃ := a^∗_1 · · · a^∗_mΩ (28) is the ground state of our model, and the ground state energy is

E_0 = m∑ j=1 ω_j . (29)

Moreover,

a^∗_j Ω̃ = 0 for j = 1, . . . , m , a_j Ω̃ = 0 for j = m + 1, . . . , N . (30)

Hint: To see this, convince yourself that the minumum of ∑_N j=1 ω_j n_j , n ∈ {0, 1}^N , is E_0 and assumed for n_1 = · · · = n_m = 1 and n_{m+1} = · · · = n_N = 0. □ Fact: The partition function Eq. (4) for the model with the Hamiltonian Eq. (25) is given by Z = N∏ j=1 ( 1 + e^{−β(ωj −μ)} ) (31)

and < N > Eq. (5) is equal to

< N > = N∑ j=1 f_β (ω_j − N) (32)

with the Fermi distribution function defined in Eq. (11).

Hint: The proof of Eq. (31) is a simple but instructive computation which we therefore outline it here: Z = ∑ n∈{0,1}^N ⟨ F_n, e^{−β(Ĥ−μN)}F_n ⟩ F_N = ∑ n_1,...,n_N =0,1 e^{−β ∑Nj=1 (ωj nj −μnj )} = N∏ j=1 ∑ n_j =0,1 e^{−β(ωj nj −μnj )} = N∏ j=1 ( 1 + e^{−β(ωj −μ)} ) . □ Physical interpretation: In the groundstate Ω̃, all the 1-particle states with a negative energy, ω_j < 0, are ‘filled’ and all 1-particle states with a positive energy, ω_j > 0, are ‘empty’. Moreover, for large β (corresponding to low temperatures), < N > is close to m.

The Hamiltonian Eq. (25) might look rather special. However, as I now show, it has already most of the essential features of a quite large class of

Hamiltonians, namely H = N∑ j,k=1 a^∗_j D_{jk}a_k . (33)

Fact: H above is self-adjoint iff D = (D_{jk})^N_{j,k=1} is a self-adjoint N ×N matrix i.e. D_{jk} = D_{kj} for all j, k. □

Remark: We use the symbol ‘D’ since later the corresponding object will be some Dirac operator.

Indeed, using the fact that every self-adjoint matrix D can be diagonalized by a unitary matrix U, D = U^∗ωU, where ω = diag(ω_1, . . . , ω_N ), we can reduce the present case to what we discussed after Eq. (25): Using the Fact: The operators

π̃(a_j ) = N∑ k=1 U_{jk}a_k =: ã_j , π̃(a^∗_j ) = N∑ k=1 a^∗_kU_{kj} =: ã^∗_j (34)

give a unitary representation of the algebra A_N □, we can write H = N∑ j=1 ω_jã^∗_j ã_j , (35)

and our discussion implies that all eigenstates of the model are given by F̃_n = (ã^∗_1)^n1 · · · (ã^∗_N )^nN Ω , (36)

with HF̃_n = ∑_N j=1 ω_j n_jF̃_n, and these also form a basis in F_N . Especially if Eq. (27) holds then Ω̃ = ã^∗_1 · · · ã^∗_mΩ (37) is the ground state of our system. Moreover, we have the Fact: Eqs. (31)– (32) also hold true in the present case.□ We thus can also solve models with Hamiltonians of the form Eq. (33) quite easily by diagonalizing the 1-particle Hamiltonian D.

As will be discussed in more detail later, it is natural to regard H as the second quantization of the N × N matrix D. More generally, we can define for any N × N matrix A

dΓ(A) := N∑ j,k=1 a^∗_j A_{jk} a_k (38) i.e. H = dΓ(D). One can prove several nice relations for these operators dΓ(A) (see the Eqs. (56) later). Here we only mention the following interesting Fact:

Tr_{FN} (e^{idΓ(A1)} · · · e^{idΓ(Ak )}) = det(1_CN + e^{iA1} · · · e^{iAk} ) (39)

for all k ∈ N and self-adjoint N ×N matrices A_j where det is the usual matrix determinant here. (The proof of this is not easy, and we will not use this result later and only mentioned it here since the generalization of this relation can be used to relate our approach to quantum field theory to the one discussed in K. Wojciechowski’s lectures).□

Application in solid state physics. Hubbard-like models: As we saw, models with Hamiltonians given in Eq. (33) are rather simple, as discussed. In physics one is often interested in more complicated models given by Hamiltonians

H = H_0 + V = N∑ j,k=1 a^∗_j D_{jk}a_k + N∑ j,k,ℓ,m=1 v_{jklm}a^∗_j a^∗_ka_ℓa_m . (40) with complex numbers D_{jk} and v_{jklm} so that H is self-adjoint. The first term (i.e. the one quadratic in the a^{(∗)}) is usually referred to as the free part of the Hamiltonian, and the second one is called the interaction term.

A simple example is the one dimensional Hubbard model defined by the Hamiltonian^{13} [Hu] H = −t ℓ∑ j=1 ∑ σ=↑,↓ (a^∗_{j+1,σ} a_{j,σ} + a^∗_{j,σ}a_{j+1,σ} ) + U ℓ∑ j=1 n_{j,↑}n_{j,↓}, (41)

where n_{j,σ} = a^∗_{j,σ} a_{j,σ} , N = 2ℓ , a^{(∗)}_{N+1,σ} ≡ a^{(∗)}_{1,σ} , a^{(∗)}_{j,↑} ≡ a^{(∗)}_j , a^{(∗)}_{j,↓} ≡ a^{(∗)}_{ℓ+j} for j = 1, . . . , ℓ and t and U are real parameters. The physical interpretation of this model is as follows: One has a one dimensional lattice with ℓ sites and periodic boundary conditions. On each site j = 1, . . . , ℓ one has fermions with internal spin i.e. one has two one-particle states ‘↑’ and ‘↓’. The first term describes hopping of the fermion, e.g. the term a^∗_{j+1,↑}a_{j,↑} corresponds to a ↑-fermion hopping from site j to site j + 1 (i.e. a ↑-fermion on site j is destroyed and a ↑-fermion on site j + 1 is created) etc. Moreover, the interaction term describes a strongly screened Coulomb interaction of the fermions: n_{j,σ} is the

13Our notation above would suggest to write N_{j,σ} rather than n_{j,σ}. The notation used here is standard in the solid state physics literature.

operator measuring the number of σ-fermions on the site j, thus (for U > 0) the last term in Eq. (41) above describes on-site Coulomb repulsion of ↑- and ↓-fermions.

For later reference I note the following simple Fact: For U = 0 (no interactions), the Hubbard Hamiltonian in Eq. (41) can be written as in Eq. (33) with a 2L × 2L-matrix D which has the eigenvalues

E(p) = −2t cos(p) , p = (2n + 1) π ℓ , n = − ℓ 2 , − ℓ 2 + 1, . . . , ℓ 2 − 1 (42)

(I assume ℓ even for simplicity) which all are double degenerate. (Hint: It is an instructive exercise to check that: Using (σ, j) as matrix indices (σ =↑, ↓, j = 1, . . . , ℓ) the matrix elements of D are (D)_{σ,j;σ}′_{,j}′ = −2tδ_{σσ}′ A_{jj}′ where A is the ℓ × ℓ matrix

A =

0 1 0 0 . . . 0 −1 1 0 1 0 . . . 0 0 0 1 0 1 . . . 0 0 . . .. . . . 0 0 0 . . . 0 1 0 0 0 0 . . . 1 0 1 −1 0 0 . . . 0 1 0

which can be diagonalized by the following ansatz for the components of eigenvectors, e_j = ae^{ipj} + be^{−ipj} .)□

Similarly, the Hamiltonian for the two dimensional Hubbard model describes fermions with internal spin on a two dimensional lattice {(j, k) ∈ Z^2|j = 1, . . . , ℓ_1, k = 1, . . . , ℓ_2} with ℓ_1ℓ_2 sites, periodic boundary conditions, hopping between nearest neighbor sites and interacting via on-site Coulomb repulsion.

Remark: Our discussion above makes clear that conceptually, all the models defined by Hamiltonians H in Eq. (40) are rather trivial: H can be represented by a 2^N × 2^N -matrix, and the models can be solved simply by diagonalizing this matrix. However, from a practical point of view, these models can be very complicated, and e.g. for the two dimensional Hubbard model very little is known up to this day (even though this model has been studied very intensively in the past 10 years or so [D, cond − mat]). One reason is that one is often interested in such models on rather large lattices, but the size of matrices grows exponentially with the number of lattice sites and their numeric diagonalization very soon is beyond the abilities of the most advanced computers. Our discussion here also illustrates why models with Hamiltonians Eq. (33) without interactions are so much simpler: as discussed above, if all the v_{jklm} are zero in Eq. (40), the model can be completely solved by diagonalizing the N × N matrix (D_{jk} ). Otherwise one has to diagonalize (or at least find the eigenstate with the minimum eigenvalue) of the 2^N × 2^N -matrix H which is ‘exponentially more difficult’. □

3.3 Quantum field theory limit: Heuristics

In physics one is often interested in fermion systems with an infinite number of degrees of freedom. The simplest example showing already the main problem is the model of chiral fermions on the circle formally given by the Hamiltonian (cf. Eq. (25)) H = ∑ n∈Z n a^∗_na_n (43)

where the a^{(∗)}_n obey CAR as in Eq. (14), but now for all j, k ∈ Z.

Applying naively our results in the previous section to the present model we would deduce that the ground state is (cf. Eq. (28)) Ω̃ = “a^∗_{−1}a^∗_{−2} · · · a^∗_{−1001} · · · Ω” (44)

(which is degenerate with a^∗_0Ω̃, of course, but this degeneracy is not important for what we want to say here and thus will be ignored) where the quotation marks indicate that this is only a formal expression. The corresponding ground state energy should then be (cf. (29))

E_0 = −“(1 + 2 + . . . + 1001 + . . .)” (45)

which clearly is divergent.^{14} One therefore has a serious problem: the Hamiltonian of the model is not bounded from below, the partition function (cf. Eq. (31))

Z = “ ∏ n∈Z ( 1 + e^{−β(n−μ)} ) ” does not exist (the infinite product diverges) etc. As will be made clear later in these notes, the main problem is that the ground state of the model (even though formally defined in Eq. (44)) is not a vector in the Hilbert space where we have defined the model.

The physical idea to remedy this problem is due to Dirac: work in a different Hilbert space where one makes sure from the start that the ground

14After reading Section 2.4.2 you might guess E_0 =^1_{12} , right? Good guess ;-) but to justify this is a longer story; see e.g. [Le].

state is present. This can be done by using the fermion field algebra as a starting point and by representing it such that

a^∗_n Ω̃ = 0 for n = −1, −2, . . . , −1001, . . . , a_n Ω̃ = 0 for n = 0, 1, 2, . . . .

as suggested by Eq. (30). Requiring that ⟨ Ω̃, Ω̃ ⟩ = 1, the full Hilbert space is then generated by the states ∞∏ n=1 (a^∗_{n−1})^{kn} (a_{−n})^{ℓn}Ω̃

where k_n, ℓ_n ∈ {0, 1} are such that ∑_∞ n=1(k_n + ℓ_n) < 0.

The physical motivation for remedying the problem with the diverging ground state energy is as follows: all one can ever measure in a physical system are energy differences, thus we may equally well work with the Hamiltonian Ĥ = H − E_01. This enforces that Ω̃ has finite energy (namely zero). It can be achieved in a simple manner by defining normal ordering : · · · : which is linear and such that : a^∗_na_n := a^∗_na_n if n ≥ 0 and : a^∗_na_n := −a_na^∗_n if n < 0. One then can write

Ĥ = ∑ n∈Z n : a^∗_na_n := ∞∑ n=0 n ( a^∗_na_n + a_{−n−1}a^∗_{−n−1} ) (46)

which clearly is positive definite. Similarly,

N̂ = ∑ n∈Z : a^∗_na_n := ∞∑ n=0 ( a^∗_na_n − a_{−n−1}a^∗_{−n−1} ) (47)

is the operator measuring the particle number relative to the number of particles in the ground state.

The state Ω̃ in this and similar examples is called the filled Dirac sea and is interpreted as the state in which an infinite number of negative one particle states is occupied. The fermions operators a^∗_n for n ≥ 0 then create particles, whereas the operators a_n for n < 0 create anti-particles (i.e. they remove negative-energy particles from the filled Dirac sea). Thus the operator N̂ measures the number of particles minus the number of anti-particles. Since particles and anti-particles have opposite charges it is natural to regard N̂ as charge operator.

Remark: This example is typical: the one particle Hamiltonian for relativistic fermions always is some Dirac operator which is neither bounded from above nor below. Therefore the one particle model of relativistic fermions never is physically acceptable (there is no ground state etc.). In the next

Chapter we will develop a general, abstract formalism allowing to construct a physically acceptable many particle description. This formalism generalizes and gives a precise mathematical meaning to the physical ideas which I tried to explain in this section. □

4 Quasi-free second quantization of fermions

In this Chapter we develop the general, abstract formalism for constructing quantum models for fermions. This formalism amounts to the following: Given the one-particle description of the fermions, construct the description of the corresponding many particle system i.e. the system with an arbitrary number of identical fermions each of which is described by the given one particle formalism. In physics this is called second quantization.

In the first two sections we describe the general construction of the fermion field algebra, the many particle Hilbert space, and the second quantization of observables and transformations. In Section 4.3 I show how to recover our previous results on fermion quantum mechanics from the general formalism and the assumption that one has N < ∞ one particle degrees of freedom. At the end of this section I also indicate the problems one has if one tries to make the limit N → ∞ and thereby motivate the necessity of the quasi-free representations which are discussed in general in Section 4.4.

The material covered in the section is standard. It might be helpful for some readers to consult some other references with a different emphasis, e.g. [A, CaR, KR, Mi, O, W u]. 4.1 Fermion field algebras and fermion Fock spaces

Let H be a separable Hilbert space. The fermion field algebra A = A(H) over H is defined as the ∗-algebra generated by elements a^∗(f) and a(f) ≡ a^∗(f)^∗ such that f → a^∗(f) is linear, and the following CAR hold, {a(f), a(g)} = 0, {a(f), a^∗(g)} = ⟨f, g⟩_H 1 ∀f, g ∈ H . (48) Note that this also implies {a^∗(f), a^∗(g)} = 0.

Remark (adv.): Usually one defines A(H) as C^∗-algebra by also defining a norm via ||a^{(∗)}(f)|| = ⟨f, f⟩_H (see e.g. [BrR]). As mentioned, we will not use C^∗-algebra arguments in the following. □

There is a simple representation π_0 of this algebra A on a Hilbert space F = F(H) which is completely determined by the following conditions (as will be explained below): (i) the representation π_0 is unitary, (ii) there is a vector Ω in F such that

⟨Ω, Ω⟩ = 1 (49) and^{15}

a(f)Ω = 0 ∀f ∈ H . (50)

The Hilbert space F(H) is called the fermion Fock space over H, and π_0 is the so-called Fock-Cook representation of the fermion field algebra A(H).

I now sketch how one can reconstruct F from the conditions above: The a(f) and a^∗(f) are operators on F, thus all vectors^{16}

f_1 ∧ · · · ∧ f_n := a^∗(f_1) · · · a^∗(f_n)Ω (51)

with f_j ∈ H, n an arbitrary non-zero integer, are in F. Then one can show that these vectors span F, and the Hilbert space structure of F is determined by the relations above. In particular, one can prove the Fact: The above conditions imply

⟨f_1 ∧ · · · ∧ f_n, g_1 ∧ · · · ∧ g_m⟩ = δ_{n,m} det ⟨f_1, g_1⟩_H . . . ⟨f_1, g_n⟩_H . . . . . . . ⟨f_n, g_1⟩_H . . . ⟨f_n, g_n⟩_H . (52)

Hint: Your can prove Eq. (52) by induction. One important step is the following computation (where one uses repeatedly a(f_1)a(g_j )^∗ = ⟨f_1, g_j ⟩_H 1 − a(g_j )^∗a(f_1) to move a(f_1) to the right until one can use a(f_1)Ω = 0 and thus get rid of it)

⟨Ω, a(f_n) · · · a(f_1)a^∗(g_1) · · · a^∗(g_m)Ω⟩ = ⟨f_1, g_1⟩_H ⟨Ω, a(f_n) · · · a(f_2)a(g_2)^∗ · · · a(g_m)^∗Ω⟩ − − ⟨Ω, a(f_n) · · · a(f_2)a(g_1)^∗a(f_1)a(g_2)^∗ · · · a^∗(g_m)Ω⟩ = . . . = m∑ j=1 (−1)^{j−1} ⟨f_1, g_j ⟩_H ⟨ Ω, a(f_n) · · · a(f_2)a^∗(g_1) · · · ^a(g_j )^∗ · · · a^∗(g_m)Ω ⟩

where ^ a(g_j )^∗ means that this factor is missing. □ From this one can reconstruct the inner product in F. It is also useful to observe the Fact: The conditions above imply

a^∗(f)f_1 ∧ · · · ∧ f_n = f ∧ f_1 ∧ · · · ∧ f_n (53) a(f)f_1 ∧ · · · ∧ f_n = n∑ j=1 (−1)^{j−1} ⟨f, f_j ⟩_H f_1 ∧ · · · ^∧f_j ∧ · · · ∧ f_n (n ≥ 1) . 15As before, I should write π_0(a(f)) in the following equation, but for simplicity in notation I identify A and π_0(A) for all A ∈ A in the following.

16You can regard the following equation as definition of a useful and suggestive notation.

□ Remark (adv.): I am a bit sloppy here, but if you know more about Hilbert space theory you can fill in the missing details (see e.g. [BrR]): denoting the vector space spanned by the elements f_1 ∧ · · · ∧ f_n Eq. (51) as ∧H, one can take Eq. (52) as a definition of a sesquilinear form on ∧H and then prove that it has the properties of an inner product making ∧H into a pre-Hilbert space (see e.g. [RS]). Then F is recovered as the norm completion of ∧H. □

Remark (adv.): My discussion of the representation π_0 here is similar to the one in most physics texts. A more elegant argument is as follows (see e.g. [CaR]): first construct the Hilbert space F, and especially the vectors Ω and f_1 ∧ · · · ∧ f_n, without reference to the fermion field algebra A and such that Eqs. (52) and (49) provide the definition of the inner product in F. One then takes Eqs. (53) and (50) as a definition and proves that this defines a unitary representation π_0 of A on F. □

4.2 Free second quantization of observables and symmetries

Let A be a bounded operator on the one particle Hilbert space H. Then

dΓ(A)Ω = 0 (54) and dΓ(A)f_1 ∧ · · · ∧ f_n := n∑ j=1 f_1 ∧ · · · ∧ Af_j ∧ · · · ∧ f_n (55) define an operator on F (since the vectors Ω and f_1 ∧ · · · ∧ f_n span H). By simple computations one can prove the Facts: [dΓ(A), dΓ(A)] = dΓ([A, B]) dΓ(A)^∗ = dΓ(A^∗) (56)

for all A, B ∈ B. In particular, if A is self-adjoint then dΓ(A) is also selfadjoint.□

Let U be an invertible, bounded operator on H. Then

Γ(U)Ω = Ω (57) and Γ(U)f_1 ∧ · · · ∧ f_n := Uf_1 ∧ · · · ∧ Uf_n (58) define an operator on F, and similarly as above one proves the Facts:

Γ(U)Γ(V ) = Γ(UV ) Γ(U)^{−1} = Γ(U^{−1}) Γ(U)^∗ = Γ(U^∗) (59)

for all invertible U, V ∈ B. In particular, if U is unitary on H then Γ(U) is unitary on F. Moreover,

Γ(e^{iA}) = e^{idΓ(A)} (60) and Γ(U)dΓ(A)Γ(U^{−1}) = dΓ(UAU^{−1}) (61)

for all A, U ∈ B, U invertible. □

We also observe the Facts: We have

[dΓ(A), a^∗(f)] = a^∗(Af) (62) and Γ(U)a^∗(f)Γ(U)^{−1} = a^∗(Uf) (63)

for all f ∈ H, A, U ∈ B, U invertible. Moreover, Eqs. (54) and (62) completely determine dΓ(A), and Eqs. (57) and (63) completely determine Γ(U).□ As will be demonstrated in specific examples later, for self-adjoint A it is natural to regard dΓ(A) as the many particle observable associated with the one particle observable A. Similarly, for unitary U, Γ(U) is regarded as the many particle (symmetry) transformation associated with the one particle (symmetry) transformation U. dΓ and Γ are therefore often called the second quantization map for observables and (symmetry) transformations, respectively.

Remark: Note the Fact: The algebra B(H) is naturally a Lie algebra with involution ∗ and the Lie bracket given by the commutator (with a topology given by the operator norm).□ Since A → dΓ(A) obviously is linear, Eq. (56) shows that dΓ provides a ∗ preserving representation of this Lie algebra B(H) on the fermion Fock space over H. Similarly, one has the Fact: The set I of invertible operators in B is a Lie group with involution ∗□, and Eqs. (59) show that Γ is a ∗-preserving representation of this Lie group. Moreover, Eq. (60) establishes a nice and natural relation between the former Lie algebra and the latter Lie group which motivates the notation dΓ vs. Γ. For self-adjoint operators A, Eq. (60) also gives a nice relation of Stone’s theorem on H and on F(H). □

Remark (adv.): For infinite dimensional Hilbert spaces H the full story is a little more complicated since the dΓ(A) are unbounded operators on F even if the operators A are bounded on H. However, it is quite safe to regard this as technicality which one can ignore since it is easy to construct a common, dense invariant domain for all operators dΓ(A) and to establish Eq. (56) on this domain. Moreover, in physics application, one is often interested in dΓ(A) for unbounded operators A on H. It is quite straightforward to extend the construction dΓ to this situation. In particular, if L^′ is some algebra of (in general) unbounded operators on H with common, dense invariant domain D then Eq. (55) for f_j ∈ D makes sense and defines dΓ(A) for all A ∈ L^′ on some common, dense invariant domain in F such that Eq. (56) etc. hold on this latter domain (for details see [GL2]). In particular, Eq. (60) holds true also for unbounded self-adjoint operators A on H. □

4.3 Fermion quantum mechanics revisited

We now show how to recover our results in Section 3.2 from the general formalism above.

Facts: Fermion quantum mechanics with N one-particle degrees of freedom corresponds to the special case H = C^N , i.e. A_N = A(C^N ) and F_N ∼= F(C^N ). Moreover, dΓ as defined in Eq. (38) is the same as the one defined in Eq. (55).

Hint: To see this, write C^N ∋ f = ∑_N j=1 f_j e_j with f_j ∈ C and e_1 = (1, 0, . . . , 0), e_2 = (0, 1, 0, . . . , 0) etc., and check that with a^∗(f) = ∑_N j=1 f_j a^∗_j and a(f) = ∑_N j=1 f_j a_j the Eqs. (14) and (48) are equivalent. Moreover, the equivalence of the definitions of dΓ(A) in Eqs. (38) and (38) can be proven by checking that both obey the relations (54) and (62). □

Our solution of the model with the Hamiltonian in Eq. (33) can now be written as follows: write D = ∑_N j=1 ω_jẽ_j ⟨ẽ_j , ·⟩ where ẽ_j are the orthonormal eigenvectors and ω_j the corresponding eigenvalues of D. Then H = ∑_N j=1 ω_j a^∗(ẽ_j )a(ẽ_j ) i.e. ã_j = a(ẽ_j ). Thus the ground state of the model can be written as Ω̃ = a^∗(ẽ_1) · · · a^∗(ẽ_m)Ω. (64)

The eigenvectors {ẽ_j }^m_{j=1} corresponding to negative eigenvalues ω_j of D obviously span a subspace H_− of H = C^N . One can interpret H_− as the negative energy subspace corresponding to the operator D. We now observe the Fact: The ground state of the model only depends on the negative energy subspace H_− of C^N , i.e. for any basis {E_j }^m_{j=1} in H_−, the vector

Ω̃^′ = a^∗(E_1) · · · a^∗(E_m)Ω

is equal to Ω̃ in Eq. (64) up to a phase. Hint: Write E_j = ∑_m k=1 V_{jk}ẽ_k where V is some unitary m × m matrix. Then

Ω̃^′ =^m ∑ k_1 ,...,k_m=1 V_{1k1} · · · V_{mkm} a^∗(ẽ_{k1} ) · · · a^∗(ẽ_{km} )Ω = det(V )Ω̃

where in the last step one uses that the a^∗(ẽ_{kj} ) anticommute with each other. □ This last fact will be an important motivation for the construction in the next section.

4.4 Quasi-free representations

Let H_− be some closed subspace of H such that the operator P_− projecting onto H obeys P^2_− = P^∗_− = P_−. We write P_+ = 1 − P_− and H_+ = P_+H. Note that this gives a splitting of H in two orthogonal subspaces, H = H_+ ⊕ H_−, i.e. every f ∈ H can be written as f = f_+ + f_− with f_± = P_±f ∈ H_±, and ⟨f_−, f_+⟩_H = 0 (the latter follows from P_−P_+ = P_+P_− = 0).

As discussed, in the examples we have in mind H_− is the negative energy subspace corresponding to some Dirac operator, but the following construction is completely general.

We now define a non-trivial representation of the fermion field algebra A on the fermion Fock space F corresponding to ‘filling up the Dirac sea’ i.e. the states in the subspace H_−, as discussed in Sections 3.3 and 4.3 above. For that we need an antilinear operator J : H → H commuting with P_− and obeying J^2 = 1 and ⟨f, g⟩_H = ⟨g, f⟩_H for all f, g ∈ H. (In the following the explicit form of J will play no role, but for the sake of completeness we note the following Fact: Let {e_n}_{n∈Z} be any basis in H such that {e_n}^0_{n=−∞} is a basis in H_−, i.e. P_− =

∑_0 −∞ e_n ⟨e_n, ·⟩. Then Jf = ∑ n∈Z e_n⟨e_n, f⟩ ∀f ∈ H defines an operator J with the desired properties.□) We then define

ψ^∗(f) := a^∗(P_+f) + a(JP_−f) , ψ(f) := a(P_+f) + a^∗(JP_−f) ∀f ∈ H(65)

where a^{(∗)}(f) are the fermion field operators in the Fock-Cook representation as defined above. We observe the following important

Fact: For every projection operator P_−, the operators in Eq. (65) define a unitary representation π_{P−} of the fermion field algebra A on the fermion Fock space F,

ψ^{(∗)}(f) = π_{P−} (a^{(∗)}(f)) , (66)

which is such that

ψ(f_+)Ω = ψ^∗(f_−)Ω = 0 ∀f_± ∈ H_± . (67)

Hint: One needs to check that f → ψ^∗(f) is linear, ψ(f) = ψ^∗(f)^∗, and that the CAR in Eq. (48) are obeyed for the operators ψ^{(∗)}(f). This can be proved by simple computations using the corresponding properties of the operators a^{(∗)}(f). Eq. (67) follows trivially from Eq. (50). □

Remark: One can prove that the representations π_{P−} , P_− projection operators on H, are irreducible (see e.g. [BrR]). □

Remark: As mentioned, in a specific model with a 1-particle Hamiltonian (Dirac operator) D, a natural choice is P_− = θ(−D) (defined via the spectral theorem) with θ(x) = 1 for x ≥ 0 and θ(x) = 0 for x < 0. Then the state Ω above represents the filled Dirac sea of the model, and one can prove that it is indeed a ground state of the many particle Hamiltonian corresponding to D. 4.5 Quasi-free second quantization of observables

We now discuss the second quantization of 1-particle operators in the quasifree representation π_{P−} defined above.

In case of the Fock-Cook representation, the second quantization of 1- particle observables and transformations was always possible. In a quasifree representation this is no longer the case: loosely speaking, the second quantization of a 1-particle operator exists only if it does not mix the subspaces H_+ and H_− above ‘too much’. To be more specific: the decomposition

H = H_+ ⊕ H_− of our one particle Hilbert space provides a natural decomposition of all operators A on H as follows, A = ( A_{++} A_{+−} A_{−+} A_{−−} ) (68)

where A_{++} = P_+AP_+ maps H_+ to H_+, A_{+−} = P_+AP_− maps H_− to H_+, etc. As we will explain in more detail below, the second quantization of a (bounded^{17}) operator A exists if and only if A_{−+} and A_{+−} are Hilbert- Schmidt operators (which loosely speaking means that these operators are ‘not too big’). This is the celebrated Hilbert-Schmidt condition which we will encounter in several places.

Remark: The notation introduced in Eq. (68) is very useful in calculations. Note that in this notation,

P_+ = ( 1 0 0 0 ) , P_− = ( 0 0 0 1 ) , (69)

and the multiplication of operators is simply by the rules of 2 × 2 matrix multiplication.

For A a bounded operator on H, one would like to construct a self-adjoint operator dΓ̂_{P−} (A) = dΓ̂(A) on F such that [ dΓ̂(A), ψ^∗(f) ] = ψ^∗(Af) (70)

for all f ∈ H, and ⟨ Ω, dΓ̂(A)Ω ⟩ F = 0 . (71)

It turns our that if this operator exists, the relations in Eqs. (70)–(71) determine it uniquely, and a necessary and sufficient condition for existence is the above mentioned Hilbert-Schmidt condition. Thus the set of all operators allowing such a second quantization is

g_1 := {A ∈ B |A_{−+}, A_{+−} ∈ B_2 } . (72)

We now summarize the important properties of the quantization map dΓ̂ in a

Theorem: Let A ∈ B. Then a unique operator dΓ̂(A) on F obeying the relations (70)–(71) exists if and only if A ∈ g_1. Moreover, A → dΓ̂(A) is linear, and the following relations hold true,

dΓ̂(A)^∗ = dΓ̂(A^∗) (73)

17This condition can be relaxed but then one has to cope with some additional technicalities.

and [ dΓ̂(A), dΓ̂(B) ] = dΓ̂([A, B]) + Ŝ(A, B)1_F (74)

where Ŝ(A, B) = Tr_H(A_{−+}B_{+−} − B_{−+}A_{+−}) , (75) and dΓ̂(A)Ω = 0 ⇔ A_{−+} = 0 . (76)

Remark: Note that Eqs. (74)–(75) show that the Hilbert-Schmidt condition is not just a technicality: the term Ŝ(A, B) has to be finite (otherwise one has a serious problem with the relation in Eq. (74)) and for that it is crucial that the operator (A_{−+}B_{+−} − B_{−+}A_{+−}) has a finite trace — this is (essentially) just the Hilbert-Schmidt condition. □ Outline of Proof: Instead of giving a full mathematical proof of this Theorem (which can be found e.g. in Ref. [CaR]) I present a more down-to-earth construction of dΓ̂(A) for a restricted set of operators A which will (hopefully) give a more intuitive understanding of dΓ̂, and especially of how the Schwinger term in Eq. (74) appears. For that I use a basis {e_n}_{n∈Z} in H such that {e_n}^0_{n=−∞} is a basis in H_−, i.e. P_− =

∑_0 −∞ e_n ⟨e_n, ·⟩_H. We can then write bounded operator A on B as A = ∑ m,n∈Zamnem ⟨en, ·⟩H where a_{mn} = ⟨e_m, Ae_n⟩_H. For simplicity (i.e. to avoid convergence problems in the following) we assume that A is such that only a finite number of the a_{mn} are non-zero. I will refer to such operators as finite rank operators.

I then define

Q(A) := ∑ m,n a_{mn}ψ^∗(e_m)ψ(e_n) , and by a simple computation (using the CAR) one can check the Fact: [Q(A), ψ^∗(f)] = ψ^∗(Af) for all f ∈ H.□ This shows that Q(A) is quite close to dΓ̂(A) but exactly so due to the following Fact: ⟨Ω, Q(A)Ω⟩ = Tr(A_{−−}) with Tr = Tr_H the Hilbert space trace in H. (Hint: This can be shown by a straightforward computation using that for all f, g ∈ H, ⟨Ω, ψ^∗(f)ψ(g)Ω⟩ = ⟨Ω, ψ^∗(f_−)ψ(g_−)Ω⟩ = ⟨Ω, {ψ^∗(f_−), ψ(g_−)} Ω⟩ = ⟨g_−, f_−⟩_H where I used Eqs. (67) and (49)). □

We thus see that the operator

dΓ̂(A) := Q(A) − Tr(A_{−−})1_F

obeys both relations Eq. (70) and (71). A simple computations (using again the CAR) proves the Fact: [Q(A), Q(B)] = Q([A, B]) (similarly as for the operator dΓ(A) is the Fock-Cook representation).□ With that we obtain [ dΓ̂(A), dΓ̂(B) ] = [Q(A), Q(B)] = Q([A, B]), which implies Eq. (74) with

Ŝ(A, B) = Tr([A, B]_{−−}) = Tr(A_{−+}B_{+−} + A_{−−}B_{−−} − B_{−+}A_{+−} − B_{−−}A_{−−}) .

The second and the forth term on the r.h.s. in this equation cancel due to cyclicity of the trace, and we obtain Eq. (75). It is also easy to check that Eq. (73) holds true.

We now have proven the Theorem for a (small) subset of g_1. As will be explained below, if we were only interested in this subset of operators, the Schwinger term Ŝ would be irrelevant. However, the construction of dΓ(A) can be extended to all A ∈ g_1 so that all the relations derived here remain true, and then Ŝ becomes important. In particular, there are operators A ∈ g_1 such that neither Tr(A_{−−}) nor Q(A) exist (we will give a simple example for this below). Note that the argument above does not apply to such operators since Tr([A, B]_{−−}) will not exist in general, even though Ŝ(A, B) in Eq. (75) is well-defined (i.e. [A_{−−}, B_{−−}] is not trace class, thus the equation Tr([A_{−−}, B_{−−}]) = 0) used above does not make sense.)

As mentioned already above, Eq. (75) indicates that the Hilbert-Schmidt condition is necessary, so the non-trivial step in the proof of the Theorem is to show that it is also sufficient for dΓ(A) to exist. The proof of this (see e.g. [CaR]) is beyond the scope of the present notes.

Remark: Note that if dim(H) is finite, the Hilbert Schmidt condition is empty: all operators can be second quantized. The same is true if P_− = 0 which obviously corresponds to the Fock-Cook representation: dΓ̂_0 = dΓ. □

Remark (adv.): Again, the operators dΓ(A) all are unbounded, but one can construct a common, dense invariant domain in F so that all the relations above hold on this domain [CaR]. Moreover, the construction of dΓ̂(A) can also be extended to certain Lie algebras of unbounded operators A on H obeying the Hilbert-Schmidt condition [GL2], and this extension actually is required in several important applications. □

Remark: Observe the Fact: g_1 is a Lie algebra with the Lie bracket given by the commutator and involution ∗ .□ The Theorem above claims that dΓ̂ is a ∗-preserving so-called projective representation of this Lie ∗-algebra on F: it is not a representation due to the appearance of the term Ŝ(A, B)1_F which is called Schwinger term by physicists. From a mathematical point of view, Ŝ is a 2-cocycle of the Lie algebra g_1: The relations [ dΓ̂(A), dΓ̂(B) ] = − [ dΓ̂(B), dΓ̂(A) ] and [ dΓ̂(A), [ dΓ̂(B), dΓ̂(C) ]] +cycl. = 0 (= Jacobi identity valid for commutators) imply the Fact: Ŝ(A, B) + Ŝ(B, A) = 0 Ŝ(A, [B, C]) + Ŝ(B, [C, A]) + Ŝ(C, [A, B]) = 0 □ (77) which are called 2-cocycle relations. Finally, the relation in Eq. (76) is called highest weight condition. In fact, g_1 is a prominent example of an infinite dimensional Lie algebra in which many of the well-known infinite dimensional Lie algebras can be naturally embedded, for example the loop algebras. One reason for the importance of the Theorem above is that it immediately gives interesting (and in fact very important) representations of infinite dimensional Lie algebras like the affine Kac-Moody algebras, the Virasoro-algebra^{18} etc. We will come back to this in the next Chapter. □

Remark: There is one important conceptual point in the extension of dΓ from finite rank operators to g_1 which I would like to stress: The normal ordering prescription I used to define dΓ̂(A) was just one amongst many possible, and another possible prescription would lead to a different second quantization map dΓ̂^′(A) = dΓ̂(A) − b̂(A)1_F (78)

with b̂ some linear function g_1 → C so that b̂(A^∗) = b̂(A) for all A ∈ g_1. For example, we could have a model with a ground state Ω^′ ∈ F different from Ω, and then we would rather normal order with respect to Ω^′ i.e. use dΓ̂^′ above with b̂(A) = ⟨ Ω^′, dΓ̂(A)Ω^′ ⟩ . Fact: dΓ̂^′ obeys relations as in Eqs. (73) and

(74) with Ŝ replaced by Ŝ^′ where Ŝ^′(A, B) = Ŝ(A, B) + b̂([A, B]) . (79) Moreover, Ŝ is a 2-cocycle if and only if Ŝ^′ is.□ It is thus natural to regard the two quantization maps dΓ and dΓ^′ as equivalent, and therefore the two

18This actually requires the extension of the Theorem to unbounded operators mentioned above.

2-cocycles Ŝ and Ŝ^′ related as in Eq. (79) are also equivalent 2-cocycles. Thus the Schwinger term we discuss here is interesting only because of the following Fact: The 2-cocycle Ŝ in Eq. (75) is non-trivial: there is no linear function b̂ so that Ŝ′(A, B) Eq. (79) vanishes for all A, B ∈ g_1. (Hint: Convince yourself that this is proven if one can find two commuting operators A_± in g_1 such that Ŝ(A_+, A_−) is different from zero. Show then that A_± = ∑ n∈Ze_{n±1} ⟨e_n, ·⟩_H (notation as above) are two such operators.)□ It should be obvious now why the Schwinger term Ŝ is irrelevant for finite rank operators. This also explains why Schwinger terms are irrelevant in fermion quantum mechanics and becomes important only in quantum field theory. □

Remark: What we discussed in the previous two remarks is a special case of Lie algebra cohomology (see e.g. [ChD] for a concise introduction). □

Remark: In the physics literature one often writes

dΓ̂(A) = ∑ m,n a_{mn} : ψ^∗(e_m)ψ(e_n) : , (80)

where : · · · : is the normal ordering symbol mentioned already in Section (3.3) and which (more generally) is defined as the linear map such that

: ψ^∗(e_m)ψ(e_n) : = { −ψ(e_n)ψ^∗(e_m) if m = n < 0 ψ^∗(e_m)ψ(e_n) otherwise (81)

equivalent with : A : = A − ⟨Ω, AΩ⟩ 1_F (i.e. subtraction of the vacuum expectation value). As already mentioned, the Theorem above shows that : A : can be well-defined even if A and ⟨Ω, AΩ⟩ do not exist separately. A simple and generic example for this is for the operator D = ∑ n∈Z λ_ne_n ⟨e_n, ·⟩_H , λ_n^<≥ 0 for n^<≥ 0 (82)

and λ_m ≤ λ_n for m < n. In this case, Tr(D_{−−}) = ∑ n<0 λ_n does not exist in general (the sum does not converge). However, D_{−+} = D_{+−} = 0 (i.e. both are trivially Hilbert Schmidt), and our theorem above^{19} therefore implies that dΓ̂(D) is well-defined. Moreover,

dΓ̂(D) = ∑ n∈Z λ_n : ψ^∗(e_n)ψ(e_n) : = ∑ n≥0 |λ_n|ψ^∗(e_n)ψ(e_n)+ ∑ n<0 |λ_n|ψ(e_n)ψ^∗(e_n) which shows explicitly that this operator is non-negative and dΓ̂(D)Ω = 0. □

19To be precise: its extension to unbounded operators; see [GL2].

Remark: The example in the last remark is actually very important from a physics point of view and leads us back to my discussion in Section 3.3: We can now see explicitly that the quasi-free representation can be chosen such that it obeys an essential physical requirement on any reasonable quantum model, namely the existence of a ground state. As discussed, in a specific model, the 1-particle Hamiltonian is given by self-adjoint D on H and dΓ̂(D) represents the corresponding many particle observable Hamiltonian. Generically, D is some Dirac operator on a compact spin manifold, and such an operator can always be represented as in Eq. (82) with some complete orthonormal basis {e_n}_{n∈Z} and λ_n → −∞ for n → −∞. Such an operator does not have a ground state, and dΓ(D) in the Fock-Cook representation does not have a ground-state, either. However, our discussion in the previous remark makes explicit that in the quasi-free representation π_{P−} with P_− = θ(−D) = ∑ n<0 e_n ⟨e_n, ·⟩_H, the Hamiltonian dΓ̂(D) has a ground-state, namely Ω.

I assumed here that D has a pure point spectrum for simplicity, but the result holds actually true for all self-adjoint operators D. □

4.6 Quasi-free second quantization of symmetries

I now discuss the Lie group version of the results in the previous section. Much of the structure there is already contained in the Lie algebra, (which can be regarded as the infinitesimal version of the Lie group), but (as I will only indicate) there are a few features reflecting some interesting topology of the Lie group which is lost when going to the Lie algebra.

For unitary operators U on H, we are interested in a unitary operator Γ̂(U) on F such that

Γ̂(U)ψ(f)Γ̂(U)^∗ = ψ(Uf) ∀f ∈ H . (83)

Using the results in the previous section it is easy to obtain such an operator Γ̂(U) if U = eiA with a self-adjoint A ∈ g_1: In this case, standard Hilbert space arguments imply the Fact:^{20}

Γ̂(e^{iA}) = e^{idΓ̂(A)} . (84)

(Hint: Existence of the r.h.s. of this follows from Stones Theorem since dΓ̂(A) is a self-adjoint operator on F. Moreover, the identity e^{itdΓ̂(A)}ψ^∗(f)e^{−itdΓ̂(A)} = ψ^∗(e^{itA}f) 20The results also holds for a large class of unbounded, self-adjoint operators A obeying the Hilbert-Schmidt condition [GL2].

can be proven by expanding the l.h.s. in a Taylor series (in t ∈ R) using repeatedly Eq. (70) which shows equality with the Taylor series of the r.h.s.)□ However, there are interesting operators U for which Γ̂(U) exists but which are not of the form e^{iA}, A ∈ g_1. I will not go into this too much and only state the

Theorem: Let U ∈ B be unitary. Then a unitary operator Γ̂(U) obeying Eq. (83) exists if and only if U is in the set

G_1 := {U unitary on H |U_{−+}, U_{+−} ∈ B_2 } . (85)

Instead of a Proof: I believe that this result is quite plausible by now, and for a proof I refer to Ref. [R] which also contains an explicit (and to my opinion very instructive) construction of the operators Γ̂(U) for all U ∈ G_1.

To understand the significance of this result it is useful to convince oneself by direct computations of the following Facts: If A ∈ g_1 is self-adjoint then e^{iA} ∈ G_1. Moreover, a simple example of an operator in G_1 not of this latter form is U = ∑ n∈Ze_{n+1} ⟨e_n, ·⟩_H.□ This later example actually is the simplest of its kind and the only one which I will later use (see [R] for the full story). □ Remark: Observe the Facts: The set G_1 is a group closed under ∗, and Γ̂(U) is uniquely determined by Eq. (83) up to a phase. In particular, if Γ̂(U) and Γ̂(V ) exist also Γ̂(U^∗) and Γ̂(UV ) exist, and

Γ̂(U^∗) = Γ̂(U)^∗ . (86)

Moreover,

Γ̂(U)Γ̂(V ) = σ̂(U, V )Γ̂(UV ) (87)

with σ̂ a phase valued function on G_1 × G_1 satisfying σ̂(U, V )σ̂(UV, W ) = σ̂(U, V W )σ̂(V, W ) σ̂(U^∗, V^∗) = σ̂(V, U) (88)

for consistency.

Hint: To prove the group property of G_1, use that A ∈ B_2 and B ∈ B implies AB, BA ∈ B_2. To prove uniqueness up to a phase, show that if Γ̂(U) and Γ̂′(U) both obey Eq. (83), then A = Γ̂(U)∗Γ̂′(U) commutes with all ψ∗(f) and ψ(f), f ∈ H. Moreover, show that such operators A necessarily are proportional to the identity. A similar argument can be used to prove Eq. (87). □ To give an explicit formula for σ̂ one needs to fix the phase of Γ̂(U). A convenient choice is ⟨ Ω, Γ̂(U)Ω ⟩ real and positive (89)

which, however, does not work for all U ∈ G_1 but only in some neighborhood G^0_1 ⊂ G_1 of the identity [R]. An explicit formula for the resulting 2-cocycle σ̂ : G^0_1 × G^0_1 → U(1) was derived in [L1]. We also note that Γ̂(e^{iA}) is equal to e^{idΓ̂(A)} only up to some phase e^{ib(A)}, and an explicit formula for this phase (which has interesting physics applications) was also derived in Ref. [L1].

Remark: As already mentioned, Eq. (83) determines the operator only up to a phase, i.e. up to to changes Γ̂(U) → Γ̂^′(U) = β̂(U)Γ(U) (90)

where β a phase valued function on G_1 such that β(U^∗) = β(U). It is easy to see that such a transformation changes σ in Eq. (87) σ̂(U, V ) → σ̂^′(U, V ) = σ̂(U, V ) β̂(U)β̂(V ) β̂(UV ) . (91)

Similarly as in the Lie algebra case, two 2-cocycles σ̂ and σ̂^′ related as in Eq. (91) are called equivalent, and the 2-cocycle σ̂ appearing in Eq. (87) is interesting only because it is non-trivial i.e. not equivalent to one which is identical to 1. Moreover, what I discussed here and in the previous remark is a special case of Lie group cohomology [ChD].

5 Loop algebras and loop groups

The set of maps from the circle to some Lie algebra of matrices are infinite dimensional Lie algebras with a beautiful representation theory which is treated in several excellent text books, see e.g. [K, Mi, P S]. Historically, the developments of this theory went in parallel with interesting activities in theoretical physics, namely string theory and progress in the understanding of certain two dimensional quantum field theory models, and there was a fruitful interplay between these two subjects (see e.g. [GO, CaR] for discussion and reference). In this section I discuss a few simple example from these developments.

In the following, x ∈ [−π, π] is a coordinate on a circle of length 2π. For V = C , R, U(1), . . ., we denote as L(V ) the set of smooth (i.e. C^∞) maps S^1 → V , and we denote such maps as loops.

5.1 Loop algebra of complex valued maps on the circle

The set L(C ) of smooth maps S^1 → C has a natural Lie algebra structure i.e. the linear structure and the Lie bracket can all be defined pointwise (e.g. the Lie bracket is [α_1, α_2](x) := [α_1(x), α_2(x)] = 0 for all α_j ∈ L(C ) etc.). This Lie algebra has an interesting central extension L(C )^′ which is the simplest examples of an affine Kac-Moody algebra and which I now define. As a set, L(C )^′ = L(C ) ⊕ C , i.e. elements in this set are pairs (α, a) with α ∈ L(C ) and complex numbers a. Fact: This set has a natural Lie algebra structure: the linear structure is obvious, and

[(α_1, a_1), (α_2, a_2)] := ([α_1, α_2], S(α_1, α_2)) = (0, S(α_1, α_2)) (92)

with

S(α_1, α_2) = 1 4πi ∫_π −π dx ( dα_1(x) dx α_2(x) − α_1(x) dα_2(x) dx ) . (93)

defines a Lie bracket.□

Remark: What is interesting here is that S defined in Eq. (93) is a nontrivial 2-cocylce of the Lie algebra L(C ) (see my discussion on 2-cocycles in Section 4.4).□

5.1.1 Wedge representation

I now describe how the mathematical results in Section (4) can be used to construct interesting representations of the Lie algebra L(C )^′ . We take as one particle Hilbert space H = L^2(S^1) with the basis

e_n(x) = 1 √ 2π e^{i(n+ 1}2^{)x}, n ∈ Z (94)

and define P_− := ∑ n<0 e_n ⟨e_n, ·⟩. Remark: Note that P_− = θ(−D) where D is a self-adjoint extension of −i∂_x which is the (chiral) Dirac operator on the circle S^1. We will come back to this further below.

The loop algebra L(C ) has a natural representation r on H. Fact: For every α ∈ L(C ), (r(α)f)(x) = α(x)f(x) for all f ∈ H, defines a bounded operator r(α) on H. Moreover, r([α_1, α_2]) = [r(α_1), r(α_2)].□ In the following I will simplify notation and write α for r(α) (this is a common abuse of notation). It will also be convenient for us to decompose such maps α into positive, negative and zero Fourier components, α(x) = α^+(x) + α^−(x) + ᾱ

α^±(x) = 1 2π ∑ ±p>0 α̂(p)e^{ipx}, ᾱ = 1 2π α̂(0) (95)

where I use the following convention for Fourier transformation of loops,

α̂(p) = ∫_π −π dx α(x)e^{−ipx} p ∈ Z . A central result in the theory of loop groups is the following Corollary of Theorem 1 in Section 4.4:

Theorem: The map (u, a) → dΓ̂(u) + a1_F provides a highest weight representation of L(C )^′ on the Fermion Fock space F(L^2(S^1)), i.e. [ dΓ̂(α_1), dΓ̂(α_2) ] = S(α_1, α_2)1_F (96)

with S in Eq. (93), and dΓ̂(α^−)Ω = dΓ̂(α^+)^∗Ω = 0 (97) for all α, α_j ∈ L(C ).

Proof: One needs to show that all α ∈ L(C ) define operators in g_1, and that

Tr((α_1)_{−+}(α_2)_{+−} − (α_2)_{−+}(α_1)_{+−}) = 1 2πi ∫_π −π dx ( dα_1(x) dx α_2(x) ) .

To prove these results it is convenient to use Fourier transformation. The crucial step is to show that

Tr((α_1)_∓(α_2)_±) = ∑ m,n∈Z θ(∓(m +^1_2 ))θ(±(n +^1_2 ))α̂_1(m − n)α̂_2(n − m) = = ∑ p∈Z θ(±p)|p|α̂_1(−p)α̂_2(p) which follows by straightforward (and instructive) computations. □

Remark: All results discussed here can be extended in a straightforward manner to the loop algebras L(gl_N ) of maps from the circle to the complex N ×N matrices gl_N . In this case, the Lie bracket is [α_1, α_2](x) = α_1(x)α_2(x)− α_2(x)α_1(x) and is non-zero in general, and the 2-cocycle is given by

S(α_1, α_2) = 1 4πi ∫_π −π dx tr_N ( dα_1(x) dx α_2(x) − α_1(x) dα_2(x) dx ) (98)

where tr_N is the usual trace of N ×N matrices (i.e. sum of diagonal elements). It is an instructive exercise to extend our discussion above in all detail to all these loop algebras. Note that one needs to show that S obeys the 2-cocycle relation in Eq. (77). □

5.2 Loop group of maps from the circle to U(1)

I now discuss the Lie group L(U(1)) of smooth U(1)-valued maps on S^1 which has L(R) ⊂ L(C ) as Lie algebra. Much of the structure of L(U(1)) is a simple consequence of the structure of L(C ), but there are some interesting additional features reflecting non-trivial topology appearing only on the Lie group level. Fact: Point-wise multiplication of loops, (φ_1 · φ_2)(x) := φ_1(x)φ_2(x), defines a natural group structure on L(U(1)). □ Fact: Each loop φ ∈ L(U(1)) can be written as

φ = e^{iu}, u(x) = wx + α(x) (99)

where w = [u(π) − u(−π)]/2π is an integer called the winding number, and α ∈ L(R) is a periodic function.□ The winding numbers w ≠ 0 correspond to the structure of L(U(1)) which is not contained in L(C ) (more precisely: w labels the connected components of L(U(1))).

It is known that L(U(1)) has an interesting central extension L(U(1))^′ which I now define: as a set, L(U(1))^′ equals L(U(1)) × U(1) i.e. its elements are pairs (e^{iu}, γ) where γ is a phase and e^{iu} ∈ L(U(1)). Moreover, multiplication in L(U(1))^′ is defined as follows,

(e^{iu1} , γ_1) · (e^{iu2} , γ_2) := (e^{iu1} · e^{iu2} , e^{S(u1,u2 )/2}γ_1γ_2) (100)

with

S(u_1, u_2) = 1 4πi [u_1 (π) u_2 (−π) − u_1 (−π) u_2 (π)] + + 1 4πi ∫_π −π dx ( du_1(x) dx u_2(x) − u_1(x) du_2(x) dx ) . (101)

Note that this equals the 2-cocycle in Eq. (93) for loops with winding number zero, but for other loops there is a non-trivial boundary contribution. It is therefore not completely obvious that Eq. (100) defines a proper multiplication. However, one can convince oneself of the following important Fact: The product defined in Eq. (100) makes L(U(1))^′ into a group. (Hint: One needs to check that 2-cycle relations similar to the ones in Eq. (88) hold true.) □ We now sketch how the wedge representation of L(C )^′ discussed above can be extended to L(U(1))^′. We first note the simple Fact: (r(φ)f)(x) = φ(x)f(x) provides a representation r of L(U(1)) on L^2(S^1), and the r(φ) all are unitary operators, r(φ)^∗ = r(φ) for all φ ∈ L(U(1)).□ Again, we simplify notation in the following and write φ short for r(φ).

It is easy to check the Fact: (e^{iα}, γ) → γe^{idΓ̂(α)} provides a representation of the zero winding number loops in L(U(1))^′.□ To extend this representation to all of L(U(1))^′ we only need to represent additionally the simplest non-zero winding number loop, i.e. φ_1(x) = e^{ix}.

Facts: φ_1 ∈ G_1, and R := Γ̂(φ_1) therefore exists as unitary operator on F. Moreover,

R^{−w}dΓ̂(α^±)R^w = dΓ̂(α^±), R^{−w}QR^w = Q + w1 (102)

for all integer w where

Q := dΓ̂(1) . (103)

Hint: Check that φ_1 = ∑ n∈Ze_{n+1} ⟨e_n, ·⟩, which is just the unitary operator discussed after the Theorem 2 in Section 4. Eq. (102) can be checked by using Rψ^∗(e_n)R^∗ = ψ^∗(e_{n+1}) and the notation introduced in Section (4), for example, Q = ∑ n≥0 (ψ^∗(e_n)ψ(e_n) − ψ(e_{−n−1})ψ^∗(e_{−n−1})) etc. □

From that we obtain the Theorem: The map (e^{iu}, γ) → γΓ̂(e^{iu}) with

Γ̂(e^{iu}) := e^{iᾱQ/2}R^we^{iᾱQ/2}e^{idΓ̂(α++α− )} (104)

provides a unitary representation of the Lie algebra L(U(1))^′ on the fermion Fock space F(L^2(S^1)), i.e.

Γ̂(e^{iu}1 )Γ̂(e^{iu}2 ) = e^{S(u}1^{,u}2^{)/2}Γ̂(e^{i(u}1^{+u}2^)) (105)

with S given by Eq. (101). Moreover, ⟨ Ω, Γ̂(e^{iu})Ω ⟩ = δ_{w,0}e^{−S(α−,α+)/2} (106) where

S(α^−, α^+) = ∞∑ p=1 p (2π)^2 α̂(−p)α̂(p) is positive definite. □ Proof: Using

e^{a1} e^{a2} = e^{[a1,a2]/2}e^{a1+a2} (107)

for a_j = idΓ̂(α_j ) together with Eq. (96), and R^ne^{irQ}R^{−n} = e^{−inr}e^{irQ} for real r and integer n, one obtains Eq. (105) with

S(u_1, u_2) = (w_1ᾱ_2 − ᾱ_1w_2) + S(α_1, α_2)

identical with S in Eq. (101). A similar computation implies Eq. (106). □

5.3 Boson-fermion correspondence

The wedge representations of loop groups and algebras discussed above provide powerful mathematical tools to construct, analyze, and in some cases even solve non-trivial 1+1 dimensional quantum field theory models. In this section I discuss some results which play an important role in these developments.

I first recall that the quasi-free representation used to construct the wedge representations of L(C )^′ and L(U(1))^′ has a simple physical interpretation: it describes a quantum field theory of chiral fermions in the circle S^1 with the 1- particle Hamiltonian D = −i∂_x which is the chiral Dirac operator. Formally, this model can be defined as follows,

Ĥ = ∫_π −π dx ψ^∗(x)(−i∂_x)ψ(x) (108) with (formal) CAR {ψ(x), ψ^∗(y)} = δ(x − y) etc., and anti-periodic boundary conditions, ψ(−π) = −ψ(π). The quasi-free representation we discuss provides a rigorous construction of this model.

I now show that this quantum theory model of fermions is in fact equivalent to a quantum field theory model of bosons, i.e., quantum field operators with commutator (rather than anti-commutator) relations. This is actually a simple consequence of Eq. (96) but an important result for quantum field theory applications.

5.3.1 Bosons from fermions We consider the representations of L(C )^′ and L(U(1))^′ on the fermion Fock space F = F(L^2(S^1)) discussed above. Defining ρ̂(p) = dΓ̂(ϵ_p) , ϵ_p(x) = e^{−ipx}, p ∈ Z , (109) it is easy to see that the Theorem in Section 5.1.1 implies the Facts: ρ̂(−p) = ρ̂(p)^∗, [ρ̂(p), ρ̂(p^′)] = pδ_{−p,p}′ , (110) for all p, p^′ ∈ Z, and ρ̂(p)Ω = 0 ∀p ≥ 0 .□ (111) Note that ρ̂(0) is identical with Q defined in Eq. (103). Due to the relations in Eq. (110) physicists interpret the ρ̂(p) as boson field operators. Remark: Formally one can write ρ(p) = ∫_π −π dx e^{−ipx} : ψ^∗(x)ψ(x) : , (112) and since ρ(x) =: ψ^∗(x)ψ(x) : is what physicists call a fermion current, the result above means that the Fourier modes of the fermion currents are bosons.

The following seemingly technical result has then several important consequences:

Lemma: The vectors B_ν ({n_p}_{p∈N}) := (_∞ ∏ p=1 ρ̂(−p)^{np} √ n_p!p^{np} ) R^ν Ω ,

n_p ∈ N_0 , ν ∈ Z, ∞∑ p=1 n_p < ∞ (113) provide a basis in the fermion Fock space F.

Comments: I will not try to prove this result (see e.g. [CaR] and references therein) and only give a few comments. This lemma means that the loop operators Γ̂(φ), φ ∈ L(U(1)), span F, or, put differently, that any operator on F can be expressed also in terms of the operators ρ̂(p) and R. This Lemma also provides a convenient tool to prove that two operators on F are equal: one only needs to prove that the two operators are the same on all vectors given in Eq. (113). I also note that the vectors defined by Eq. (113) are convenient in practical computations and an alternative to the fermion basis in the Fock space F:

F ({m^+_n , m^−_n }^∞_{n=0}) = (_∞ ∏ n=1 ψ^∗(e_n)^{m+n} ψ^∗(e_{−n−1})^{m−n} ) Ω ,

m^±_n ∈ {0, 1} , ∞∑ n=0 (m^+_n + m^−_n ) < ∞ . (114)

I will give examples for this further below. □

An important result which can be proven using this Lemma is that the fermion Hamiltonian

Ĥ =^∞ ∑ n=1 (n +^1_2 ) (ψ^∗(e_n)ψ(e_n) − ψ^∗(e_{−1−n})ψ(e_{−1−n})) (115)

can be expressed in a simple manner in terms of the boson operators. Fact:

Ĥ =^1_2 Q^2 +^∞ ∑ p=1 ρ̂(−p)ρ̂(p) . (116)

(Hint: Check that the operators on the r.h.s. of Eqs. (115) and (116) both obey

[Ĥ, ρ̂(p)] = −pρ̂(p), and ĤR^ν Ω =^1_2 ν^2R^ν Ω ∀p, ν ∈ Z ,

which implies that they are equal on all vectors in Eq. (113).□) This striking result is usually referred to as Kronig identity, and it is a special case of the so-called Sugawara construction (see e.g. [GO]).

5.3.2 Fermions from bosons

My discussion above implies that it should be possible to express the fermion field operators in terms of the boson operators ρ̂(p) and R. I now sketch how to obtain explicit formulas for that.

The idea is to construct loops e^{iuy,ε} ∈ L(U(1)) so that u_{y,ε}(x) approximates the step function interpolating between −π and π and jumping at the point y ∈ S^1. The role of ε > 0 is to provide a regularization (smoothing), i.e., u_{y,0}(x) = sgn(x − y)/π is the sharp (i.e. non-continuous) step function and u_{y,ε}(x) is smooth for ε > 0. Fact: A convenient choice for the u_{y,ε} is

u_{y,ε}(x) = (x − y) + α^+_{y,ε}(x) + α^−_{y,ε}(x) (117)

with α^±_{y,ε}(x) = ±i log(1 − e^{±i(x−y)−ε}) = ± ∞∑ n=1 1 in e^{±in(x−y)}e^{−εn} . (118) (Hint: Check that ∂_xu_{y,ε}(x)/(2π) equals^1_{2π} ∑ n∈Ze^{in(x−y)−ε|n|} which is ob- viously an approximate (and periodized) δ-function, and u_{y,ε}(y) = 0.)□ Note that the winding number of the u_{y,ε} equals 1. By a straightforward computation one can check the Fact:

S(u_{y,ε}, u_y′_{,ε}′ ) = iπsgn(y − y^′; ε + ε^′) (119)

where sgn(y − y^′; ε + ε^′) = u_y′_{,ε}(y)/π is an approximate sign function.□ We thus obtain from Eq. (105) the Fact: Γ̂(e^{iu}y,ε )Γ̂(e^{iu}y^′ ,ε^′ ) = e^{iπsgn(y−y′;ε+ε′ )}Γ̂(e^{iu}y^′ ,ε^′ )Γ̂(e^{iu}y,ε ) , □ i.e., the operators Γ̂(e^{iuy,ε} ) in the limit ε ↓ 0 formally behave like fermions! This latter limit, however, is quite delicate: one can prove that c_εΓ̂(e^{iuy,ε} ) for

c_ε = 1 √ 2π(1 − e^{−2ε})

(120)

converges to ψ^∗(y) as ε ↓ 0. To be more precise:

ψ^∗(f) = lim_{ε↓0} ∫_π −π dy f(y) c_εΓ̂(e^{iuy,ε} ) (121) for all f in a dense subset of L^2(S^1).

Remark (adv.): This latter equation holds in the sense of strong convergence on a dense domain, for all f which have a Fourier transform with compact support. Note that one can regard ψ_ε(y) = c_εΓ̂(e^{iuy,ε} ) as approximative fermion field operators: For ε > 0 they are proportional to unitary operators and thus ‘nice’ operators on F, and in the limit they converge to operator valued distributions.

For more details and a proof close in spirit of my presentation I refer to Ref. [CaH].

5.4 Bosons, fermions, and elliptic functions

As an application I show in this section how the boson fermion correspondence can be used to prove identities for elliptic functions. I discuss the simplest example I know.

I compute

Z(z) = Tr_F (e^{−βĤ+izQ}) , z ∈ C (122)

for the operators given in Eqs. (115) and (103). Note that Z(z) has a simple physical interpretation: it is the the partition function of the free fermion model formally defined in Eq. (108). I have thrown in the variable z since it does not make the computation more difficult but the result becomes more interesting. We will obtain an identity by computing Z(z) first using the fermion basis in Eq. (114) and then by using the boson basis in Eq. (113). Due to the boson-fermion correspondence, all these vectors are eigenstates of Ĥ and Q.

Using [Ĥ, ψ^∗(e_n)] = (n +^1_2 )ψ^∗(e_n) and [Q, ψ^∗(e_n)] = ψ^∗(e_n) etc. it is not difficult to prove the Fact: Every vector in Eq. (114) is a common eigenvectors of Ĥ and Q, and the corresponding eigenvalues are ∑_∞ n=1(n−^1_2 )(m^+_n +m^−_n ) and ∑_∞ n=1(m^+_n − m^−_n ), respectively.□ Recalling that the vectors in (114) provide a basis in F, we can therefore compute Z(z) as follows, Z(z) = ∑ m^+_1 ,m^−_1 ,m^+_2 ,m^−_2 ,...=0,1 e^{−β ∑∞n=1(n− 1}2^{)(m+n +m−n )+iz ∑∞n=1(m+n −m−n )} =

= ∞∏ n=1 ∑ m^+_n =0,1 e^{−(β(n− 1}2^{)−iz)m+n} ∑ m^−_n =0,1 e^{−(β(n− 1}2^{)+iz)m−n} =

= ∞∏ n=1 (1 + e^{−β(n− 1}2^{)+iz})(1 + e^{−β(n− 1}2^{)−iz}) .

Using the notation

q = e^{−β/2} (123) we can write this result as Z(z) = ∞∏ n=1 ( 1 + q^{2n−1} cos(z) + q^{4n−2} ) . (124)

Using [Ĥ, ρ̂(−p)] = pρ̂(−p) it is not difficult to prove the Fact: Every vector in Eq. (113) is a common eigenvectors of Ĥ and Q, and the corresponding eigenvalues are^1_2 ν^2 + ∑_∞ p=1 pn_p and ν, respectively.□ Using that the vectors in (113) provide a basis in F, we can therefore compute Z(z) also as follows, Z(z) = ∑ ν∈Z ∞∑ n_1 ,n_2,...=0 e^{−β ∑∞p=1 pnp− 1}2^{βν2+iνz} =

= ∑ ν∈Z e^{− 1}2^{βν2+iνz} ∞∏ p=1 ∞∑ n_p=0 e^{−βpnp} = ∑ ν∈Z e^{− 1}2^{βν2 +iνz} ∞∏ p=1 1 (1 − e^{−βp}) . Recalling the definition in Eq. (123) we can write this result as Z(z) = ∑ ν∈Z q^{ν2} e^{iνz} 1 ∏_∞ p=1(1 − q^{2p})

. (125)

Equating Z(z) in Eqs. (124) and (125) and replacing z by 2πv we obtain ∑ ν∈Z q^{ν2} e^{iπ2νv} = ∞∏ p=1 (1 − q^{2p}) ∞∏ n=1 ( 1 + q^{2n−1} cos(2πv) + q^{4n−2} ) (126)

for all v ∈ C , which is a well-known identity in the theory of elliptic functions: the l.h.s. in this Eq. is the definition of the theta function θ_3(v), and the r.h.s. is the product representation of this very function (see e.g. [EMOT ], pp. 355 and 357).

6 The Luttinger model

In this section we discuss quantum field theory models for interacting fermions in one dimensional space. To be specific I concentrate on the Luttinger model [ML], a simple model for a one dimensional metal. My purpose is to illustrate how the mathematical results summarized above can be used to construct and solve 1+1 dimensional quantum field theory models.

6.1 Physical interpretation

We start with a physical motivation for this model. We consider spin-less fermions in a one dimensional metal (wire) which is a lattice with lattice constant a and ℓ sites and which can be characterized by a so-called band relation E(p) = E(−p) describing the energy as a function of the (pseudo-) momentum p. For example, if we would consider the Hubbard Hamiltonian in Eq. (41) for U = 0, we would take the band relation in Eq. (42).

We are interested in the continuum limit where one keeps the length L = aℓ of the system fixed while the lattice constant a is sent to zero. A physical motivation for this is as follows: the lattice model (finite a) has obviously more structure (i.e. is more complicated) since any physical quantity in the model will depend on a. Physicists are mainly interested in properties of systems which do not depend on this short-distance structure i.e. properties which are (essentially) independent of a. Instead of doing computations at finite a and then taking the limit a → 0, it seems easier to directly do computations in a model where the short-distance structure (i.e. dependence on a) has been eliminated from the start: such a model has less structure and therefore should be easier to treat. I will outline how such a model can be found in our example. As we will see, this model is indeed simpler, but one has to pay a price: in contrast to the finite-a model, it is a quantum field theory model with all the difficulties discussed (and solved) in previous sections.

A formal argument leading to the continuum model is as follows. We consider a metal, i.e. there is a finite density of fermions. We therefore assume that the energy eigenstates are all filled for energies E(p) less then the chemical potential μ. The so-called Fermi surface separating filled from empty states consists in our example of the two points p = ±p_F where E(p) − μ vanishes. Physical intuition suggests that in the continuum limit only states close to the Fermi surface are relevant, whereas states far away from the Fermion surface (i.e. where |E(p) − μ| is large) should not have much influence on the physical properties of the system and only provide some inert background. To obtain a non-trivial continuum limit, we label these states as p = ±p_F + ak where k is^{2π}_L times a half-integer (cf. Eq. (42)), and then we Taylor expand the band relation about the Fermi surface, E(±p_F + ak) − μ = ±v_F k + . . . (127) where v_F = aE^′(p_F ), for example, v_F = 2ta sin(p_F ) in case of the band in Eq. (41). We thus obtain two branches corresponding to the excitation close to the two points p = ±p_F of the Fermion surface. The constant v_F characterizes the slope of the band at the Fermi surface and is usually called Fermi velocity in the physics literature. If v_F has a non-zero limit as a → 0 (which for the band in Eq. (42) is achieved by tuning t = t(a) and μ = μ(a) carefully) it is plausible that we can neglect the higher order terms ‘. . .’ in the Taylor expansion above. In the continuum limit we then obtain E_±(k) = ±v_F k with k ∈ Λ^∗_0 where

Λ^∗_0 = { k = 2π L (n +^1_2 ) |n ∈ Z } (128)

the Fourier space for anti-periodic functions on a circle of length L.

Remark: The upshot of my discussion above is: I replaced the energies for states ‘far away from the Fermi surface’ by something simpler, and justified this by arguing that the precise properties of these states should not matter much.

Note that the energy band E_±(k) above is precisely the energy spectrum of the 1-particle Hamiltonian

D = −i∂_xv_F σ_3 , σ_3 = ( 1 0 0 −1 ) (129)

(with anti-periodic boundary conditions) acting on the 1-particle Hilbert space

H = L^2(S^1_L) ⊗ C^2 (130)

where S^1_L is the circle of length L, and x ∈ [−L/2, L/2] is a coordinate on S^1_L. Formally, the second quantization of this Hamiltonian is

H_0 = v_F ∫_{L/2} −L/2 dx ( ψ^∗_+(x)(−i∂_x)ψ_+(x) − ψ^∗_−(x)(−i∂_x)ψ_−(x) ) (131)

where { ψ_±(x), ψ^∗_±(y) } = δ(x − y) etc. The Hamiltonian of the Luttinger model is obtained by adding an interaction terms H^′ to H_0,

H = H_0 + H^′ (132) with

H^′ = ∫_{L/2} −L/2 dx ∫_{L/2} −L/2 dy ρ_+(x)V (x − y)ρ_−(y), ρ_±(x) = ψ^∗_±(x)ψ_±(x) (133)

describing a 4-point interaction of the fermions. The real-valued function v(r) describing the spatial dependence of the interaction is arbitrary up to some (minor) restrictions which we will discuss and specify further below.

The mathematical methods discussed in these notes obviously allow a construction and solution of the model formally defined by the free Hamiltonian H_0. We now argue that this framework allows also to construct the interacting model with the Hamiltonian H.

Remark: It is interesting to note that H_0 for v_F = 1 is identical with the Hamiltonian of free relativistic Dirac fermions in 1+1 dimensions. Therefore H_0 is also the free part of the Hamiltonian of 1+1 dimensional relativistic interacting fermion models, for example, in the Schwinger model [Ma] which is electrodynamics with massless fermions. This and other models can therefore be treated by similar methods as the ones discussed below.

Remark: Above we discussed an example for the so-called continuum limit motivated by the physicists’ expectation that many properties of a system should not depend of its short-distance structure. One also expects that many properties should not dependent on the size of a system (as long as it is sufficiently large that surface effects play no role) and therefore often performs the so-called thermodynamic limit where the system size L is sent to ∞. This latter limit is also very interesting (and non-trivial) in many models but its discussion is beyond the scope of the present notes. I only mention that the divergences associated with a continuum- and thermodynamic limit are often called ultra violet- and infra red divergences in the physics literature.

6.2 Construction and solution of the model

Note that the Hamiltonian H_0 in Eq. (131) is the sum of two terms, H_0 = v_F (H^+_0 + H^−_0 ), where H^+_0 is precisely the chiral Hamiltonian in Eq. (108) which we used to construct the wedge representation of the loop spaces L(C ) and L(U(1)) in Section 5 (up to a rescaling x → 2πx/L etc.). Moreover, H^−_0 is the same as H^+_0 up to some sign change. It is thus quite obvious that the results which we derived in Section 5 for H^+_0 should also hold for H^+_0 (up to some minor changes). As we now show, these results are essential for constructing and solving the Luttinger model.

To simplify notation we set

v_F = 1 (134)

from now on (this corresponds to assuming v_F > 0 and measuring energies in units ∝ v_F ).

We can construct the model in the quasi-free representation defined by the 1-particle Hilbert space in Eq. (130) and the projection P_− = θ(−D) with D given in Eq. (129) (anti-periodic boundary conditions). Denoting as ψ̂_±(k) = ψ(e^±_k ) with e^±_k (x) =^1_{√2π} e−ikxE± and E+ = ( 1 0 ) and E^− = ( 0 1 ) we can completely characterize this representation by the following equations,

ψ̂_±(±k)Ω = ψ̂^∗_±(∓k)Ω = 0 ∀k > 0 (135) and { ψ̂_σ (k), ψ̂∗_{σ′} (k′) } = δ_{σσ}′^L_{2π} δ_{k,k}′ etc. In this representation we can give a

precise meaning to the free part of the Luttinger Hamiltonian i.e. Ĥ_0 = dΓ̂(D). In a physicist’s notation,

Ĥ_0 = 2π L ∑ k∈Λ^∗_0 k : ( ψ̂^∗_+(k)ψ̂_+(k) − ψ̂^∗_−(k)ψ̂_−(k) ) : (136)

where : · · · : is normal ordering with respect to the free Dirac sea Ω.

To give a precise meaning to the interaction term of the Luttinger Hamiltonian we construct ρ̂_±(p) = dΓ̂(ε_p^1_2 (1 ± σ_3)) where ε_p(x) = e^{ipx} with p ∈ Λ^∗,

Λ^∗ = { p = 2π L n |n ∈ Z } (137)

the Fourier space for periodic functions on S^1_L. The arguments explained in Section 5 can be easily adapted to prove existence of these operators together with the following relations, [ ρ̂^±(p), ρ̂^±(p^′) ] = ±p L 2π δ_{p,−p}′ [ ρ̂^±(p), ρ̂^∓(p^′) ] = 0 , (138) [ Ĥ_0, ρ̂^±(p) ] = ±pρ̂^±(p) for all p, p^′ ∈ Λ^∗ and

ρ̂^+(p)Ω = ρ̂^−(−p)Ω = 0 ∀p > 0 . (139)

Formally, ρ^±(x) = : ψ^∗_±(x)ψ_±(x) :, suggesting to try to make sense of the interaction term in Eq. (133) using Fourier transformation,

Ĥ^′ = 2π L ∑ p∈Λ^∗ W_pρ̂^+(p)ρ̂^−(−p) (140)

where

W_p = 1 8π ∫_{L/2} −L/2 dr V (r)e^{−ipr} = W_{−p} = W_p . (141) As I will discuss in more detail in a remark below, if (and only if) the potential function V (r) is such that |W_p| < 1 ∀p and ∑ p>0 pW^2_p < ∞ (142)

does Ĥ = Ĥ_0 + Ĥ^′ define a self-adjoint operator on F which is bounded from below, i.e., is the quasi-free representation appropriate for the free model H_0 also appropriate for the Luttinger model.

The relation which allows a solution of the Luttinger model is the Kronig identity in Eq. (116) which adapted to Ĥ_0 becomes

Ĥ_0 = 2π L ( 1 2 (Q^2_+ + Q^2_−) + ∑ p>0 (ρ̂_+(−p)ρ̂_+(p) − ρ̂_−(p)ρ̂_−(−p)) ) . (143)

As discussed, this relation makes explicit that the free fermion Hamiltonian is identical with a free boson Hamiltonian. The simple but crucial observation now is that the interaction term H^′ is also quadratic in the boson fields, and therefore the Luttinger Hamiltonian H is identical with a free boson Hamiltonian. Hamiltonian of this latter kind can be diagonalized explicitly, and all what is needed for that is some simple facts about the harmonic oscillator problem which one learns in an introductory quantum mechanics courses. In the following we outline this diagonalization.

We write H = 2π L ∑ p≥0 h_p (144)

and introduce the notation c(p) = 1√_{|p|} ρ̂^+(p) for p > 0

1√_{|p|}ρ̂^−(p) for p < 0 (145) so that h_p = p[c^∗(p)c(p) + c^∗(−p)c(−p)] − W_p[c^∗(p)c^∗(−p) + c(−p)c(−p)] ∀p > 0 , and h_0 =^1_2 (Q^2_+ + Q^2_−) + W_0Q_+Q_− . (146) Note that [c(p), c^∗(p^′)] = L 2π δ_{p,p}′ etc. (147) for all p, p^′ ≠ 0, which are precisely the relations of the creation- and annihilation operators in a harmonic oscillator problem. Moreover, we see that we can diagonalize the Luttinger Hamiltonian by diagonalizing the h_p separately, and each h_p is a harmonic oscillator-type Hamiltonian. For that we introduce new operators C(±p) = cosh(λ_p)c(±p) + sinh(λ_p)c^∗(∓p) ∀p ≠ 0 (148) obeying the same relations as the operators c(p), and we determine the real parameters λ_p so that h_p can be written in the following form, h_p = ω_p (C^∗(p)C(p) + C^∗(−p)C(−p)) − η_p1 (149) with some constants ω_p, η_p to be determined. By straightforward computation one finds that h_p has the desired form if we choose tanh(2λ_p) = W_p (150) which has a solution λ_p only if the first condition in Eq. (142) is fulfilled, and in this case, ω_p = p √ 1 − W^2_p , η_p = p(1 − √ 1 − W^2_p ) . (151) With that we can now find all eigenstates of the Luttinger Hamiltonian: the ground-state Ω is determined by the following conditions, C(p)Ω̃ = 0 ∀p ≠ 0, Q_±Ω̃ = 0, (152) and the ground state energy is E_0 = − 2π L ∑ p>0 p(1 − √ 1 − W^2_p ) . (153)

Note that the ground-state energy E_0 in Eq. (153) is finite if and only if ∑ p>0 pW^2_p is finite, and we see that the second condition in Eq. (142) is necessary for the construction to make sense (otherwise there cannot be a ground-state Ω̃ in F).

Once Ω̃ is constructed it is easy to also find all other eigenstates of the Luttinger model: they are given by ∏ p≠0 C^∗(p)^{np} R^{ν+}_+ R^{ν−}_− Ω̃, n_p ∈ N_0 , ν_± ∈ Z

where R_± = Γ̂(e^{ix2π/L 1}2^{(1±σ3 )}), and the corresponding energy eigenvalues are

E_0 + 2π L ( 1 2 (ν^2_+ +^1_2 ν^2_−) + W_0ν_+ν_− + ∑ p>0 ω_p(n_p + n_{−p}) )

showing that also |W_0| < 0 is required for Ĥ to have a ground-state. From that we can compute the partition function etc., and we have completely solved the model.

I finally mention that physicists are also interested in the so-called Green’s functions in quantum field theory models which are (in general) distributions allowing to predict results of measurements. In case of the Luttinger model, these Green’s functions are ⟨ Ω̃, Ψ^σ_τ (t, x)Ω̃ ⟩

where Ψ^σ_τ (t, x) stands for an arbitrary product of finitely many fermion field operators ψ_±(t, x) and ψ^∗_±(t, x), and the t dependence of these latter operators is given by by A(t) = e^{iĤt}Ae^{−iĤt}. We note that there are formulas similar to Eq. (121) allowing to express the fermion field operators ψ_±(x) in terms of the boson fields ρ̂_±(p), and with the results summarized above one can compute all Green’s functions of the Luttinger model explicitly (see [HSU] for more details).

Remark: The construction and solution for the Luttinger models described here was for zero temperature. A similar construction and solution of the Luttinger model at finite temperature was given in [CaHa].

Remark: Another prominent quantum field theory model is the the so-called massless Thirring model which is obtained from the Luttinger model in the limits where space becomes infinite, L → ∞, and the interaction becomes local, i.e.

W_p = g independent of p, |g| < 1 . (154)

These limits can be quite easily performed in the Green’s functions. However, they are highly non-trivial and interesting on the operator level and provide an example for multiplicative regularization in a fully solvable model (see e.g. [GLR] for more details).

7 Further developments

In these notes I have tried to give a pedagogical introduction to the theory of quasi-free second quantization of fermions, a formalism which has many applications and which, to my opinion, provides a fine example of a fruitful interplay between mathematics (functional analysis, Lie group theory, differential geometry, theory of special functions. . . ) and theoretical physics (quantum field theory models in elementary particle physics and solid state physics, string theory, integrable models. . . ). I therefore hope that these notes can be useful for mathematicians who want to learn some physics and for theoretical physicists interested in the mathematics discussed here.

As I will describe in this final section, this formalism has been playing also a central role in my research. Again, my selection of topics here is personal, and I restrict my discussion to projects in which I have been directly involved.

7.1 Boson-anyon correspondence and the Sutherland model

In 1+1 dimensions it is possible to have quantum fields φ(x) which neither are bosons nor fermions but which obey relations φ(x)φ(y) = e^{±iπαsgn(x−y)}φ(y)φ(x) ∀x, y ∈ S^1, x ≠ y (155) with α > 0 a so-called statistics parameter. For α an odd integer these fields are fermions (i.e. they anti-commute), for α an even integer they are bosons (i.e. they commute), and since α can have any value such fields often are called anyons. Anyons have received quite some attention in theoretical physics during recent years. For example, they are known to be relevant in the theory of the fractional quantum Hall effect.

We recently gave a construction of a quantum field theory model of anyons based on the representation theory of the loop group L(U(1)) and generalizing the boson-fermion correspondence discussed in Section (5.3) to a boson-anyon correspondence [CaL]. Moreover, we showed that this model of anyons naturally provides a second quantization of the so-called Calogero-Sutherland model which is defined by the Hamiltonian H = − N∑ j=1 ∂^2 ∂x^2_j + ∑ 1≤j<k≤N 2α(α − 1) sin^2((x_j − x_k)/2)

(156)

and describes a system of N interacting particles moving on the circle. Using this anyon model we were able to derive in a simple manner an algorithm allowing to solve the CS model for arbitrary particle number N and coupling α [CaL], and we showed that this algorithm allows to recover the full solution of the CS model originally found by different methods by Sutherland about 30 years ago.

Recently I generalized this construction to the elliptic CS model which is the generalization of the Hamiltonian in Eq. (156) where sin^{−2}((·)/2) is replaced by the Weierstrass elliptic function ℘(·) with periods 2π and iβ, β > 0 (the CS model corresponds to the limiting case β → ∞). The idea underlying this construction is to construct the anyon model at finite temperature 1/β. In this way I obtained an algorithm for solving the elliptic CS model [L4]. This can be regarded as a continuation of the theme illustrated in Section 5.4: use relations of operators on the fermion Fock-space F(L^2(S^1)) to derive non-trivial identities involving elliptic function.

7.2 Other 1+1 dimensional quantum field theory models

Other interacting quantum field theory models which can be constructed and solved by methods similar to the ones we described in our discussion of the Luttinger model include the Schwinger model [Ma], i.e. 1+1 dimensional quantum electrodynamics with massless fermions, and the Luttinger- Schwinger model, i.e. the gauged Luttinger model [GLR]. A similar construction of massless QCD_{1+1}, i.e. the non-Abelian version of the Schwinger model, was given in [LS].

7.3 Quasi-free second quantization and non-commutative geometry

There is an interesting relation of quasi-free second quantization of fermions and Connes’ non-commutative geometry [Con]. The cocycles in Eq. (98) and (75) offer the simplest non-trivial example of this. This can be seen by introducing some simple notation: using integration by parts we can write Eq. (98) as follows,

S(α_1, α_2) = − 1 2πi ∫ S^1

tr_N (α_1dα_2) (157)

where the r.h.s. is proportional to the integral of the de Rham 1-form α_1dα_2 = α_1^{∂α2}_{∂x} dx over the manifold S^1. We can also write Eq. (75) as follows,

Ŝ(A, B) = −^1_2 Tr_C (A[F, B]) (158)

where F = P_+ − P_− and Tr_C (A) =^1_2 Tr(A + F AF ) = Tr(A_{++} + A_{−−}) is the so-called conditional trace. (This can be checked easily by using F^2 = 1 and the notation introduced in Eq. (68).) According to Connes, d̂A := i[F, A] can be regarded as a natural definition of an exterior differentiation on algebras of Hilbert space operators. Thus we can interpret the equation Ŝ(α_1, α_2) = S(α_1, α_2) naturally as follows: Ŝ is the natural generalization of S from de Rham form on the circle to an algebra of operators on a Hilbert space according to the following rules,

0-forms α ∈ Map(S^1, gl_N ) → ĝ_1 = {A ∈ B|A_{−+}, A_{+−} ∈ B_2}

1-forms α_1dα_2 = α ∂α_2 ∂x dx → Ad̂B = iA[F, B] integration ∫ S^1 → 1 π Tr_C (·) . (159)

This is a simple example of Connes’ quantized calculus [Con] and the starting point of a quite long and nice story in which the following topics play a central role: current algebras and anomalies in higher dimensions (e.g. the analog of the 2-cocycles above to 3+1 dimensions etc.), quantum gauge theories, noncommutative geometry, . . . . I have described this story in more detail in previous reviews [L3, L2] and will not repeat it here. As an appetizer, I only state the following identity which is a generalization of the correspondence in Eq. (159) to de Rham forms on higher dimensional manifolds,^{21}

i^nTr_C (α_0 [F, α_1] · · · [F, α_n]) = c_n ∫ R^n tr_N (α_0dα_1 · · · dα_n)

∀α_j ∈ Map(R^n , gl_N ) , n = 1, 3, 5 . . . (159a)

where d is the usual exterior differentiation, F is the sign of the chiral Dirac operator on R^n , and

c_n = (2i)^{(n−1)/2} 1 n(2π)^n 2π^{n/2} Γ(n/2) . (159b)

are normalization constants [L1].

7.4 Bosons and the super-version of quasi-free second quantization

In these notes I have restricted myself to fermions for simplicity. However, many results discussed can be adapted to bosons. Formally the boson version can be obtained by replacing anti-commutators {·, ·} by commutators [·, ·]. For example, the boson quantum mechanics with N degrees of freedom can

21for simplicity I write the formula only for odd dimensions n, but there is a similar one for n even [L1].

be characterized by the following relations, [ a_j , a_k ] = 0, [ a_j , a^†_k ] = δ_{jk} 1 ∀j, k = 1, . . . , N (160) with the usual representation on the Hilbert space L^2(R^N ). This is usual quantum mechanics but, as mentioned, mathematically more difficult than the fermion version since the a_j can only be represented by unbounded operators on an infinite dimensional Hilbert space. Still, there is a natural boson version of the formalism discussed in Section (4.4), and there is even a superversion which is a generalization corresponding to a model where one has bosons and fermions and also allows for transformations mixing bosons and fermions [GL1, GL2]. Surprisingly, most results obtained in this formalism have a natural interpretation as a Z_2-graded generalization of the fermion results discussed in Section (4.4): all algebras etc. in the formalism can be given a natural Z_2-grading, and all one has to do is to replace (anti)-commutators by graded commutators. As an application, this formalism naturally yields representations of the Lie super-algebra generalizations of the affine Kac Moody algebra and the Virasoro algebra which play an important role in string theory.

Acknowledgments

I would like to thank Sylvie Paycha and Tilmann Wurzbacher for carefully reading the manuscript and suggesting several improvements. This summer school in Villa de Leyva was a wonderful experience for me, and it is my pleasure to thank the organizers for the invitation and the excellent hospitality.

References

[A] Araki H.: Bogoliubov transformations and Fock representations of canonical anticommutator relations, in: Operator algebras and mathematical physics, Iowa City (1985), Contemp. Math. 62, American Mathematical Society (1987) [BeR] Berndt B.C. and Rankin R.A.: Ramanujan. Letters and Commentary, History of Mathematics Vol. 9, American Mathematical Society (1995) [BrR] Bratteli O., and Robinson D.W.: Operator Algebras and Quantum Statistical Mechanics. Vols. 1 and 2. Berlin: Springer (1981) [CaHa] Carey C.A. and Hannabuss K.C.: Temperature states on the loop groups, theta functions and the Luttinger model, J. Func. Anal. 75, 128 (1987)

[CaH] Carey A.L. and Hurst C.A.: A note on the boson-fermion correspondence and infinite dimensional groups. Commun. Math. Phys. 98, 435 (1985) [CaL] Carey A.L. and Langmann E: Loop groups, anyons, and the Calogero- Sutherland model, Comm. Math. Phys. 201, 1 (1999) [CaR] Carey A.L. and Ruijsenaars S.N.M.: On fermion gauge groups, current algebras and Kac-Moody algebras, Acta Appl. Mat. 10, 1 (1987) [ChD] Choquet-Bruhat Y. and DeWitt-Morette C.: Analysis, Manifolds and Physics. Part II: 92 Applications. Amsterdam: North Holland (1989) [Co] J. Collins: Renormalization. Cambridge Monographs on Mathematical Physics, Cambridge University Press (1984) [Con] A. Connes, Noncommutative Geometry, Academic Press (1994) [cond-mat] On the archive http://xxx.sissa.it/find/cond-mat one can find about 900 papers since 1992 discussing the Hubbard model [EMOT] Erdélyi A., Magnus W., Oberhettinger F., and Tricomi F.G., Higher Transcendental Functions. Vol. II, New York-Toronto-London: McGraw- Hill Book Company, Inc. (1953) [D] for review see e.g. Dagotto E.: Correlated Electrons in High Temperature Superconductors, Rev. Mod. Phys. 66, 763 (1994) [F] Frenkel I.B.: Two constructions of affine Lie algebra representations and boson-fermions correspondence in quantum field theory, J. Funct. Anal. 44, 259 (1981) [G] Gilkey, P.B.: Invariance Theory, the Heat Equation, and the Atiyah- Singer Index Theorem, Publish or Perish: Dilmington (1995) [GL1] Grosse H. and Langmann E.: A Superversion of quasifree second quantization. 1. Charged particles, J. Math. Phys. 33, 1032 (1992).

[GL2] Grosse H. and Langmann E.: On current superalgebras and super- Schwinger terms, Lett. Math. Phys. 21, 69 (1991).

[GLR] Grosse H., Langmann E. and Raschhofer E.: On the Luttinger– Schwinger model, Ann. Phys. (N.Y.) 253, 310 (1997) [GO] Goddard P. and Olive D.: Kac-Moody and Virasoro algebras in relation to quantum physics, Int. J. Mod. Phys A1, 303 (1986) [Ha] Haag R.: Local Quantum Physics: Fields, Particles, Algebras, Berlin:

Springer (1992) [HSU] Heidenreich R., Seiler R., and Uhlenbrock D.A.: The Luttinger model, J. Statist. Phys. 22, 27 (1980) [Hö] Hörmander L.: The Analysis of Linear Partial Differential Operators III. Grundl. math. Wiss. 274, Berlin: Springer (1985) [Hu] Hubbard J.: Electron correlations in narrow energy bands, Proc. R.

Soc. London, Ser. A 276, 238 (1963)

[IZ] Itzykson C. and Zuber J.-B.: Quantum Field Theory, New York:

McGraw-Hill (1985) [J] Jackiw R.: Topological investigations of quantized gauge theories. in:

Relativity, Groups and Topology II, Les Houghes 1983, DeWitt B.S. and Stora R. (eds.), North Holland: Amsterdam (1984) [K] Kac V.: Vertex Algebras for Beginners, Univ. Lecture Series Vol. 10, American Mathematical Society (1991) [KR] Kac V.G. and Raina A.K.: Highest Weight Representations of Infinite Dimensional Lie Algebras, World Scientific: Singapore (1987) [L0] Langmann E.: Cocycles for boson and fermion Bogoliubov transformations, J. Math. Phys. 35, 96 (1994) [L1] Langmann E.: Noncommutative integration calculus, J. Math. Phys.

36, 3822 (1995) [L2] Langmann E.: Traces of noncommutative geometry in quantum field theories, Contribution to conference ‘The Standard Model of Elementary Particle Physics — Mathematical and Geometric Aspects’, Hesselberg, March 1999 (to appear) [L3] Langmann E.: Quantum gauge theories and noncommutative geometry, Proc. of German-Polish Symposium New Ideas in the Theory of Fundamental Interactions (Zakopane, Poland, September 1995); Acta Phys. Pol. B 27, 2477 (1996); hep-th/9608003 [L4] Langmann E.: Solution algorithm for the elliptic Calogero-Sutherland model, math-ph/0007036 [LC] Langmann E and Carey A.L.: Loop groups, Luttinger model, anyons, and Sutherland systems, Proceedings of International Workshop Mathematical Physics in Kiev, Ukraine (May 1997), Ukrainian Jour. Phys. 6-7 vol. 43, 817 (1998) [LS] Langmann E. and Semenoff G.W.: QCD(1+1) with massless quarks and gauge covariant Sugawara construction, Phys. Lett. B 341, 195 (1994) [Le] Lepowsky J.: Vertex operator algebras and the zeta function, See:

math.qa/9909178

[Lu] Lundberg L.-E.: Quasi-free “second quantization”, Comm. Math. Phys.

50, 103 (1976) [Ma] Manton N.S.: The Schwinger model and its axial anomaly, Ann. Phys.

(N.Y.) 159, 220 (1985); see also Schwinger J., Phys. Rev. 128, 2425 (1962) [Mi] Mickelsson J.: Current Algebras and Groups, Plenum Monographs in Nonlinear Physics, Plenum Press (1989) [ML] Mattis D.C. and Lieb E.H.: Exact solution of a many-fermion system and its associated boson field, J. Math. Phys. 6, 304 (1965); see also

Luttinger J. M., J. Math. Phys. 4, 1154 (1963) [O] Ottesen J.T.: Infinite Dimensional Groups and Algebras in Quantum Physics, Lect. Notes in Physics 27, Berlin: Springer (1995) [P] Polchinski J.: String theory, Vols. I and II, Cambridge University Press (1998) [PS] Pressley A., and Segal G.: Loop Groups, Oxford Math. Monographs, Oxford (1986) [Ra] Ramond P.: Field Theory: A Modern Primer, Frontiers in Physics Vol.

74, Redwood city, USA: Addison-Wesley (1989) [R] Ruijsenaars S.N.M.: On Bogoliubov transformations for systems of relativistic charged particles, J. Math. Phys. 18, 517 (1977) [RS] Reed R., and Simon B.: Methods of Modern Mathematical Physics I and II, Academic Press, New York (1968 and 1975) [S] Salmhofer M.: Renormalization: An Introduction. Berlin: Springer (1999) [Se] Segal G.B.: Unitary representations of some infinite dimensional groups, Commun. Math. Phys. 80, 301 (1981) [We] Weinberg S.: The Quantum Theory of Fields. Vols. I and II., Cambridge: Cambridge University Press (1996) [Wo] Wodzicki M.: Noncommutative Residue, in: K–theory, arithmetic and geometry, Yu. I. Manin (ed.), Lecture notes in Mathematics 1289, Springer: Berlin (1985) [Wu] Wurzbacher T.: Fermionic second quantization and the geometry of the Hilbert space Grassmannian, DMV Seminar on “Infinitedimensional Kähler manifolds,” Oberwolfach November 1995, Preprint 1998, to appear in the Birkhäuser series on DMV-Seminars. See:

http://www-irma.u-strasbg.fr/ wurzbach