RENORMALIZED TRACES AS A GEOMETRIC TOOL

SYLVIE PAYCHA Département de mathématiques, Complexe des Cézeaux Université Blaise Pascal, 63 177 Aubière Cedex, France E-mail:paycha@ucfma.univ-bpclermont.fr

ζ-function regularization techniques are commonly used by physicists in Quantum Field Theory - e.g. to compute partition functions using ζ-function determinants - and by mathematicians in geometry and topology - e.g. to define invariants such as the η invariant which plays a fundamental part in the Atiyah-Patodi-Singer index or the analytic torsion involving again ζ-function regularized determinants. Using ζ-function regularization techniques we define renormalized traces of (possibly non trace-class) classical pseudo-differential operators ; these renormalized traces serve as a tool to generalize some well-known finite dimensional geometric concepts involving traces to a class of infinite dimensional vector bundles and manifolds. We express the obstructions preventing a straightforward extension in terms of Wodzicki residues of classical pseudo-differential operators and describe some cases for which these obstructions vanish.

Contents

Introduction 295 1 Traces in riemannian and complex geometry 299

1.1 Traces on vector bundles 299 1.2 Variation of traces 300 1.3 Geometric concepts involving traces 301

2 Renormalized limits 308 2.1 Finite parts 308 2.2 Mellin transform 314 2.3 Renormalized limits 316 3 Pseudo-differential operators 318

3.1 Pseudo-differential operators on an open set of IR^d 318 3.2 Pseudo-differential operators acting on sections

of vector bundles 322 4 Traces on operator algebras 327

4.1 Some remarkable ideals of the algebras of bounded operators 327 4.2 Renormalizable procedures 330 4.3 Traces on algebras of classical pseudo-differential operators 332

5 Algebraic obstructions 335 5.1 A fundamental property 335 5.2 Obstructions in terms of the Wodzicki residue 341 5.3 Further obstructions of algebraic type 344 6 Geometric obstructions 346 6.1 Weighted vector spaces 346 6.2 Families of weighted vector spaces 348 6.3 Weighted traces on weighted vector bundles 350 6.4 Some geometry in infinite dimensions 352 6.5 Conclusion 357 References 358

Introduction

Traces play an important role in finite dimensional differential geometry. Given a (finite dimensional) Riemannian manifold (M, g), traces arise in different concepts such as (see e.g. [GHL], [J], [BGV], [CDD], [N]...)

(i) the divergence of a one form given by minus the trace of the covariant derivative δα := −tr(∇α), where ∇ is the Levi-Civita connection, α a one form on the manifold M,

(ii) the Laplacian on functions given by minus the trace of a Hessian Δf := −tr(Hessf) = −tr(∇∇f), where f is a C^2 function, ∇ the Levi- Civita connection,

(iii) the Ricci curvature given by the trace of an operator involving the curvature, Ricc(U, V ) := tr(Ω(U, ·), V ), where Ω is the curvature of the Levi- Civita connection, U, V two vector fields on the manifold.

In complex geometry, they arise in a fundamental way when building characteristic classes using invariant polynomials (see e.g. [BT], [BGV], [KN], [N]....) For instance the j-th characteristic class on a complex vector bundle is defined using the 2j form tr(Ω^j ) in terms of any connection ∇ on the bundle, Ω denoting the corresponding curvature tensor. These lead in turn to the Chern character tr(e^{−Ω}) and its de Rham cohomology class.

Our goal here is to try to understand how some of these concepts may be extended to an infinite dimensional framework, namely a class of Fréchet, resp. Hilbert manifolds and vector bundles [L]. Among the manifolds we shall consider are loop groups (see e.g. [PS]) which are manifolds of maps on the circle with values in a Lie group. They offer an interesting but yet tractable example of infinite dimensional manifold and some of their geometric properties have been studied extensively in the literature (see e.g. [DL], [F], [Pr], [PS], [SW]).

A first step towards the generalization we are aiming at is to extend the notion of trace on the algebra of matrices to a class of operators acting on a class of infinite dimensional spaces, namely to the algebra of classical pseudodifferential operators [Sh], [T] on some given closed manifold. Since we do not want to restrict ourselves to trace-class operators for which there is a welldefined notion of trace, we build these ”traces” from the finite part [H], [Sc] of otherwise divergent expressions. When the operators happen to be traceclass, they coincide with the ordinary trace.

Here we use the terminology ”trace” abusively since there will be obstructions to the tracial property tr[A, B] = 0 which can be expressed in terms of a Wodzicki residue [K], [MN], [O], [W]. To compute this obstruction we use methods developped (independently) by Kontsevich, Vishik [KV1, 2] and Okikiolu [O]. Typically such algebraic obstructions arise as cocycles [Mi], [MN] in the Hochschild cohomology on the algebra of classical P.D.O.s.

These extended ”traces” are defined with the help of some extra data, an elliptic operator and their dependence on the choice of such an operator can be measured (once again) in terms of a Wodzicki residue. This gives rise to the notion of weighted vector space (Γ(M, E), Q), namely a Fréchet or Hilbert space Γ(M, E) of smooth or Sobolev type sections of some (Riemannian/ hermitian) vector bundle E based on a closed Riemannian manifold M, combined with a positive self-adjoint elliptic operator Q acting on Γ(M, E) (or possibly only on a dense subspace of that space).

A first rather trivial example is the space C^∞(S^1, IR^n) of smooth maps on the unit circle S^1 with values in IR^n, in which case the manifold M is the unit circle and the vector bundle E is the trivial bundle S^1 × IR^n. A natural weight would be the Laplace-Beltrami operator [R], [G], [BGV] on S^1. A slightly more sophisticated example is that of a space H^s(M, E), s > 0 (in fact s should be larger than^{dimM}_2 if we want continuous sections) of Sobolev type sections of a finite rank vector bundle E based on a closed Riemannian manifold M. If E is equipped with a connection ∇, then there is a natural weight given by the associated generalized Laplacian Δ := −tr(∇∇).

Given a weight Q on Γ(M, E), we can build weighted traces on the algebra CL(M, E) of classicalP.D.O.s acting on C^∞(M, E). This carries out to families of vectors spaces {Γ(M_b, E_b), b ∈ B} in the above class parametrized by a manifold B, if equipped with a family of operators {Q_b, b ∈ B} which are locally invertible admissible (this notion is recalled in section 3) elliptic operator. In that setting we define a notion of weighted trace {tr^{Qb} , b ∈ B} as a bundle map on the bundle based on B with fibres given by algebras {CL(M_b, E_b), b ∈ B} of classicalP.D.O.s. This construction makes sense provided we require that the transition maps of the infinite rank bundle E with fibre Γ(M_b, E_b) be elliptic operators.

With this at hand, we can introduce the concepts of weighted Laplacians, of weighted Ricci curvature, weighted first Chern form... defined -in a similar way to the finite dimensional case- as (minus) weighted traces of Hessians, weighted traces of operators involving the curvature... We can also extend characteristic forms tr(Ω^j ) to this infinite dimensional setting naively replacing the trace by a weighted trace.

Classical results of Riemannian geometry such as Weitzenböck type formulae or classical constructions in the complex setting such as the Chern-Weil construction do not go through to this infinite dimensional setting in a straight forward manner since obstructions of geometric type can arise which again are described by a Wodzicki residue (see [ABP],[Pa], [PR]). However, as we shall show in section 6, these classical results can be generalized up to some extra Wodzicki residue type term involving the commutator [∇, tr^Q] where ∇ is the connection and tr^Q the weighted trace; in the finite dimensional case, the connection ”goes through” the trace so that such a commutator does not arise. In particular, when defining the weighted first Chern form on a weighted complex vector bundle equipped with a connection as the weighted trace of the curvature, unlike in the finite dimensional case, one does not expect it to be closed in general. Only in very special cases, as in the case of loop groups and given a good choice of weight (this corresponds to the two step trace of [F]), can one check that the obstructions vanish [CDMP], [Ma], [Pa]. These obstructions being rather cumbersome, we might want to circumvent them introducing some compensating terms. This can indeed be done when the weight arises as the square of a family of Dirac type operators using tools such as trace forms familiar to non commutative geometers but it would be out of the scope of this article to describe such a procedure in detail (see [PR], [Pa] for further investigations along these lines).

We hope that these lecture notes - through the question we raise of how to extend classical geometric concepts to the infinite dimensional setting - beyond the relevence of this problematic, will offer the reader a different outlook on some classical and therefore maybe well-known to him/her basic concepts of Riemannian and complex geometry. Along the way, our approach to this problem brings in as well as some geometric tools mentioned above, various algebraic tools (such as algebraic cocycles in section 5), analytical tools (such as finite parts and pseudo-functions in section 2) and functional analytical tools (such as renormalization procedures in section 4), which we feel are interesting for their own sake.

There are yet many other ways of approaching the question of how to extend classical geometric concepts to the infinite dimensional setting, one of which is to focus on measures rather than on traces. A natural thing to do from this point of view is to replace the Riemannian volume measure by Gaussian type measures in infinite dimensions, this leading - in the case of path manifolds - to some fascinating constructions on Wiener space. This second approach raises the question of how to construct a Laplacian which is self-adjoint, a problem which in our context does not make sense since there are no measures around and hence no notion of self-adjointness. However, the two approaches do have some fundamental common feature. Namely elliptic operators arise in both constructions; here, the Laplacian that underlies the construction of Brownian motion has been replaced by the weight Q.

1 Traces in riemannian and complex geometry

1.1 Traces on vector bundles

In this section we recall briefly some basic concepts of Riemannian and complex geometry involving traces. Our presentation, which might in some places seem a little unusual to the reader, is organized in view of generalizing the concepts to the infinite dimensional setting in section 6.

A trace on an algebra A over a field K (in practice K = IR or K = C) is a K-linear map tr : A → C with the tracial property: tr([a, b]) := tr(ab − ba) = 0 ∀a, b ∈ A. (1.1) A well-known example is the algebra A = M(K, n) of n × n square matrices with coefficients in K and tr(a) := ∑_n i=1 a_{ii} ∀a = (a_{ij} ) ∈ A. As a consequence of the tracial property, given an invertible element c of A, we have tr(a) = tr(c^{−1}ac) ∀a ∈ A. Let now π : E → X be a (smooth) finite rank K-vector bundle based on a (smooth) finite dimensional manifold X. A vector bundle morphism of π : E → X over the identity of X is a fibre preserving map that is linear on each fibre; i.e a map u : E → E such that πu = π and such that for any x ∈ X, u_x ∈ Hom(E_x) where E_x denotes the fibre above x. Let Hom(E) denote the homomorphism bundle of E with fibre Hom(E)_x = Hom(E_x). Given a local chart (U, ϕ) of X and a local bundle chart Φ : E|_U → ϕ(U) × K^d (x, v_x) → (ϕ(x), Φ_x(v_x))

where d is the rank of E and given an element u_x of the fibre Hom(E_x) over x ∈ U, then Φ^♯_xu_x := Φ_xu_xΦ^{−1}_x ∈ M(K, r). The expression tr(u_x) := tr(Φ^♯_xu_x) is independent of the choice of local trivialization; indeed given another local trivialization (ψ, Ψ) above V with x ∈ U ∩ V , using the tracial property we find tr(Ψ^♯_xu_x) = tr(Ψ_x ∘ Φ^{−1}_x (Φ^♯_xu_x)Φ_x ∘ Ψ^{−1}_x ) = tr(Φ^♯_xu_x). The map tr : Hom(E) → X × K (x, u_x) → (x, tr(u_x)) (1.2) defines a bundle morphism which we shall refer to as the trace on the bundle Hom(E).

1.2 Variation of traces Let u_t, t ∈ IR^+−{0} be a smooth one parameter family of matrices in M(K, d), then the map t → tr(u_t) is also smooth and we have^d_{dt} tr(u_t) = tr(^d_{dt} u_t). More generally, if π : E → X is a trivial vector bundle over X, and if x → u_x is a smooth section of Hom(E), then dtr(u) = tr(du). (1.3)

Let ∇ be a connection on a (finite rank) vector bundle π : E → X. It induces a connection ∇^{Hom} = ∇^∗ ⊗ 1 + 1 ⊗ ∇ on the bundle Hom(E) = E^∗ ⊗ E where ∇^∗ is the unique connection on the dual bundle E^∗ such that d⟨σ^∗, η⟩ = ⟨∇^∗σ^∗, η⟩ + ⟨σ^∗, ∇η⟩ for any sections σ^∗ of E^∗ and η of E, where ⟨·, ·⟩ stands for the canonical dual pairing.

Exercise: Show that for any section u of Hom(E) and any section σ of E we have ∇(uσ) = (∇^{Hom}u)σ + u∇σ. Hint: Given a local chart (e_i) and the corresponding dual chart (e^∗_i ) (i.e e^∗_j (e_i) = δ_{ij} ), write u = ∑ ij u_{ij} e^∗_i ⊗ e_j and use the property (∇^∗e^∗_i )(e_j ) = −e^∗_i (∇e_j ).

On the grounds of the results of this exercise we shall henceforth use the no- tation ∇^{Hom}u := [∇, u] = ∇u − u∇. Let (U, ϕ) be a local chart on X and let as before Φ be a bundle chart of E over U. In this local chart the connection reads ∇ = d + ω^Φ with ω^Φ ∈ Ω^1(ϕ(U), gl_d(K) and the connection ∇^{Hom} reads ∇^{Hom} = d + [ω^Φ, ·]. Applying (1.3) to Φ^♯u : ϕ(U) → M(K, d) we can write, locally on U: dtr(u) = dtr(Φ^♯u) per definition = tr(d(Φ^♯u)) using (1.3) (1.4) = tr(d(Φ^♯u)) + tr([ω^Φ, Φ^♯u]) since the trace is tracial = tr(∇^{Hom}u). Hence the connection ∇ commutes with the trace, namely [∇, tr]u := dtr(u) − tr([∇, u]) = 0 ∀u ∈ C^∞(Hom(E)) (1.5) where for a bundle F , C^∞(F ) denotes the space of smooth sections of F . We have used two ingredients to prove this elementary result, a purely algebraic property, namely the tracial property of the trace c.f. (1.1) combined with an analytic property, namely the fact that the trace commutes with the ordinary differentiation c.f.(1.3).

1.3 Geometric concepts involving traces

We refer the reader to e.g. [BGV], [GHL], [J], [N] for the concepts in Riemannian geometry needed here. We also refer the reader to the lecture by O.Hijazi in this volume. We shall focus on some basic concepts involving traces.

Let (X, g) be an n dimensional smooth Riemannian manifold equipped with the Levi-Civita connection ∇.

• The divergence: Given a one form α on X, the tensor ∇α is a section of T^∗X ⊗ T^∗X ≃ Hom(T X). Here we have used the Riemannian metric to make the identification T^∗X ≃ T X via the (musical) map: T X → T^∗X u → u^♭ where in local coordinates we have u^♭_i := g_{ij} u^j and the inverse of which is α → α^♯ where in local coordinates we have ( α^♯ )_i := g^{ij} α_j . Applying the above constructions to the tangent bundle E = T X of X we can define the divergence of the one form α: δα := −tr(∇α). (1.6)

Exercise: Show that δ(α) = − n∑ i=1 e_idα(e_i) + n∑ i=1 α(∇_{ei} e_i) where (e_i) is a local orthonormal frame.

The operator δ coincides with the formal adjoint d^∗ of the exterior differential d : C^∞(X) → C^∞(T^∗X) for the scalar product induced by the metric i.e ⟨df, α⟩ = ⟨f, d^∗α⟩ where for two smooth functions f, f̃ on X the scalar product is given by ⟨f, f̃⟩ := ∫ X dvol(x)f(x)f̃ (x) and where for two one-forms α, α̃ on X the scalar product is defined by ⟨α, α̃⟩ = ∫ X dvol(x)g^{ij} (x)α_i(x)α̃_j (x) = n∑ i=1 ∫ X dvol(x)α(e_i(x))α̃(e_i(x)) for any local orthonormal chart (e_i(x)) and where (g^{ij} ) is the inverse matrix of (g_{ij} ). Here and thereafter, we shall often make use of the Einstein summation convention omitting to write the summation symbol which is subintended on repeated indices.

• The Laplacian: Given a smooth function f, and taking α = df yields the Laplacian Δf := δdf = d^∗df = −tr(∇df) (1.7) It therefore corresponds to minus the trace of the Hessian Hessf := ∇df of f. Let us recall that for a k-covariant tensor T we have:

(∇_U T )(V_1, · · · , V_k) = ∇_U (T (V_1, · · · , V_k )) − k∑ i=1 T (V_1, · · · , V_{i−1}, ∇_U V_i, · · · , V_k ) (1.8) for any vector fields U, V_1, · · · , V_k. In particular for any two vector fields U, V and any smooth function f we have

(∇^2f)(U ⊗ V ) := (∇_U ∇f)(V ) = ∇_U ∇_V f − ∇_{∇U V} f.

Hence we can write: −Δf = n∑ i=1 ∇^2f(e_i ⊗ e_i) = n∑ i=1 ∇_{ei} ∇_{ei} f − ∇_{∇ei ei} f. (1.9) For two smooth functions f_1 and f_2 on X we have:

Δ(f_1f_2) = (Δf_1)f_2 + f_1Δf_2 − 2tr(df_1 ⊗ df_2).

The notion of Laplacian extends to vector bundles as follows. Let E be a vector bundle based on a Riemannian manifold equipped with a connection ∇^E . The Levi-Civita connection ∇ on X combined with thes connection ∇^E yields a connection on ∇^{T ∗X⊗E} on the tensor product T^∗X ⊗ E so that we obtain an operator ∇^{T ∗X⊗E} ∇^E : C^∞(X, E) → C^∞(X, T^∗X ⊗ T^∗X ⊗ E). In other words ∇^{T ∗X⊗E} ∇^E ∈ C^∞(X, T^∗X ⊗ T^∗X ⊗ Hom(E)). Identifying T X with T^∗X via the musical maps, given a section σ of E we can therefore view ∇^{E⊗T ∗X} ∇^E σ as a map from T X to T X ⊗ E and we can define: Δ^E σ := −tr(∇^{T ∗X⊗E} ∇^E σ) = − n∑ i=1 (∇^{T ∗X⊗E} ∇^E σ)(e_i ⊗ e_i) = − n∑ i=1 (∇^{T ∗X⊗E} e_i ∇ E e_i σ) + ∇ E ∇_{ei} e_i σ for any local orthonormal frame (e_i)_{i1 ,···,n} of T X.

Remark: The sign convention sometimes vary from one text book to the other; the one we choose here leads to a positive operator (exercise). • The Ricci and scalar curvature: From the curvature Ω associated to the Levi-Civita connection ∇, one can build the curvature tensor R ∈ C^∞(T^∗X^{⊗4}) defined by R(u, v, w, t) = ⟨Ω(u, v)w, t⟩ where ⟨·, ·⟩ is the scalar product induced by the Riemannian metric. For fixed vector fields u, v, R(u, ·, v, ·) defines a symmetric bilinear form on each tangent space and the Ricci curvature is the symmetric 2-tensor Ricc(u, v) := (tr_{2,4}R)(u, v) = n∑ i=1 R(u, e_i, v, e_i). (1.10) The scalar curvature is the trace of this two tensor: Scal = tr(Ricc). (1.11) The Bochner-Weitzenböck formula relates the Laplacian on functions to the Ricci curvature on a Riemannian manifold: A Bochner-Weitzenböck formula: ([Δ, ∇]f) (V ) = Ricc(V, ∇f) ∀f ∈ C^∞(X, C), ∀V ∈ C^∞(T X) (1.12)

Proof. Let us first recall that for any C^2 function f on a manifold X equipped with a connection ∇ without torsion, for any point x ∈ X, the operator Hessf(x) is a bounded symmetric (with respect to the scalar product induced by the Riemannian structure) operator acting on the tangent space T_xX at point x. This follows from the fact that ∇^2f(U ⊗ V − V ⊗ U) = ∇_U ∇_V f − ∇_{∇U V} f − ∇_V ∇_U f + ∇_{∇V U} f = [∇_U , ∇_V ]f − ∇_{∇U V −∇V U} f = [∇_U , ∇_V ]f − ∇_{[U,V ]}f = 0 where we have used the fact that [U, V ] = ∇_U V − ∇_V U because ∇ has no torsion.

Let V ∈ T_xX and let (e_i, i = 1, · · · , dimX) be a local orthonormal frame at point x.

([−Δ, ∇]f)(V ) = (−Δ∇f)(V ) + ∇_V Δf = ∑ i ∇^3f(e_i ⊗ e_i ⊗ V ) − ∇_V tr(Hessf)

= ∑ i ∇^3f(e_i ⊗ V ⊗ e_i) − tr(∇_V ∇^2f) where we have used the fact that Hessf is symmetric = ∑ i ( ∇^3f(e_i ⊗ V ⊗ e_i) − ∇^3f(V ⊗ e_i ⊗ e_i) )

= ∑ i ∇^2∇f((e_i ∧ V ) ⊗ e_i) = ∑ i (∇^2_{ei ∧V} ∇f)e_i = ∑ i ⟨Ω(e_i, V )∇f, e_i⟩ = −Ricc(V, ∇f). • First Chern form on a vector bundle: Let E be a smooth complex vector bundle of rank d based on a Riemannian manifold X equipped with a connection ∇^E . The curvature Ω^E lies in C^∞(T^∗X ⊗ T^∗X ⊗ Hom(E)), i.e for any two vector fields U, V on X, Ω^E (U, V ) ∈ Hom(E). The first Chern form is the two form given by:

r^E_1 (U, V ) := tr(Ω^E (U, V )) ∀ U, V ∈ C^∞(T X) (1.14) where the trace is taken on the local matrix representation of the curvature tensor. This definition is of course independent of the choice of local chart. Equivalently, if E is hermitian we can write:

r^E_1 (U, V ) = n∑ i=1 ⟨Ω^E (U, V )e_i, e_i⟩ where (e_i) is a local orthonormal frame, i.e. a local section of O(E). It follows from the Bianchi identity [∇^E , Ω^E ] = 0 and from (1.4) that the first Chern form is closed. Indeed we have: dr^E_1 = dtr(Ω^E )

= tr([∇^E , Ω^E ]) = 0. (1.15) Thus we can define a de Rham cohomology class: c_1(E) := [r^E_1 ] ∈ H^2(M) called the first Chern class. It has the following properties:

(i) It does not depend on the choice of the connection and is a topological characteristic of the bundle

(ii) Naturality. Given a bundle morphism f,

c_1(f^∗E) = f^∗c_1(E)

where f^∗E is the pull-back of the bundle E by f.

(iii) c_1(E) = c_1(E^′) if E ≃ E^′.

Let us now generalize this construction to other invariants involving the curvature for which we shall give a proof of the independence of the choice of the connection for the corresponding cohomology classes, thus proving (i) as a particular case.

• Chern-Weil invariants: It also follows from the above considerations that any polynomial P of degree k on gl_n(K) gives rise to a well-defined form tr(P (Ω^E )) for we have (using again the cyclicity of the trace)

tr(P (Ψ^♯Ω^E )) = tr ( C ( Φ^♯Ω^E ) C^{−1} ) = tr(P (Φ^♯Ω^E ))

with C := Ψ^{−1} ∘ Φ ∈ GL_n(K). Let us consider the case of a monomial P (M) := M^k, k ∈ IN, since the case of a general polynomial then easily follows taking linear combinations. Since tr(P (C^{−1}MC)) = tr(P (M)) for all C ∈ GL_n(K), setting C := e^{tB} , B ∈ gl_n(K) and differentiating w.r.to t we find k∑ i=1 tr (P̃ (A_1, · · · , A_{i−1}, [B, A_i], A_{i+1}, · · · , A_k)) = 0 ∀B ∈ gl_n(K), A_j ∈ gl_n(K), j = 1, · · · , k. (1.16) Here P̃ (A_1, · · · , A_k) := A_1 · · · A_k is the polarized k-form corresponding to P .

Let E be a vector bundle of rank d equipped with a connection ∇^E . Let Ω^E be the corresponding curvature and let P be a polynomial on the algebra of d × d matrices. Then the following classical result holds:

dtr(P (Ω^E )) = 0 (1.17)

and the de Rham class of P (Ω^E ) is independent of the choice of the connection ∇^E .

Proof. As before, we can restrict ourselves to a monomial P (A) := A^k. Let α_i, · · · , α_k be Hom(E)-valued forms on X and let ∇^E = d + θ^E be the local representation of a connection ∇^E in some given local trivialization (U, Φ, ϕ). Applying (1.16) to B := θ^E , A_i = Φ^♯α_i we can write: dtr ( P̃ (Φ^♯α_1, · · · , Φ^♯α_k) ) = k∑ i=1 tr(P̃ (Φ^♯α_1, · · · , d ( Φ^♯α_i ) , · · · , Φ^♯α_k))

= k∑ i=1 tr(P̃ (Φ^♯α_1, · · · , d(Φ^♯α_i), · · · , Φ^♯α_k))

+ k∑ i=1 tr(P̃ (Φ^♯α_1, · · · , [θ^E , Φ^♯α_i], · · · , Φ^♯α_k))

= k∑ i=1 tr(P̃ (α_1, · · · , [∇^E , α_i], · · · , α_k)). (∗) Applying (*) to α_i = Ω^E ∀i =, 1 · · · , k and using the Bianchi identity [∇^E , Ω^E ] = 0 yields that dtr(P (Ω^E )) = 0 and hence that tr(P (Ω^E )) is closed.

Let us now check the independence of the corresponding de Rham class of the choice of the connection. Let ∇^E and ~∇^E be two connections and let η := ~∇^E − ∇^E , ∇^E_t := t ~∇^E + (1 − t)∇^E = ∇^E + tη. It is easy to check that Ω^E_t := ∇^E_t ∇^E_t = Ω^E + t[∇^E , η] + t^2η ∧ η and from this to deduce that ∂ ∂t Ω^E_t = [∇^E_t , η]. The following holds: ∂ ∂t tr(P (Ω^E_t )) = ∂ ∂t tr(P̃ (Ω^E_t , · · · , Ω^E_t )) = k∑ j=1 tr(P̃ (Ω^E_t , · · · , ∂ ∂t Ω^E_t , · · · , Ω^E_t ))

= k∑ j=1 tr(P̃ (Ω^E_t , · · · , [∇^E_t , η], Ω^E_t , · · · , Ω^E_t ))

where [∇^E_t , η] is at place j = k∑ j=1 ( tr(P̃ (Ω^E_t , · · · , [∇^E_t , η], Ω^E_t , · · · , Ω^E_t )) + ∑ i≠j tr(P̃ (Ω^E_t , · · · , [∇^E_t , Ω^E_t ], · · · , η, · · · , Ω^E_t , · · · , Ω^E_t ) )

where [∇^E_t , η], [∇^E_t , η] are at place j

= k∑ j=1 dtr(P̃ (Ω^E_t , · · · , η, Ω^E_t , · · · , Ω^E_t )) where η is at place j.

To establish the last equality we applied (*) (replacing ∇^E by ∇^E_t ) to α_i = Ω^E_t ∀i ≠ j and α_j = η. Hence tr(P (Ω^E_1 )) − tr(P (Ω^E_0 )) = d ∫_1 0 ∑_k j=1 dtr(P̃ (Ω^E_t , · · · , η, Ω^E_t , · · · , Ω^E_t ))dt is an exact form, which ends the proof.

Using these polynomial invariants, we can also define the Chern character

Ch(∇^E ) = tr(e^{−ΩE} ) :=

[^n_2 ]∑

k=0 (−1)^k k! tr (( Ω^E )_k)

(where n is the dimension of the underlying manifold) which is again a closed form, the cohomology class of which is independent of the choice of the connection. We recover the first Chern form introduced above as minus the term of degree 2 of the Chern character of the bundle:

r^E_1 = tr(Ω^E ) = tr((∇^E )^2) = − [ tr(e^{−ΩE} ) ] [2] = −Ch(∇^E )_{[2]}. (1.18)

We refer the reader to [BGV],[CDD], [KN], [N] ...for a more detailed account of these concepts.

2 Renormalized limits

In this section, preparing for the notion of renormalized traces to be described in section 3, we recall the notion of finite part of an otherwise diverging function. In contrast to other sections, this one might seem rather technical and the reader might like to skip it at first reading. I however strongly encourage her/him to come back to it later since renormalized limits are an essential tool in various approaches to Quantum Field Theories. The main reference used in this section is [Sc] but other more recent references on related issues are e.g. [EF], [EK] and some mentioned therein. I also refer the reader to the lectures by K. Wojciechowski and E. Langmann in this volume where similar renormalization techniques are used.

Let me finally address my thanks again to Marc Arnaudon at this point since it was some informal discussions with him that served as the initial motivation to write up this section.

2.1 Finite parts

In this section we consider a (complex valued) measurable function g on ]0, 1[ such that g ∈ L^1_{loc}(]0, 1]). Hence g ∈ L^1(]ε, 1[) for any ε > 0 but g might not belong to L^1(]0, 1[). We make the following Assumption: There is a finite subset J of IN, complex numbers b, a_j , and λ_j indexed by J and there is a function h ∈ L^1(]0, 1[) such that: g(t) = ∑ j∈J a_j t^{−λj} + bt^{−1} + h(t) (2.1)

with Re(λ_j ) > 1, λ_j ≠ 1 ∀j ∈ J.

• Finite part of an integral: The notion of finite part was first introduced by Hadamard (see [H], [Sc] for the history of the concept) and then further investigated by Schwartz [Sc]. Under assumption (2.1), for any ε > 0 we can write:

∫_1 ε g(t)dt = ∑ j∈J a_j [ 1 −λ_j + 1 t^{−λj +1} ]_1 ε − b log ε +

∫_1 ε h(t)dt

= − ∑ j∈J a_j −λ_j + 1 ε^{−λj +1} − b log ε + ∑ j∈J a_j −λ_j + 1 + ∫_1 ε h(t)dt = I(ε) + F (ε) where I(ε) := − ∑ j∈J a_j −λ_j +1 ε −λ_j +1 − b log ε and F (ε) := ∑ j∈J a_j −λ_j +1 +

∫_1 ε h(t)dt. When ε tends to zero, F (ε) converges to a finite expression:

f.p. ∫_1 0 g(t)dt := ∑ j∈J a_j −λ_j + 1 + ∫_1 0 h(t)dt

= lim_{ε→0}

∫_1 ε g(t)dt + ∑ j∈J a_j −λ_j + 1 ε^{−λj +1} + b log ε (2.2)

called the finite part of the integral

∫_1 0 g(t)dt whereas I(ε) diverges.

Notice that whenever g ∈ L^1(]0, 1[), then f.p.

∫_1 0 g(t)dt = ∫_1 0 g(t)dt. We leave to the reader the easy exercise to prove that f.p.

∫_1 0 : L^1_{loc}(]0, 1]) → C defines a linear map.

• Behaviour under a change of variable: The finite part of the integral of a function satisfying assumption (2.1) is not in general invariant under a change of variable in the integral. Let t → u(t) be a smooth map from [0, 1] to [u(0) = 0, u(1)] which is a diffeomorphism on ]0, 1[. Let u → t(u) denote its inverse; we want to check that g̃ : u → g(t(u))t^′(u) satisfies condition (2.1).

Let k_0 be the first integer for which t^{(k0 )}(0) ≠ 0, then t(ε) = ∑_K k=k_0 ε^k k! t^{(k)}(0)+ o(ε^K ) =^{t(k0 )(0)εk0}_{k0 !} (1 + ∑_{K−k0} k=1 ε^{k k0 !}_{(k+k0 )!}^{t(k+k0 )(0)}

t^{(k}0^) (0) + o(ε

K−k_0 )) and

g̃(u) = ∑ j∈J a_j ( t^{(k0 )}(0) k_0! )−λ_j +1 u^{−k0·λj} (_{K−k0} ∑ k=0 u^k k_0! t^{(k+k0 )}(0) (k + k_0)! t^{(k0 )}(0) + o(u^{K−k0} ) )−λ_j ·

· [ t^{(k0 )}(0)u^{k0−1} (k_0 − 1)! (_{K−k0} ∑ k=0 u^k k_0!

(k + k_0)!

t^{(k+k0 )}(0) t^{(k0)}(0) + o(u^{K−k0} ) ) +

+ t^{(k0 )}(0)u^{k0} k_0! (_{K−k0} ∑ k=1 ku^{k−1} k_0!

(k + k_0)!

t^{(k+k0 )}(0) t^{(k0)}(0) + o(u^{K−k0−1}) )] +

+ ( k_0b t^{(k0 )}(0) u^{−k0} + h̃(u) ) · (_{K−k0} ∑ k=0 u^k k_0!

(k + k_0)!

t^{(k+k0 )}(0) t^{(k0 )}(0) + o(u^{K−k0} ) )_{−λj} ·

· [ t^{(k0 )}(0)u^{k0−1} (k_0 − 1)! (_{K−k0} ∑ k=0 u^k k_0!

(k + k_0)!

t^{(k+k0 )}(0) t^{(k0)}(0) + o(u^{K−k0} ) ) +

+ t^{(k0 )}(0)u^{k0} k_0! (_{K−k0} ∑ k=1 ku^{k−1} k_0!

(k + k_0)!

t^{(k+k0 )}(0) t^{(k0)}(0) + o(u^{K−k0−1}) )]

for some h̃ ∈ L^1(]0, 1[). ¿From this (rather complicated !) expression, one can see that the term u^{−k0·λj} gets multiplied by terms of the form u^i, i ∈ IN this giving rise to terms of the type u^{−k0·λj +i}, i ∈ IN which are compatible with condition (2.1) provided −k_0 · λ_j − i = −1 or k_0 · Re(λ_j ) − i > 1. This singles out the following cases: Case k_0 = 1 : i)λ_j ∈ IN, ii)Re(λ_j ) /∈ IN, iii)Re(λ_j ) ∈ IN and Imλ_j ≠ 0. Case k_0 ≠ 1 : i)λ_j ∈ Q, ii)Re(λ_j ) /∈ Q, iii)Re(λ_j ) ∈ Q and Imλ_j ≠ 0. In cases i) and ii) the map g̃ satisfies condition (2.1) but not in case iii) which we shall therefore leave aside. It follows from (2.1) that ∫_{u(1)} ε g(t(u))t^′(u)du = ∑ j∈J ∫_{u(1)} ε a_j (t(u))^{−λj} t^′(u)du

+b ∫_{u(1)} ε t^′(u)t(u)^{−1}du + ∫_{u(1)} ε h(t(u))t^′(u)du = ∑ j∈J a_j −λ_j + 1 [ t^{−λj +1} ]_1

t(ε) + b[log t] 1 t(ε) + ∫_1 t(ε) h(t)dt. we have: ∫_{u(1)} ε g(t(u))t^′(u)du = I_1(ε) + F_1(ε)

where

I_1(ε) := − ∑ j∈J a_j −λ_j + 1 ε^{k0 (−λj +1)} ( t^{(k0 )}(0) k_0! )−λ_j +1 · ( 1 + K−k_0∑

k=1 k_0!

(k + k_0)!

t^{(k+k0 )}(0) t^{(k0)}(0) ε^k + o(ε^{K−k0} ) )−λ_j +1 − b · log(t(ε)) and where

F_1(ε) := ∑ j∈J a_j −λ_j + 1 + ∫_1 t(ε) h(t)dt. Let us first assume that t^′(0) ≠ 0 so that k_0 = 1.

(i) If Re(λ_j ) /∈ IN for any j ∈ J and b = 0 then I_1(ε) leads to a divergent expression when ε → 0 and we have: f.p. (∫_{u(1)} 0 g(t(u))t^′(u)du ) := ∑ j∈J a_j −λ_j + 1 + ∫_1 0 h(t)dt

= lim_{ε→0} (∫_{u(1)} ε g(t(u))t^′(u)du+ ∑ j∈J a_j −λ_j + 1 ε^{−λj +1} (t^′(0))^{−λj +1} (1 + α(ε))^{−λj +1}

= f.p. ∫_1 0 f(t)dt (2.3) where we have set α(ε) := ∑_{K−1} k=2 ε^{k−1} k! t^{(k)} (0) t^′ (0) + o(ε K−1). (ii) If Re(λ_j ) /∈ IN for any j ∈ J and b ≠ 0 then the expression I_1(ε) gives rise to an extra finite term in the limit ε → 0: f.p. (∫_{u(1)} 0 g(t(u))t^′(u)du ) := ∑ j∈J a_j −λ_j + 1 + ∫_1 0 h(t)dt − b log(t^′(0))

= lim_{ε→0}

( ∫_{u(1)} ε g(t(u))t^′(u)du + ∑ j∈J a_j −λ_j + 1 ε^{−λj +1} (t^′(0))^{−λj +1} ·

· (1 + α(ε))^{−λj +1} + b log ε ) (2.4)

Comparing (2.4) with (2.2) we see that f.p. (∫_{u(1)} u(0) g(t(u))t^′(u)du ) − f.p. (∫_1 0 g(t)dt ) = −b log(t^′(0)).

(iii) If there exists j_0 ∈ IN such that λ_{j0} ∈ IN, say λ_{j0} = n_0 ∈ IN then the divergent term in ε^{−n0+1} multiplied with the term in ε^{n0−1} arising in the expansion (1 + α(ε))^{−n0 +1} = 1 + (1 − n_0)α(ε) +^{(n0−1)n0}_2 α(ε)^2 + · · · gives rise to an extra finite term in the limit ε → 0, thus adding an extra term to the finite part.

Let us now consider the case when t^′(0) = 0 i.e k_0 > 1. We also distinguish three cases.

(i) If Re(λ_j ) /∈ Q for any j ∈ J and b = 0 then I_1(ε) leads to a purely divergent expression when ε → 0 and we have: f.p. (∫_{u(1)} 0 g(t(u))t^′(u)du ) = f.p. ∫_1 0 f(t)dt. (ii) If Re(λ_j ) /∈ Q for any j ∈ J and b ≠ 0 then the expression I_1(ε) gives rise to an extra finite term in the limit ε → 0 and we have: f.p. (∫_{u(1)} 0 g(t(u))t^′(u)du ) −f.p. ∫_1 0 f(t)dt = −b log(t^{(k0 )}(0))+b log(k_0!).

(iii) If for some j_0 ∈ J, λ_{j0} ∈ Q, then for any k_0 such that (−λ_{j0} + 1)k_0 ∈ ZZ, a compensation arises between the divergent term ε^{(−λj +1)k0} and a term in the expansion of of (1 + α(ε))^{−λj +1} thus giving rise to an extra finite term.

Hence only if Re(λ_j ) /∈ Q for any j ∈ J and b = 0 (none of the powers in the asymptotic expansion (2.1) are rationals) is the finite part invariant under a change of variable: f.p. (∫_{u(1)} u(0) g(t(u))t^′(u)du ) = f.p. ∫_1 0 g(t)dt.

Our conclusion therefore differs from [Sc] where it was asserted that the invariance under a change of variable held true for all g of type (2.1). • A meromorphic extension: For z ∈ C with Re(z) > 0 and large enough, the function G(z) :=

∫_1 0 g(t)t^zdt is well defined. Indeed, let Re(z) > sup(Re(λ_j )) − 1 or Re(z) > 0 if J is void, then: G(z) = ∫_1 0 g(t)t^zdt = ∑ j∈J a_j ∫_1 0 t^{z−λj} dt + b ∫_1 0 t^{z−1}dt + ∫_1 0 h(t)t^z dt

= ∑ j∈J a_j z − λ_j + 1 + b z + ∫_1 0 h(t)t^z dt is well defined. It extends to a meromorphic function on the upper half complex plane Re(z) > 0 with a finite number of poles {0, λ_j − 1, j ∈ J}. Let us focus on the pole at zero.

The case b = 0: since λ_j ≠ 1, the function z → G(z) extends continuously to 0 and we have:

G(0) = ∑ j∈J a_j −λ_j + 1 + ∫_1 0 h(t)dt = f.p. ∫_1 0 g(t)dt. (2.5.a) In other words, the finite part arises as an analytic extension of an ordinary integral.

The case b ≠ 0 : we first need to extract a (simple) pole at zero before taking the limit at z = 0:

lim_{z→0} ( G(z) − b z ) = ∑ j∈J a_j −λ_j + 1 + ∫_1 0 h(t)dt = f.p. ∫_1 0 g(t)dt. (2.5.b) • Pseudo-functions: We now assume that b = 0 and that none of the λ_j , j ∈ J are integers. Then for any n ∈ IN, in a similar way as in the case n = 0, we can define

G(n) := ∑ j∈J a_j n − λ_j + 1 + ∫_1 0 h(t)t^ndt = f.p. ∫_1 0 g(t)t^ndt. (2.6) Let ϕ be a smooth function on ]0, 1[. The Taylor-Lagrange formula at order K yields: ϕ(t) = K∑ k=0 ϕ^{(k)}(0) k! t^k + t^{K+1} K! ∫_1 0 (1 − u)^K ϕ^{(K+1)}(tu)du

so that choosing K = [sup_{j∈J} (Re(λ_j ))], the integral

∫_1 0 g(t)^{tK+1}_{K!}

∫_1 0 (1 − u)^K ϕ^{(K+1)}(tu)du is well-defined. Moreover the map t → g(t)ϕ(t) satisfies condition (2.1) and hence it follows from the linearity of the finite part of an integral that: f.p. ∫_1 0 g(t)ϕ(t)dt = K∑ k=0 ϕ^{(k)}(0) k! f.p. (∫_1 0 g(t)t^kdt ) + ∫_1 0 g(t) t^{K+1} K! (∫_1 0 (1 − u)^K ϕ^{(K+1)}(tu)du ) . (2.7)

¿From the above discussion, we know that provided Re(λ_j ) /∈ Q and b = 0, f.p. ∫_1 0 g(t)t^kdt is independent of the choice of parametrization inside the integral so that the integral symbol on the l.h.s. of (2.7) makes sense. Moreover the map ϕ → f.p. ∫_1 0 g(t)ϕ(t)dt is linear and continuous on C^∞([0, 1]) for the topology of uniform convergence of all derivatives. Furthermore for some large enough integer K there is a constant C > 0 such that |f.p. ∫_1 0 g(t)ϕ(t)dt| ≤ C‖ϕ‖_CK_{([0,1])} where C^K ([0, 1]) is the sapce of C^k functions on [0, 1] and ‖ · ‖_CK_{([0,1])} the norm of uniform convergence in all j-th derivatives up to j = K. Thus if b = 0 and Re(λ_j ) /∈ Q, ϕ → f.p. ∫_1 0 g(t)ϕ(t)dt is a linear map on C^∞([0, 1]) which is continuous on C^K ([0, 1]) for some K large enough and hence it defines a distribution of finite order called pseudo-function.

2.2 Mellin transform [BGV]

Recall that Γ(z) = ∫_∞ 0 e^{−t}t^{−z}dt is a meromorphic function with poles at the negative integers. Moreover Γ(z)^{−1} = z + γz^2 + O(z^3) where γ is the Euler constant γ = lim_{n→∞}(log n − ∑_{n+1} k=1 1 k ).

Unlike in the previous section where we considered a finite interval, here we will be working on ]0, +∞[. We shall therefore need some condition on the functions at infinity in order to have well-defined integrals. Let us consider functions f ∈ C^∞(]0, ∞[) such that:

(i) ∃l > 0, ∃C > 0, such that |f(t)| ≤ Ce^{−λt} for large enough t

(ii) There are positive integers N, q ≠ 0 and real numbers a, α_j ,β_j , γ_j with j ∈ IN such that f(ε) ∼_0 ∞∑ j=0 α_j ε^{j−a−Nq} + ∞∑ j=0,^{j−a−N}_q ∈ZZ β_j ε^{j−a−Nq} logε + ∞∑ j=0 γ_j ε^j . (2.8)

Note that when a is an integer, there is a redundancy in this expression since constant terms can arise as γ_0 or as α_{a+N} . By the symbol ∼ we mean that for any J ∈ IN, ∃K_J := [a] + qJ + N ∈ IN such that f(ε) = K_J∑

j=0 α_j ε^{j−a−Nq} + K_J∑

j=0,^{j−a−N}_q ∈ZZ β_j ε^{j−a−Nq} logε + K_J∑

j=0 γ_j ε^j + o(ε^J ).

For such functions the Mellin transform (see e.g. [BGV])

M(f)(z) := 1 Γ(z) ∫_∞ 0 f(t)t^{z−1}dt (2.9) is well defined for Re(z) large enough. It is useful to notice that for λ > 0 we have: λ^{−z} = M(t → e^{−tλ})(z) = 1 Γ(z) ∫_∞ 0 t^{z−1}e^{−tλ}dt.

Let us show that M(f) extends to a meromorphic function with poles in {^{N+a−j}_q , j ∈ IN}. Provided Re(z) is chosen large enough we can write:

Γ(z)M(f)(z) =

∫_1 0 f(t)t^{z−1}dt + ∫_∞ 1 f(t)t^{z−1}dt = K_J∑

j=0 α_j ∫_1 0 t^{j−a−Nq +z−1}dt + K_J∑

j=0,^{j−a−N}_q ∈ZZ β_j ∫_1 0 t^{j−a−Nq +z−1} log t dt

+ J∑ j=0 γ_j ∫_1 0 t^{j+z−1}dt + ∫_1 0 o(t^J )t^{z−1}dt + ∫_∞ 1 f(t)t^{z−1}dt (2.10)

= K_J∑

j=0 α_j j−a−N q + z − J∑ j=0,^{j−a−N}_q ∈ZZ β_j (^{j−a−N}_q + z)^2 + J∑ j=0 γ_j j + z +

R(z) + ∫_∞ 1 f(t)t^{z−1}dt (using an integration by parts to compute the integral involving the logarithmic terms) where z → R(z) is holomorphic for Re(z) >^{−KJ +1}_q . The map z → ∫_∞ 1 f(t)t^{z−1}dt is analytic in z since f(t) decreases exponentially at infinity. Hence the map z → Γ(z)M(f)(z) is meromorphic with poles in the set {^{N+a−j}_q , j ∈ IN}. Since Γ^{−1} is analytic, the map z → M(f)(z) is also meromorphic with poles in the set {^{N+a−j}_q , j ∈ IN}.

For our purposes, it is useful to know how the Mellin transform behaves at zero. It only has a simple pole at zero and:

M(f)(z) + β_0z^{−1} = α_{a+N} + γ_0 − γβ_{a+N} + O(z) = constant term − γ · (coefficient of the logarithmic term) (2.11)

This follows from (2.10) combined with the fact that Γ(z)^{−1} = z +γz^2 +O(z^3) where γ is the Euler constant.

2.3 Renormalized limits [BGV]

• Renormalizable functions: We shall call a smooth (complex valued) function f on C^∞(]0, ∞[) renormalizable whenever it satisfies conditions (i) and (ii) of (2.8).

Since the poles of the function M(f) lie in {^{N+a−j}_q , j ∈ IN}, if a is not an integer, then 0 is not a pole and we can define M(f)(0). However for a renormalizable function f of the type (2.8) with a ∈ ZZ, one expects a pole in zero and we need to ”extract divergences” before taking the limit. On the grounds of (2.11), for μ ∈ IR we define the μ-renormalized limit of f at 0: LIM^μ_{t→0}f(t) := α_{a+N} + γ_0 − μβ_{a+N} = constant term − μ · (coefficient of the logarithmic term) (2.12)

From (2.11) it follows that:

lim_{z→0}(M(f)(z) + β_0z^{−1}) = α_{a+N} + γ_0 − γβ_{a+N} = LIM^γ_{t→0}f(t). (2.13)

Notice that if a is not an integer, then β_0 = 0 and LIM^μ_{t→0}f(t) = lim_{z→0}M(f)(z) = M(f)(0). • A class of renormalizable functions: Let g be of the form (2.8) with β_j = 0 for all j ∈ IN. We set λ_j :=^{a+N−j}_q . Then f(ε) := ∫_∞ ε g(t)dt satisfies assumptions (2.8) and f(ε) ∼_0 A_0 − ∑ λ_j ≠1 α_j −λ_j +1 ε −λ_j +1 − α q(a+N) log ε for

some constant A_0 = ∑ λ_j ≠1 α_j −λ_j +1 +

∫_1 0 ( g(t) − ∑ λ_j ≠1 αj t −λ_j dt ) + ∫_∞ 1 g(t)dt. Since g ∈ L^1(]ε, +∞[) for any ε > 0, we can extend the notion of finite part defined in (2.2) for the integral

∫_1 0 g(t)dt on ]0, 1[ in a straightforward way to the integral ∫_∞ 0 g(t)dt on ]0, ∞[: f.p. ∫_∞ 0 g(t)dt := f.p. ∫_1 0 g(t)dt + ∫_∞ 1 g(t)dt = ∑ λ_j ≠1 α_j −λ_j + 1 + ∫_1 0 (g(t) − ∑ λ_j ≠1 α_j t^{−λj} )dt + ∫_∞ 1 g(t)dt

and we have A_0 = f.p. ∫_∞ 0 g(t)dt. As before f.p. ∫_∞ 0 g(t)dt is invariant under a change of variable if Re(λ_j ) /∈ Q; this condition holds in particular if a /∈ ZZ. Hence, by (2.12) LIM^μ_{ε→0}f(ε) = f.p. ∫_∞ 0 g(t)dt + μα_{(a+N)q}.

In particular, taking μ = γ and using (2.13) yields:

lim_{z→0} ( M(f)(z) − α_{(a+N)q}z^{−1} ) = f.p. ∫_∞ 0 g(t)dt + γα_{(a+N)q}.

Exercise: Let g(t) := −^{e−tλ}_t , λ > 0 and f_ε(t) := − ∫_∞ ε e^{−λt} t dt. Check that LIM^γ (f) = logλ = −ζ^′_λ(0) where we have set ζ_λ = M(t → e^{−tλ}).

Let us summarize where we now stand.

Proposition: For g satisfying (2.8) (i) and (ii) with a /∈ ZZ then: (i) the finite part f.p. (∫_∞ 0 g(t)dt ) is invariant under a change of variable,

(ii) ϕ → ∫_∞ 0 g(t)ϕ(t)dt defines a distribution of finite order, (iii) z → M(f)(z) has no poles.

Proof. This is a direct consequence of the above discussion since a /∈ ZZ ⇒ β_j = 0 and Re(λ_j ) =^{−j+a+N}_q /∈ Q ∀j ∈ IN.

3 Pseudo-differential operators

This section gives a brief presentation of the basic tools in our framework, namely classical pseudo-differential operators and particularly elliptic ones, their logarithms and their complex powers. Classical references are [G], [LM], [Se], [Sh]. We also refer to [D] for a detailed presentation of the tools briefly described in this section.

An ordinary partial differential operator of order m ∈ IN is a polynomial expression P = ∑ |α|≤m p_α(x)D^α_x

where p_α ∈ C^∞(IR^d) and D^α_x := (−i)^{|α| ∂α1}_{∂x1} · · · +^{∂αd}_{∂xd} . Here |α| = α_1 + · · · α_d. It can also be written: P u(x) = ∫ IR^d e^{ix·ξ}σ(x, ξ)û(ξ)dξ where σ(x, ξ) = ∑ |α|≤m p_α(x)ξ^α

and where · denotes the canonical scalar product in IR^d. Allowing more general expressions for σ(x, ξ) leads to the notion of pseudo-differential operator.

3.1 Pseudo-differential operators on an open set of IR^d

•The symbol set: Let U be an open subset of IR^d. Given α ∈ IR, let us denote by S^α(U) the set of real valued smooth functions U × IR^d → IR (x, ξ) → σ(x, ξ) with compact support in x and satisfying the following property. Given any two multiindices γ = (γ_1, · · · , γ_d) and δ = (δ_1, · · · , δ_d) in IN^d , there exists a constant C_{γ,δ} such that |D^γ_x D^δ_ξ σ(x, ξ)| ≤ C_{γ,δ}(1 + ‖ξ‖)^{α−|δ|} ∀x ∈ U, ∀ξ ∈ IR^d (3.1) where we use the symbol ‖ · ‖ to denote the norm on IR^d. An element of S^α(U) is called a symbol of order α. Notice that the above condition is a requirement on the behaviour when ‖ξ‖ goes to infinity of the expression (1 + ‖ξ‖)^{|δ|−α}|D^γ_xD^δ_ξ σ(x, ξ)|. The notion of symbol of order α extends in an obvious manner to complex valued symbols but also to matrix valued symbols U × IR^d → M_{r1,r2} (IR) (x, ξ) → σ(x, ξ), the components of which are symbols of order α as defined above. Exercise: Let Δ := − ∑_d i=1 ∂^2 ∂x^2_i . Show that σΔ(x, ξ) := ‖ξ‖

2 on IR^d is a symbol of order 2 and that σ_{(1+Δ)}−k (x, ξ) := (1 + ‖ξ‖^2)^{−k} is a symbol of order −2k with k ∈ IN.

The principal part of the symbol σ ∈ S^α(U) (or leading symbol) is defined as follows: σ_L(x, ξ) = lim_{t→+∞} σ(x, tξ) t^α . (3.2) A smoothing symbol is a symbol in S^{−∞}(U) := ⋂ α∈IR S^α(U )

and the relation σ ≃ σ̃ ⇔ σ − σ̃ ∈ S^{−∞}(U) defines an equivalence relation on S(U) := ⋃ α S^α(U). For a real valued function σ on U × IR^d with the property that there exist σ_j ∈ S^{mj} (U), j ∈ IN with (m_j )_{j∈IN} a decreasing sequence in ZZ verifying the following condition: ∀N ∈ IN , ∃J_N ∈ IN, σ(x, ξ) − J∑ j=0 σ_j (x, ξ) ∈ S^{−N} (U) ∀ J ≥ J_N we shall write: σ(x, ξ) ∼ ∞∑ j=0 σ_j (x, ξ).

A symbol of order α is called classical if there exist σ_{α−j} ∈ S^{α−j} (U), j ∈ IN such that: σ(x, ξ) ∼ ∞∑ j=0 σ_{α−j} (x, ξ) (3.3) which are positively homogeneous, i.e σ_{α−j} (x, tξ) = t^{α−j} σ_{α−j} (x, ξ) ∀t ∈ IR^+, ∀ξ ∈ IR^d. (3.4)

Let Ψ ∈ C^∞(IR^d) such that Ψ vanishes for for ‖ξ‖ <^1_4 and Ψ(ξ) = 1 for ‖ξ‖ ≥^1_2 . Then σ_{α−j} (x, ξ) − Ψ(ξ)σ_{α−j} (x, ξ) belongs to S^{−∞}(U). Hence for a symbol to be classical, it is sufficient to require that σ(x, ξ) ∼ ∞∑ j=0 Ψ(ξ)σ_{α−j} (x, ξ) with σ_{α−j} (x, ξ) ∈ S^{α−j} (U) and positively homogeneous in ξ. Following Kontsevich and Vishik [KV1], we shall say that a classical symbol lies in the odd-class if it has integer order and the positively homogeneous components σ_{α−j} are moreover homogeneous i.e: σ_{α−j} (x, tξ) = t^{α−j} σ_{α−j} (x, ξ) ∀t ∈ IR ∀ξ ∈ IR^d. (3.5) Polynomial symbols provide examples of symbols in the odd class. A symbol σ in S^α(U) is called elliptic if its principal part σ_L(x, ξ) seen as an endomorphism of the fibre E_x is invertible for any (x, ξ ≠ 0) ∈ T^∗U. Adding a smoothing symbol to an elliptic symbol therefore does not affect the ellipticity property. An equivalent condition (see e.g. [G]) for the ellipticity of σ ∈ S^α(U) is the existence of a symbol σ̃ ∈ S^{−α}(U) and of a smooth plateau function Φ which is constant equal to 1 on V̄ with V a non empty open subset of U such that: Φ(σσ̃ − I) ∈ S^{−∞}(U) and Φ(σ̃σ − I) ∈ S^{−∞}(U). (3.6) All the above mentioned notions extend in an obvious manner to complex or matrix valued symbols.

• From symbols to pseudo-differential operators: Following the prescription described in the introduction for partial differential operators, to a symbol σ ∈ S^α(U) we can associate the pseudo-differential operator (P.D.O.) with symbol σ defined by: A : C^∞_c (U) −→ C^∞(IR^d) u −→ (x → Au(x)) where Au(x) = ∫ IR^d×U e^{iξ·x}σ(x, ξ)û(ξ)dξ = ∫ IR^d×U e^{iξ·(x−y)}σ(x, ξ)u(y)dydξ. (3.7)

Here C^∞_c (U) denotes the space of complex valued smooth functions with compact support in U. The leading symbol of A is given by the leading part of its symbol. If the symbol is classical, we shall call the corresponding P.D.O. classical and the set of classical P.D.O.s of order α is denoted by CL^α(U). The Laplacian Δ := − ∑_d i=1 ∂^2 ∂x^2_i is a partial differential operator of order 2

with symbol σ_Δ and (Δ + 1)^{−k}, k ∈ IN a P.D.O. of order −2k with symbol σ_{(Δ+1)}−k given previously.

A smoothing P.D.O. is an operator in CL^{−∞}(U) := ⋂ α∈IR CL^α(U). Such an operator sends any function in a Sobolev class H^s to a smooth function and can be represented by a smooth kernel, i.e K ∈ CL^{−∞}(U) ⇔ ∃k ∈ C^∞(U × U), such that Ku(x) = ∫ U k(x, y)u(y)dy ∀u ∈ C^∞_c (U), ∀x ∈ U. Two P.D.O.s P and Q are called equivalent (and we note P ≃ Q) if their difference P − Q is a smoothing operator; one often works with P.D.O.s ”up to equivalence”.

A partial differential operator is local i.e. (u = 0 ⇒ Au = 0). But a pseudodifferential operator, because of the smearing produced by the Fourier transform, is not local. However, it has some pseudo-locality properties [G], [LM]:

(i) For any ε > 0, there is an ε-local P.D.O. P_ε to which P is equivalent i.e P ≃ P_ε and such that the support of P_ε is contained in the ε - neighborhood {x ∈ IR^d, d(x, U) ≤ ε} of U, (ii) If u is smooth on an open set U then P u is also smooth on this open subset.

Given two partial differential operators P = ∑ α σ_α(x)D^α_x and P̃ = ∑ β σ̃_β (x)D^β_x , a direct computation shows that the symbol of the product P P̃ reads σ(P P̃ ) = ∑ α D^α_ξ σ · D^α_x σ̃. A similar type of relation holds “up to equivalence” for products of pseudodifferential operators, replacing the symbol “=” by the symbol “≃”: σ(P P̃ ) ≃ ∑ α D^α_ξ σ · D^α_x σ̃. (3.8)

The various classes of symbols introduced previously induce corresponding classes of pseudo-differential operators. An odd-class classical P.D.O. is a classical P.D.O. with integer order with symbol in the odd class, an elliptic operator is a P.D.O. with elliptic symbol.

Ordinary partial differential operators with integer order provide examples of (classical) P.D.O.s in the odd class.

From the characterization of ellipticity of the symbols of pseudo-differential operators by the invertibility of their leading symbol, it follows that a pseudodifferential operator A is elliptic whenever its leading symbol σ_L(A)(x, ξ) (which is defined globally) is invertible for any (x, ξ ≠ 0) ∈ T^∗M. From the characterization of the ellipticity of the symbols by ”invertibility up to a smoothing operator” described above, it follows that the ellipticity of a P.D.O. P can also be characterized by the existence of a P.D.O. P̃ such that both Φ(P P̃ − I) and Φ(P̃ P − I) are infinitely smoothing. We shall refer to this by saying that its localized version is invertible modulo a smoothing operator. For a partial differential operator, there is no need for a plateau function Φ and it is elliptic if and only if it is invertible modulo a smoothing operator. From the product rule for symbols of ordinary pseudo-differential operators P and P̃ , it follows that

σ_L(P P̃ ) = σ_L(P )σ_L(P̃ ). (3.9)

This combined with the characterization of ellipticity by the invertibility of the leading symbol shows that that the product of two elliptic pseudo-differential operators is elliptic.

3.2 Pseudo-differential operators acting on sections of vector bundles

The notion of pseudo-differential operator can be carried out to operators acting on sections of vector bundles. Let π_1 : E_1 → M, π_2 : E_2 → M be two smooth vector bundles of rank r_1 and r_2 respectively over a smooth compact and boundaryless (i.e closed) Riemannian manifold M of dimension d. A linear operator

A : C^∞(M, E_1) → C^∞(M, E_2)

acting from the space C^∞(M, E_1) of smooth sections of a vector bundle E_1 to the space C^∞(M, E_2) of smooth sections of a vector bundle E_2 is called a pseudo-differential operator of order α if it is locally given by a (r_2 ×r_1) matrix of pseudo-differential operators of order α. Let us make this last requirement more precise.

Given a neighborhood U of any point m ∈ M and any two smooth functions χ, χ̃ with compact support in U, there are local trivializations: Φ_i : E_{i|U} → ϕ(U) × C^{ri} where r_i is the rank of E_i and where (U, ϕ) is a local chart on M (so that ϕ(U) is an open subset of IR^d), such that the induced linear map

C^∞_c (ϕ(U), C^{r1} ) → C^∞(ϕ(U), C^{r2} ) u → pr_2 ∘ Φ_2(χ̃Aχ)Φ^{−1}_1 u

is a P.D.O. of order α. In other words, its symbol which takes values in (r_2 × r_1) matrices has components in S^α(ϕ(U)).

This definition involves a choice of trivialization but it can be shown that a change of local trivialization (U, ϕ, Φ_i) → (Ũ, ϕ̃, Φ̃_i) transforms a P.D.O. on ϕ(U ∩ Ũ) of order α into another P.D.O. of order α on ϕ̃(U ∩ Ũ). They only differ by a smoothing operator and the notion of P.D.O. of order α acting on sections of a bundle is actually independent of the choice of trivialization. The notion of classical P.D.O. and elliptic P.D.O. - which we recall were both unaffected by adding a smoothing operator - carry out in a similar manner to operators acting on sections of vector bundles. An ordinary partial differential operator in one local trivialization remains an ordinary partial differential operator in another one so that it makes sense to speak of partial differential operators acting on sections of vector bundles.

We denote by CL^α(M, E_1, E_2) the space of all classical P.D.O.s of order α acting from sections of E_1 to sections of E_2. When E_1 = E_2 = E, we shall denote this space by CL^α(M, E) and when E is the trivial bundle M ×C by CL^α(M). We set CL(M, E) := ⋃ α CL^α(M, E). A smoothing operator acting on sections of E is an element of CL^{−∞}(M, E) := ⋂ α CL^α(M, E). Since a P.D.O.

of order α sends a Sobolev space of sections H^s(M, E) to H^{s−|α|}(M, E), using Sobolev embedding theorems (see [G], [LM], [N] for a review of what we need here and references therein) combined with the compactness of M, yields that a smoothing operator sends H^s(M, E) to C^∞(M, E). Such an operator ”smoothens” Sobolev type distribution sections into smooth ones.

The symbol of a P.D.O. acting on sections of vector bundles is only defined locally, namely, on the local chart (U, ϕ) and given the local trivialization (U, ϕ, Φ_1, Φ_2) it is given by the symbol of the operator u → Φ_2(χ̃Aχ)Φ^{−1}_1 u. However its leading part transforms under a change of trivialization as a section of ⊗^d_s T^∗M ⊗Hom(E_1, E_2), where ⊗^d_s T^∗M is the symmetrized d-th tensor power of the cotangent bundle T^∗M. We shall denote this section called the leading symbol of the P.D.O. by σ_L(A). The ellipticity of A is characterized by the invertibility of its leading symbol σ_L(A).

•Elliptic (admissible) pseudo-differential operators: Let E → M be a finite rank vector bundle based on a closed Riemannian manifold M. We shall denote by Ell^∗(M, E) the set of invertible classical elliptic operators, by Ell^∗_{ord>0}(M, E) the subset of invertible classical elliptic operators that have strictly positive order. If E is hermitian, we denote by Ell^{∗+}_{ord>0}(M, E) the subset of operators in Ell^∗_{ord>0}(M, E) with positive leading symbol. Using the fact that σ_L(A)^∗σ_L(A) = σ_L(A^∗A), one can check that any positive selfadjoint elliptic operator has positive leading symbol.

Warning: We postpone until the next section the proof of some of the properties of elliptic operators acting on sections of E, which we shall take for granted for now.

Because M is compact the spectrum spec(A) of an operator in Ell^∗_{ord>0}(M, E) consists of isolated eigenvalues with finite multiplicity (see [Sh] for differential operators, see also [LM]). There is therefore a disc D_R of radius R > 0 around the origin which does not contain any point of the spectrum. We shall call an invertible elliptic P.D.O. A admissible if its leading symbol σ_L(A) has no eigenvalue in some open cone with vertex 0 in the complex plane and we shall denote by Ell^{∗adm}_{ord>0}(M, E) the set of such admissible operators which of course contains Ell^{∗+}_{ord>0}(M, E). In that case at most a finite number of eigenvalues of the operator are contained in the cone [Sh] and we shall call spectral cut any half line L_θ := {re^{iθ}, r ≥ 0} for some θ ∈ IR avoiding the spectrum of A.

• Complex powers of elliptic operators [Se]: Let A ∈ Ell^{∗adm}_{ord>0}(M, E) with spectral cut L_θ. As we shall see in the next section, for Rez << 0, the complex power A^z_θ of A is a bounded operator on any space H^s(M, E) of sections of E of Sobolev class H^s defined by the contour integral:

A^z_θ = i 2π ∫ Γ_θ λ^z (A − λI)^{−1}dλ (3.10) where Γ_{1,θ} = {λ = re^{iθ}, r ≥ R},Γ_{2,θ} = {λ = Re^{iϕ}, θ ≥ ϕ ≥ −θ}, Γ_{3,θ} = {λ = re^{i(θ−2π)}, r ≥ R} and Γ_θ = Γ_{1,θ} ∪ Γ_{2,θ} ∪ Γ_{3,θ}. Here λ^z = exp(zlogλ) where logλ = log|λ| + iθ on Γ_{1,θ} and logλ = log|λ| + i(θ − 2π) on Γ_{3,θ}. This definition is independent of the choice of R but depends on the choice of θ and yields for any z ∈ C an elliptic operator A^z_θ of order z · ord(A). When z = −k, k ∈ IN, then A^z coincides with A^{−k} of order −k · ord(A).

It can be extended to all complex powers of A by the semi-group property A^z = A^{z−k}A^k for k large enough. When M is Riemannian, E is hermitian and A is essentially self-adjoint, then A^z_θ is independent of the choice of θ and coincides with the complex powers defined using spectral representation. For θ = −π, we shall drop the explicit mention of the angle θ writing simply A^z.

• Logarithms of elliptic operators:

For an admissible invertible elliptic operator of order 0, the spectrum is bounded (because the operator is bounded) and does not cross 0 so that it is contained in D(0, R)/D(0, ε) for some ε > 0 small enough and some R > 0 large enough, where D(0, R) denotes the disc centered in 0 with radius R. Let L_θ be a spectral cut and define the logarithm of A by: log_θA := i 2π ∫ Γ_{R,ε,θ} log_θλ(A − λ)^{−1}dλ (3.11) where Γ_{R,ε,θ} =

⋃_4 i=1 Γ_{i,R,ε,θ} and Γ_{1,R,ε,θ} = {λ = re^{iθ} , ε ≤ r ≤ R},Γ_{2,R,ε,θ} = {λ = re^{i(θ−2π)}, ε ≤ r ≤ R}, Γ_{3,R,ε,θ} = {λ = Re^{iϕ}, θ − 2π ≤ ϕ ≤ θ}, Γ_{4,R,ε,θ} = {λ = Re^{iϕ}, θ − 2π ≤ ϕ ≤ θ}. This definition in fact only depends on θ and not on R and ε.

Given A ∈ Ell^{∗adm}_{ord>0}(M, E), for arbitrary k ∈ ZZ, the map z → A^z_θ defines a holomorphic function from {z ∈ C, Rez < k} to the space of bounded linear maps L(H^s(M, E), H^{s−k·ordA}(M, E)) for any s ∈ IR and we can set: log_θA := [ ∂ ∂z A^z_θ ] z=0 . (3.12)

This defines a (non classical) P.D.O. operator of zero order and hence a bounded operator from H^s(M, E) to H^{s−ε}(M, E) for any ε > 0 and any s ∈ IR. For θ = −π, we shall drop the explicit mention of the angle θ writing simply logA. In local coordinates (x, ξ) on T^∗M, the symbol of log_θA reads:

σ_{logθ A}(x, ξ) = ord(A)log|ξ|Id + a classical P.D.O. symbol of order 0.

Although the logarithm of an admissible invertible elliptic classical pseudodifferential operator with spectral cut L_θ is not itself a classical pseudodifferential operator, for two operators A ∈ Ell^{∗adm}_{ord>0}(M, E), B ∈ Ell^{∗adm}_{ord>0}(M, E) admitting spectral cuts L_θ and L_ϕ: log_θA ordA − log_ϕB ordB ∈ CL^0(M, E) (3.13) where CL^0(M, E) denotes the algebra of zero order classical pseudodifferential operators acting on sections of E. As a consequence, given Q ∈ Ell^{∗+}(M, E) with strictly positive order, we have: log_θ(A) = ordA ordQ logQ + a classical P.D.O. of order 0. (3.14)

4 Traces on operator algebras

In this section, we consider a particular class of bounded operators, namely trace-class operators which will play an important role in the sequel. They do not form a closed ideal for the topology of bounded operators so that there is no reason for the trace of a family of trace-class operators to converge when the operators converge in the operator norm. However, when restricting ourselves to another class of operators, classical pseudo-differential operators, we can circumvent this problem extracting a finite part of the otherwise diverging limit of traces of certain families of pseudo-differential operators.

Let H be a separable Hilbert space equipped with an inner product ⟨·, ·⟩. Let B(H) denote the ∗-algebra of bounded linear operators on H. We briefly recall (without proofs) some basic facts about trace-class and Hilbert-Schmidt operators. We refer the reader to [RS].

4.1 Some remarkable ideals of the algebra of bounded operators

• Compact operators: An operator A ∈ B(H) is called compact if it sends the unit ball (and hence any ball) of H into a set with compact closure in H. Alternatively, A is compact if given any bounded sequence (u_n) in H, one can extract a convergent subsequence (Au_{ϕ(n)}) of its image (Au_n). Finite rank operators, i.e operators with finite dimensional range are compact operators. In fact they form a dense subset of the closed subset of compact operators for the operator norm convergence in B(H). We shall denote by K(H) the set of compact operators which form a two-sided ∗-ideal in the algebra B(H), i.e the sum of two compact operators is compact, the adjoint of a compact operator is compact and the product of a compact operator with a bounded operator is compact.

Smoothing operators defined in the previous section provide examples of compact operators on H = L^2(M, E) the space of L^2-sections of a hermitian vector bundle E based on a closed Riemannian manifold M. Here the L^2-hermitian product is built using the Riemannian volume form on the base manifold and the hermitian product on the fibre: ⟨σ, ρ⟩ := ∫ M ⟨σ(x), ρ(x)⟩_xdvol(x) (4.0) where ⟨·, ·⟩_x is the hermitian product on the fibre above x, dvol(x) the volume measure on M at point x and ρ, σ are any two smooth sections of E.

Let us recall that the non-zero spectrum of a compact operator coincides wth the set of its non-zero eigenvalues and that when the operator is self-adjoint, its spectrum is either reduced to zero, or finite, or a real sequence converging to 0 (see e.g [G]).

•Trace-class operators A compact linear operator A on H is called trace-class if there is a complete orthonormal system (C.O.N.S) (e_n, n ∈ IN) of H such that ∑_∞ n=1⟨|A|e_n, e_n⟩ < ∞ where |A| := √ A^∗A (the square root is defined using the spectral representation of A^∗A,see e.g. [RS]). If this condition is fulfilled for one C.O.N.S. it is also fulfilled for any other C.O.N.S. and the expression: tr(A) := ∞∑ n=1 ⟨Ae_n, e_n⟩ (4.1) is well-defined and independent of the choice of C.O.N.S (e_n, n ∈ IN). It is called the trace of A. The set of trace-class operators on H build a two sided ideal I_1(H) in B(H) i.e.

I_1(H) + I_1(H) ⊂ I_1(H), I_1(H)B(H) ⊂ I_1(H), B(H)I_1(H) ⊂ I_1(H).

Moreover it is stable under the ∗-operation and tr(A^∗) = tr(A).

Exercise: Check that (Δ + 1)^{−z} is trace-class in L^2(S^1, IR) for, Re(z) > 1 where Δ := −^{∂2}_{∂t2} .

Hint: Use a Fourier expansion to investigate the behaviour of the eigenvalues (λ_n, n ∈ IN) of (Δ + 1)^{−1}.

In a similar way, one can check that e^{−tΔ} is also trace-class for t > 0. It follows immediately that e^{−tΔ} lies in all Schatten classes, i.e in every I_p(H) := {A ∈ K(H), tr(|A|^p) < ∞}, p ∈ IN − {0} where |A|^p is defined via the spectral representation of A^∗A.

•Hilbert-Schmidt operators: A compact operator is called Hilbert-Schmidt whenever there is a C.O.N.S (e_n, n ∈ IN) such that ∑_∞ n=1⟨Ae_n, Ae_n⟩ < ∞. In other words a bounded operator A is Hilbert-Schmidt whenever A^∗A is trace-class. The Hilbert-Schmidt norm of such an operator is defined by ‖A‖^2_{HS} := tr(A^∗A). (4.2) Hilbert-Schmidt operators on H also build a two-sided ideal I_2(H) of B(H). The adjoint of a Hilbert-Schmidt operator is also Hilbert-Schmidt so that like I_1(H), the set I_2(H) is a ∗-ideal in B(H). For A ∈ I_2(H) we have ‖A‖_{HS} = ‖A^∗‖_{HS} . The ideal of trace-class operators is contained in the ideal of Hilbert-Schmidt operators I_1(H) ⊂ I_2(H).

The product of two Hilbert-Schmidt operators is a trace-class operator (exercise) and we have: tr(AB) = tr(BA) ∀A, B ∈ I_2(H). (4.3) Furthermore the Hilbert-Schmidt norm derives from a hermitian product on I_2(H): ⟨A, B⟩ := tr(B^∗A) ∀A, B ∈ I_2(H). (4.4) It will be useful for our purposes to keep in mind that for any Q ∈ Ell^{∗+}_{ord>0}(M, E) the smoothing operator e^{−tQ} lies in I_2(H). Exercise: Let Q ∈ Ell^{+∗}_{ord>0}(M, E) of order q.

(i) Show that the operator Q^{−z} is Hilbert-Schmidt for Re(z) >^{dimM}_{2q} .

Hint: Use the asymptotic behaviour λ_n ∼ Cn^{qdimM} of the eigenvalues (λ_n, n ∈ IN) of Q (which has purely discrete spectrum, see e.g. [G]).

(ii) Show that for any A ∈ CL(M, E) and any t > 0 the operator Ae^{−tQ} is trace-class (it is in fact infinitely smoothing) and that tr(Ae^{−tQ}) = tr(e^{−tQ}A) = tr(e^{− t2 Q}Ae^{− t2 Q}). •HS-pseudo-traces: Given K ∈ I_2(H), from the properties of Hilbert- Schmidt operators we recalled above, it follows that for any A ∈ B(H) the operator K^∗AK lies in I_1(H) (exercise) and hence that: B(H) → C A → tr^K (A) := tr(K^∗AK) (4.5) is a well-defined linear operator which we will refer to as a HS-pseudo-trace (”HS” standing for Hilbert-Schmidt). Moreover from the above properties it also follows that (exercise): tr^K (A) = tr(AKK^∗) = tr(KK^∗A). (4.6) In general tr^K does not define a trace, namely tr^K (AB) ≠ tr^K (BA) and we have (exercise): tr^K ([A, B]) = tr([K^∗K, A]B) = tr([B, K^∗K]A). (4.7) If H is finite dimensional, we can choose K = Id in which case this obstruction vanishes and we are back with the usual trace.

• Fredholm operators: A Fredholm operator A : H → H_1 where H_1 is another separable Hilbert space, is a bounded operator A ∈ B(H, H_1) such that there exist operators B ∈ B(H, H_1) and C ∈ B(H_1, H) with the property that both BA − I and AC − I be compact. In other words, A is invertible up to a compact operator. Any operator of the type A = I + K where K is compact, is a Fredholm operator. A Fredholm operator can be characterized by the fact that it is bounded, both the kernel KerA of A and cokernel KerA^∗ of A^∗ are finite dimensional and both the the range R(A) of A and the range R(A^∗) of A^∗ are closed.

Let us assume for a moment that H ⊂ H_1 and that the inclusion is compact. If a Fredholm operator A : H → H_1 is self-adjoint, then A : H ∩ Ker(A)^⊥ → H_1 ∩ Ker(A)^⊥ is invertible and one can define its inverse A^{−1} : H_1 → H extending it by zero on the kernel. Then A^{−1} : H_1 → H_1 is compact as product of a bounded and a compact operator given by the inclusion H ⊂ H_1. It therefore has purely discrete spectrum and hence so has its inverse A. Thus a self-adjoint Fredholm operator A : H → H_1 with H ⊂ H_1 has purely discrete spectrum when the inclusion is compact.

Let us now take H = H^s(M, E), s > 0, H_1 = L^2(M, E) where π : E → M is a finite rank vector bundle based on a closed Riemannian manifold as before. A self-adjoint elliptic operator A ∈ Ell(M, E) of order s induces a bounded operator A : H^s(M, E) → L^2(M, E). Being ”invertible up to a smoothing operator” (see above discussion) and a smoothing operator being compact, it is Fredholm.

The manifold M being compact, by Sobolev embedding theorems, we know that the inclusion H^s(M, E) → L^2(M, E) is compact for s >^{dimM}_2 . It follows that the Fredholm operator A : H^s(M, E) → L^2(M, E) has purely discrete spectrum. Since its inverse (extended to zero outside the kernel) is compact and has spectrum tending to zero, if A is positive, its eigenvalues tend to +∞. A more detailed investigation shows that the asymptotic behaviour of a partial differential elliptic operator of order s is given by λ_n ∼ Cn^{sdimM} [G].

4.2 Renormalization procedures

A renormalization procedure (R.P. for short) on a Hilbert space H is a one parameter family {K_λ, λ ∈ Λ} where Λ is an open subset of IR^+ := {λ ∈ IR, λ > 0} or of C^+ := {z ∈ C, Re(z) > 0} such that 0 ∈ Λ̄ with the following properties:

(i) K_λ ∈ B(H) ∀λ ∈ Λ and lim_{λ→0} K_λu = u ∀u ∈ H

(ii) If Λ = IR^+ then K_λ ∈ I_2(H)

If Λ = C^+ then ∃λ_0 s.t. K_λ ∈ I_2(H) if Re(λ) > λ_0.

In general

tr^λ(A) := tr(K^∗_λAK_λ) (4.8)

does not converge when λ → 0 and we shall need to renormalize the limit taking -whenever possible- the finite part of this divergent limit. Because of the obstruction (4.7) arising for fixed λ, one expects to see an obstruction of similar type in the renormalized limit, an obstruction we will be investigating in section 5.

•Heat-operator renormalization procedures: The spaces we shall be considering are spaces of sections of some hermitian finite rank vector bundle π : E → M on a closed Riemannian manifold. Typically, H = L^2(M, E) where the L^2-scalar product is defined by (4.0). To simplify, let us first consider the case when E = M × C^d is a trivial vector bundle and let us consider the operator defined componentwise by the Laplace Beltrami operator Δ on M. For λ ∈ Λ := IR^+, the operators K_λ := e^{− λ2 Δ}, λ ∈ Λ are infinitely smoothing and hence Hilbert-Schmidt. It is easy to check that it defines an R.P. on H. This generalizes to a general vector bundle E based on M replacing Δ by any operator Q ∈ Ell^{∗+}_{ord>0}(M, E) (see section 3) acting on smooth sections of E and considering the family

K^Q_λ := e^{−λ2 Q}, λ ∈ Λ (4.9a)

which also defines an R.P. on L^2(M, E).

• ζ-function renormalization procedure: Let us come back to the trivial case E = M × C^d and let us consider once more the operator defined componentwise by the Laplace Beltrami operator Δ on M. Since the spectrum of Δ is purely discrete and since its eigenvalues behave asymptotically like Cn^{2dimM} (see [G]) where C > 0 ( 2 corresponds here to the order of the Laplace operator), provided Re(z) >^{dimM}_2 , Δ^{− z2} is Hilbert-Schmidt since the trace tr(Δ^{− z2} Δ^{− z2} ) = tr(Δ^{−z} ) is a series with positive general term behaving asymptotically like n^{−2zdimM} .

On the grounds of these results, we can build an R.P. with the help of the Laplace operator. Recall that the kernel of an elliptic operator on a closed manifold is finite dimensional as a result of the Fredholm property of the operator (see e.g.[G]) thus we can consider the orthogonal projection P_Δ onto the kernel Ker(Δ) of Δ. Let us take Λ = C^+, then for any λ ∈ Λ, it is easy to check that on the grounds of the above remarks, the operators {(Δ + P_Δ)^{− λ2} , λ ∈ Λ} define an R.P. on H.

This generalizes to a vector bundle π : E → M replacing Δ by any element of Ell^{∗adm}_{ord>0}(M, E) and considering the family

K^Q_λ := Q^{− λ2} , λ ∈ Λ (4.9.b) (such complex powers were defined in section 3) which also defines an R.P. on L^2(M, E).

• Renormalizable families of traces: Let π : E → M be a finite rank vector bundle on a closed Riemannian manifold M of dimension N. Given an element A ∈ CL(M, E) or order a and Q ∈ Ell^{+∗}(M, E) of order q > 0 then the map t → tr(Ae^{−tQ}) defines a renormalizable functions ([GS], [Le]) and tr(Ae^{−tQ}) ∼ ∞∑ j=0 α_j t^{j−a−Nq} + ∞∑ j=0,^{j−a−N}_q ∈ZZ β_j t^{j−a−Nq} log t + ∞∑ j=0 γ_j t^j (4.10)

for some complex coefficicents α_j , β_j , γ_j , j ∈ IN. When Q ∈ Ell^{∗+}_{ord>0}(M, E), from the fact that λ^{−z} = M(t → e^{−tλ})(z) it follows tr(AQ^{−z} ) = M(f_{A,Q})(z) with f_{A,Q}(t) := tr(e^{−tQ}) and hence, using (2.11) that M(f_{A,Q})(z) + β_0z^{−1} = α_0 + γ_0 − γβ_0 + O(z). (4.11)

4.3 Traces on algebras of pseudo-differential operators Let as before A ∈ CL(M, E), Q ∈ Ell^{∗adm}_{ord>0}(M, E). It follows from the discussion in section 2 that the map z → M(f_{A,Q})(z) has at most a simple pole at zero and with the notations of (2.12) we define a linear map: tr^{Q,μ} : CL(M, E) → C^∞(M, C) A → tr^{Q,μ}(A) := LIM^μ_{z→0}tr(AQ^{−z} ). (4.12) and the Wodzicki residue res(A) := ord(A)Res_{z=0}tr(AQ^{−z} ) (4.13) where Res_{z=z0} stands for the complex residue at the point z_0. When μ = γ the Euler constant, then we shall simply write tr^Q(A) and refer to this expression as the Q-weighted trace of A. We have: tr^Q(A) = LIM_{z→0} ( tr(AQ^{−z} ) ) := lim_{z→0} ( tr(AQ^{−z} ) − 1 z res_{z=0}tr(AQ^{−z} ) )

= lim_{z→0} ( tr(AQ^{−z} ) − 1 z · ordQ res(A) ) .

In general the weighted trace depends on the spectral cut chosen to define the complex power Q^{−z}; if Q ∈ Ell^{∗+}_{ord>0}(M, E) we take L_π := {re^{iπ} , r ≥ 0} as common spectral cut. Whenever the order a of A is such that a < −dimM then A is trace-class and tr^Q(A) = tr(A) coincides with the usual trace of A so that the Q dependence disapears alltogether.

As we shall see shortly, tr^Q does not define a trace on the algebra of classical pseudo-differential operators. In fact the Wodzicki residue is (up to a multiplicative constant) the only trace on the algebra of classical P.D.O.s [W], see also [K], [Le].

• The Kontsevich-Vishik trace [KV], [Le]: The linear functional tr^Q restricts to the canonical trace introduced by Kontsevich and Vishik trace [KV] which we denote by T R on classical pseudo-differential operators with non-integer order.

If the order a of A is not an integer then it follows from the results of section 2.2 that zero is not a pole of M(f_{A,Q}) so that we can take the (ordinary) limit tr^Q(A) := tr(AQ^{−z} )_{z=0}. The linear map tr^Q has the tracial property on non-integer order operators:

Proposition [Le]: Given any Q ∈ Ell^{∗+}_{ord>0}(M, E) (i) T R(A) := tr^Q(A) is independent of the choice of Q.

(ii) T R([A, B]) = 0 for A, B ∈ CL(M, E) of orders a and b such that a + b is not an integer.

Idea of proof. It is based on the following formula: e^{−tQ}A = N−1∑ j=0 (−t)^j j! ∇^j_QAe^{−tQ} + R_N (A, Q, t) where for N large enough R_N (t) = O(t) and where ∇^0_QA = A, ∇^{j+1}_Q A := [Q, ∇^j_QA]. (i) Given a one parameter family {Q_u, u ∈ IR^+} ∈ Ell^{∗,adm}_{ord>0}(M, E), and applying the above formula to A =^d_{du} Q_u, the Duhamel formula (see e.g [BGV]) yields: d du tr(Ae^{−tQu} ) = − ∫_t 0 tr [ Ae^{−(t−t1 )Qu} ( − d du Q_u ) e^{−t1Qu} dt_1 ]

= N−1∑ j=0 (−1)^{j+1} (j + 1)! tr(A∇^j_Q d du Q_ue^{−tQu} ) + O(t).

As can easily be seen from definition (4.12), we can assume without restriction that Q has integer order since tr^Q(A) = tr^{Qs} (A) for any s > 0. Thus A having non-integer order, so has A∇^j_Q^{dQu}_{du} non-integer order and hence the asymptotic expansion of tr(A∇^j_Q^{dQu}_{du} e^{−tQu} )dt around t = 0 has neither terms of type t^{−j−1} nor terms of type t^{−j−1} log t. Thus the constant term as well as the logarithmic term vanish in the asymptotic expansion of^d_{du} (tr(Ae^{−tQu} ) around t = 0 from which it follows that d du (tr(AQ^{−z} )) =^1_{Γ(z)} ∫_∞ 0 t^{z−1 d}_{dt} tr(Ae^{−tQ}) has no pole and has limit zero when z → 0.

(ii) Let A, B be two P.D.O.s then tr([A, B]e^{−tQ}) = tr(ABe^{−tQ}) − tr(Ae^{−tQ}B) ∼ ∞∑ j=1 (−1)^j j! t^j tr(A(∇^j_QB)e^{−tQ}) and the rest of the proof goes as above.

5 Algebraic obstructions

The weighted trace tr^Q defined above is not a trace and this fact leads to obstructions. In order to investigate these obstructions, it is useful to establish some properties of the Kontsevich and Vishik trace defined prviously on classical pseudo-differential operators of non-integer order.

5.1 A fundamental property

Kontsevich and Vishik introduced a functional A → T R(A) on classical pseudo-differential operators with non-integer order for which they proved a property which plays a fundamental part for our needs. Let us first describe the general lines of the construction of T R in a heuristic way. For a (classical) pseudo-differential operator A ∈ CL(M, E) (see notations of section 3) locally given by: Au(x) := ∫ IR^n a(x, ξ)û(ξ)dξ (5.1) where a(x, ξ) is the (locally defined) total symbol, we would like to define

”T R(A) := ∫ M ∫ IR^n tr_xa(x, ξ)dξdvol(x)” (5.2) - here tr_x denotes the trace on the fibre E_x above x of the vector bundle E - which in general does not make sense since a(x, ξ) typically has components of degree ≥ −dimM. However, it does make sense for an operator of order < −dimM and yields the ordinary trace. We should therefore find a way of picking up only the finite term in such an expression. We shall come across similar problems to the ones described in section 2, namely that of defining a finite part invariant under a change of variable, which means here defining a covariant finite part.

To go from the approach we are about to describe back to the zeta-function approach to traces described in section 4 (see e.g. (4.12)), one way is to find an asymptotic expansion of tr(A(Q − λI)^{−1}) as |λ| → ∞ and then using a contour integral from which one deduces the asymptotics of tr(Ae^{−tQ}) when t → 0 from which follow in turn the asymptotics of tr(AQ^{−z} ) around z = 0 [GS].

Let us first recall some basic facts about homogeneous distributions. •Homogeneous distributions ( [H] chap. 3.2): An element u of L^1_{loc}(IR^n − {0}) - which in particular is a distribution on IR^n − {0} - is called homogeneous of degree z when u(tx) = t^zu(x) ∀t > 0, x ≠ 0. (5.3) If Re(z) < −n then for a smooth function Ψ on IR^n which is zero in B(0,^1_4 ) and equal to 1 on IR^n − B(0,^1_2 ) we have Ψu ∈ L^1(IR^n). Indeed writing x = rξ with ‖ξ‖ = 1 we have |Ψ(x)u(x)| = r^{Re(z)}|Ψ(ξ)u(ξ)| so that for any R > 0 the integral : ∫ B(0,R) Ψ(x)u(x)dx = ∫_R 0 ∫ ‖ξ‖=1 Ψ(rξ)u(ξ)r^{n−1+Re(z)} drdξ converges. However problems might arise for negative integer values of z because of divergences coming into play.

Take z = −n in (5.3). Then in a similar way to what was done in section 2, we have: ∫ B(0,R) Ψ(x)u(x)dx = ∫ B(0,1) Ψ(x)u(x)dx + ∫_R 1 ∫ ‖ξ‖=1 u(ξ)r^{−1}drdξ = ∫ B(0,1) Ψ(x)u(x)dx + log R ∫ ‖ξ‖=1 u(ξ)dξ which diverges when R → ∞. Following methods presented in section 2, we can define the finite part f.p. ( ∫ IR^n Ψ(x)u(x)dx ) := lim_{R→+∞} (∫ B(0,R) Ψ(x)u(x) − log R ∫ ‖ξ‖=1 u(ξ)dξ )

= ∫ B(0,1) Ψ(x)u(x)dx but this is not invariant under a change of variable anymore (we refer the reader to the discussion in section 2).

Take z = −n + k, k > 0 for some k ∈ IN − {0}. A similar computation yields: ∫ B(0,R) Ψ(x)u(x)dx = ∫ B(0,1) Ψ(x)u(x)dx + ∫_R 1 ∫ ‖ξ‖=1 u(ξ)r^{−1+k}drdξ = ∫ B(0,1) Ψ(x)u(x)dx + R^k k ∫ ‖ξ‖=1 u(ξ)dξ − 1 k ∫ ‖ξ‖=1 u(ξ)dξ. Here again we can define the finite part: f.p.( ∫ IR^n Ψ(x)u(x)dx) := limR→+∞ (∫ B(0,R) Ψ(x)u(x) − 1 k R^k ∫ ‖ξ‖=1 u(ξ)dξ )

= ∫ B(0,1) Ψ(x)u(x)dx − 1 k ∫ ‖ξ‖=1 u(ξ)dξ. •The Kontsevich-Vishik canonical density: Let us consider a classical P.D.O. A of order α with symbol a = ∑_N j=0 Ψa_{α−j} + a_{(N)} where a_{α−j} ∈ S^{α−j} (IR^n), a_{(N)} ∈ S^{α−N−1}(IR^n) and where as before Ψ is a smooth function on IR^n which is zero in B(0,^1_4 ) and equal to 1 on IR^n − B(0,^1_2 ). Since a_{(N)}(x, ξ) = O(|ξ|^{α−N} ) we have ∫ B(0,R) a(N)(ξ)dξ = ∫ IR^n a(N)(x, ξ)dξ + O(R^{α+n−N} ). On the other hand, splitting the integrals ∫ B(0,R) Ψa_{α−j} (x, ξ)dξ = ∫ B(0,1) Ψa_{α−j} (x, ξ)dξ + ∫ B(0,R)−B(0,1) a_{α−j} (x, ξ)dξ, we use the fact that a_{α−j} is homogeneous of order α − j to express the last integral. If α is an integer then there is an integer j_0 such that α − j + n = 0 and we have for N > j_0: N∑ j=0 ∫ B(0,R)/B(0,1) Ψa_{α−j} (x, ξ)dξ = N∑ j=0 ∫_R 1 ∫ |ξ|=1 r^{α−j+n−1}a_{α−j} (x, ξ)dξdr

∼_{R→∞} N∑ j=0,n+α−j≠0 1 α + n − j R^{α−j+n} ∫ |ξ|=1 a_{α−j} (x, ξ)dξ + + log R ∫ |ξ|=1 a_{−n}(x, ξ)dξ + constant term.

Finally this yields the existence of an asymptotic expansion in R → +∞ and of a constant C(a(x, ·)) dependent of R such that ∫ B(0,R) a(x, ξ)dξ ∼_{R→∞} N∑ j=0,n+α−j≠0 1 α + n − j R^{α−j+n} ∫ |ξ|=1 a_{α−j} (x, ξ)dξ + + log R ∫ |ξ|=1 a_{−n}(x, ξ)dξ + C(a(x, ·)). (5.4) Because of the logarithmic term in R, one does not expects the finite part f.p.( ∫ IR^n a(x, ξ)dξ) = LIM_{R→∞} ∫ B(0,R) a(x, ξ)dξ (5.5) -defined taking the limit when R → ∞ of the r.h.s of (5.4) after substracting out divergences- to be invariant under a change of variable of IR^n. However if the order α is not an integer, there is no logarithmic divergence and f.p. (∫ IR^n a(x, ξ)dξ ) is independent of the local representation a(x, ξ) of A:

Proposition [KV] (see also [Le] in Prop. 5.2): Provided A ∈ CL(M, E) has non-integer order: T R(A) := ∫ M tr_{Ex} ( f.p.( ∫ IR^n a(x, ξ)dξ) ) dvol(x) (5.6) and coincides with the previous definition of section 4.3.

• The Wodzicki residue: When A has integer order, there is a pole at zero arising in tr(AQ^{−z} ) which by the Mellin transform corresponded to a logarithmic divergence in the asymptotic expansion of tr(Ae^{−εQ}) . This in turn gives rise to a logarithmic divergence in ∫ B(0,R) a(x, ξ)dξ when R → ∞ where a was the symbol of A. We have:

Proposition [W] (see also [Le]): For any A ∈ CL(M, E), Q ∈ Ell^{∗+}_{ord>0}(M, E), res(A) := ord(A)Res_{z=0}tr(AQ^{−z} ) = −ord(A) (coefficient of log t in the asymptotic expansion of tr(Ae^{−tQ}) as t → 0 )

= ∫ M (∫ ‖ξ‖=1 tr_x(a_{−n}(x, ξ))dξ ) dvol(x) = coefficient of log R as R → ∞

in the asymptotic expansion of ∫ B(1,R) tr_xa(x, ξ)dξ (5.7) (where tr_x denotes as before the trace on the fibre E_x above x) defines a trace on the algebra CL(M, E) i.e. we have res(AB) = res(BA) ∀A, B ∈ CL(M, E). It follows from the definition that the Wodzicki trace vanishes on trace-class operators. This is the reason why we shall not be using it as a tool to extend the finite dimensional trace, and why we consider weighted traces. However it plays an important role since it is - up to a multiplicative constant factor - the only trace on the algebra of classical P.D.O.s [W]. The notion of Wodzicki residue also generalizes to a class of non classical operators (which includes the classical ones) as described in [Le].

The third indentity in (5.7) also shows (exercise) that the residue vanishes when the underlying manifold is odd dimensional and the operator in the odd class (a concept introduced in section 3).

• Smooth and holomorphic families of P.D.O.s.

The algebra CL(M, E) inherits a Fréchet structure equipped with a topology induced by the natural Fréchet topology on symbols given by the following family of semi-norms indexed by multiindices γ ∈ IN^d, δ ∈ IN^d and i ∈ {1, · · · , N}, k ∈ IN: ‖σ‖_{γ,δ,k} := max_i ( sup_{y∈Vi,ξ∈IR}d_{,‖ξ‖=1}‖D^γ_y D^δ_ξ σ_k(y, ξ)‖ )

where σ_k is the homogeneous component of order k, {V_i}_{i=1,···,N} is a finite open cover (with V̄_i compact) of M associated to a partition of unity {V_i, ξ_i}_{i=1,···,N} on M subordinated to some finite open covering {U_i}_{i=1,···,N} .

This topology combined with natural semi-norms on smooth kernels of compact operators, induces a Fréchet structure on the space of classical pseudodifferential operators CL(M, E) via the identification of operators with their symbol up to a smoothing operator (see e.g [KV1] section 3 and [D] for further details).

This topology leads to the following definitions. Given a domain D ⊂ C (resp. an open subset U ⊂ IR^n), we shall call a family of PDOs A(z) ∈ CL(M, E) of order α(z) with z ∈ D holomorphic (resp. A(x) of order α(x) with x ∈ U smooth) if:

(i) z → α(z) ∈ C is holomorphic (resp. x → α(x) is smooth)

(ii) the homogeneous components z → a_{α(z)−j} (resp. x → a_{α(x)−j} ) of the symbol of A(z) (resp. A(x)) are holomorphic (resp. smooth) in z (resp. in x) as functions on the cotangent unit sphere S^∗M restricted to some local chart,

(iii) the kernel K_{A(z)}(u, v) (resp. K_{A(x)}(u, v) ) of the family A(z) (resp. A(x)) is holomorphic (resp. smooth) for u, v in disjoint local charts,

(iv) there is a local chart V such that on V × V and for all N ∈ IN there exists an integer M_N such that the map (u, v) → K_{A(z)}(u, v) − M_N∑

j=0 ∫ Ψ(‖ξ‖)‖ξ‖^{α(z)−j}a_{α(z)−j} (z) ( x, ξ ‖ξ‖ ) exp(i⟨u − v, ξ⟩)dξ

(resp. the same expression with z replaced by x) is a C^{MN} smooth (local) kernel on this neighborhood of the diagonal which is holomorphic in z (smooth in x) together with its partial derivatives in u, v up to order M_N . Here Ψ is a cut-off function already introduced previously (see below formula (5.3)).

•Fundamental property [KV] (see also [Le] Prop.5.5): Let A(z) ∈ CL(M, E) be a holomorphic family of operators on a domain D ⊂ C such that α^′(z_0) ≠ 0 for any z_0 ∈ C such that α(z_0) ∈ {−n, −n + 1, · · ·}. Then the function z → T R(A(z)) defines a meromorphic function on D with poles in α^{−1}({−n, −n + 1, · · ·}) of order 1. Moreover: Res_{z=z0} T R(A(z)) = − 1 α^′(z_0) res(A(z_0)) (5.8) when α(z_0) ∈ {−n, −n + 1, · · ·}. Proof. We shall only prove the case α(z) = z, leaving the general case as an exercise for the reader. Let n denote the dimension of M and let a(z)(x, ξ) denote the symbol of A(z). We have: a(z) = N∑ j=0 Ψ(ξ)a_{z−j} (z) + g_{(N)}(z)

where g_{(N)}(z)(x, ξ) = O(|ξ|^{z−N} ) as ‖ξ‖ → ∞. Notice that for Re(z) < N − n the map ξ → g_{(N)}(z)(x, ξ) lies in L^1(IR^n). As before and with the same notations, for Re(z) negative enough we can write: ∫ IR^n a_{z−j} (ξ) = lim_{R→∞} [_N ∑ j=0 ∫ B(0,R)/B(0,1) Ψ(ξ)a_{z−j} (z)(x, ξ)dξ + N∑ j=0 ( ∫_R 1 t^{z−j+n−1}dt ) · ( ∫ S^{n−1} a_{z−j} (z)(x, ξ)dξ ) + ∫ R^n g_{(N)}(z)(ξ)dξ ]

= − N∑ j=0 1 z − j + n ( ∫ S^{n−1} a_{z−j} (z)(x, ξ)dξ ) + N∑ j=0 ∫ IR^n/B(0,1) Ψ(ξ)a_{z−j} (z)(x, ξ)dξ + ∫ R^n g_{(N)}(z)(ξ)dξ. Hence the map z → ∫ IR^n Ψ(ξ)az−j (ξ) extends to a meromorphic map on the

complex plane with simple poles at −dimM, −dimM + 1, · · · and residue at k ∈ ZZ given by res_{z=k}tr(A(z)) = − ∫ S^{n−1} a−dimM (k)(x, ξ)dξ = −res(A(k)).

5.2 Obstructions in terms of the Wodzicki residue

We saw at the end of section 4 that the Q-weighted trace tr^Q is tracial on the set of pseudo-differential operators with non-integer order (where it is denoted by T R) and that it is independent of Q. These properties fail to hold on the whole algebra of pseudo-differential operators and we shall express the corresponding obstructions in terms of a Wodzicki residue.

•The weighted Radul cocycle (see also the lecture by E.Langmann in this volume): We first need the notion of cocycle in the cohomology of Lie algebras (see e.g. [Mi]). Let L be a Lie algebra, then a cochain of degree n (or n-cochain) is an antisymmetric multilinear map: C : L × · · · × L → C where the product is taken n times. The set of cochains on L is denoted by C^n(L). The coboundary operator operator

δ : C^n(L) → C^{n+1}(L) c → δc defined by

(δc)(x_1, · · · , x_{n+1}) = ∑ i<j (−1)^{i+j+1}c([x_i, x_j ], x_1, · · · , x̂_i, · · · , x̂_j · · · , x_{n+1}) has the property δ^2 = 0. An n-cochain c is called a cocycle if δc = 0 and cocycles of the form δc are called coboundaries. Two n-cocycles c, c^′ are equivalent whenever their difference is a coboundary i.e if there is an (n − 1)-cochain c^{′′} such that c − c^′ = δc^{′′}. A two-cocycle c on L gives rise to a central extension of L namely L̃ := L ⊕ C with bracket ~[(a, α), (b, β)] := ([a, b], c(a, b)). The fact that c is a cocycle is equivalent to the Jacobi identity for the bracket on L̃. Proposition-Definition : Let A, B ∈ CL(M, E), Q ∈ Ell^{∗adm}_{ord>0}(M, E). Then

c^Q_R(A, B) := tr^Q([A, B]) = lim_{z→0} tr([A, B]Q^{−z} ) = − 1 ordQ res([log Q, A]B) (5.9) is called the Q-weighted Radul cocycle.

This was proved independently in [MN] and [CDMP].

Proof. Let us first note that for z with large enough real part, we have tr([A, B]Q^{−z} ) = tr([Q^{−z} , A]B) and let us set C(z) := [Q^{−z}, A]B which is a P.D.O. of order α(z) = a − z · q + b, a = ord(A), b = ord(B), c = ord(C). z →

C(z) is a holomorphic family and we have C(0) = 0. Hence res_{z=0}T R(C(z)) = −res(C(0)) = 0 and z → T R(C(z)) is holomorphic at zero. Here T R denotes the canonical trace as in section 4. Let us compute its value in zero. We have:

tr^Q([A, B]) = lim_{z→0} T R(C(z)) = Res_{z=0} T R(C(z)) z = Res_{z=0} T R([Q^{−z}, A]B) z = Res_{z=0}T R([ Q^{−z} − I z , A]B) = 1 α^′(0) res([log Q, A]B) = − 1 q res([log Q, A]B) by (5.8)

where we have used the fact that D(z) := [^{Q−z −I}_z , A]B is also a holomorphic family at zero of order α(z) = a + b − qz and that (_{Q−z −I} z ) |_{z=0} = − log Q.

The Q-weighted Radul cocycle c^Q_R carries this name because it generalizes the ordinary Radul cocycle [Ra],[CDFW],[Mi] which we recover for M = S^1 and Q = |D|, D being the Dirac operator on S^1 introduced at the beginning of section 3. Two different weights Q_1, Q_2 lead to two different weighted Radul cocycles c^{Qi}_R , i = 1, 2 and we have: c^{Q1}_R (A, B) − c^{Q2}_R (A, B) = res (( log Q_1 ordQ_1 − log Q_2 ordQ_2 ) [A, B] ) . We recall from the end of section 3 that the difference P :=^{log Q2}_{ordQ2} −^{log Q1}_{ordQ1} is a classical P.D.O. so that we can write c^{Q1}_R − c^{Q2}_R = δres(P ·). Thus two weighted Radul cocycles are equivalent since their difference is a coboundary.

•The Q-dependence of tr^Q:

Proposition [CDMP]:Let {Q_t, t ∈ I ⊂ IR} be a smooth one parameter family of elements of Ell^{∗adm}_{ord>0}(M, E) with constant order q. Let {A_t ∈ CL(M, E), t ∈ I ⊂ IR} be a smooth one parameter family of elements of CL(M, E). Then for any t_0 ∈ I, d dt |_{t=t0} tr^{Qt} (A_t) = tr^{Qt0} ( d dt |_{t=t0} A_t) − 1 q res(A_{t0} d dt |_{t=t0} log Q_t). (5.10)

Proof. We shall only prove d dt |_{t=t0} tr^{Qt} (A_{t0} ) = lim_{z→0} d dt |_{t=t0} tr(A_{t0} Q^{−z}_t ) = − 1 q res(A_{t0} d dt |_{t=t0} log Q_t)

since (5.10) then easily follows.

Let us first notice that although log Q_t does not in general belong to CL(M, E), the operators^d_{dt |t=t0} log Q_t =^d_{dt |t=t0} (log Q_t − log Q_{t0} ) does since it is expressed in terms of a difference of logarithms of same order. The family C(z) := A_{t0}^d_{dt |t=t0} Q^{−z}_t = A^d_{dt |t=t0} (Q^{−z}_t − Q^{−z}_{t0} ) is a holomorphic family in CL(M, E) and hence by the fundamental property (5.8), the map z → T R(C(z)) = T R(A_{t0}^d_{dt |t=t0} Q^{−z}_t ) =^d_{dt |t=t0} T R(A_{t0} Q^{−z}_t ) is meromorphic with simple poles. In fact the map z → T R(C(z)) is holomorphic at z = 0 since using again the fundamental property we can write (here α(z) = a−zq): Res_{|z=0} tr(C(z)) = 1 q res(C(0)) = 0. Since C(0) = 0, the family z → z^{−1}C(z) is holomorphic at zero and we have: d dt |_{t=t0} tr^{Qt} (A_{t0} ) = [ d dt |_{t=t0} T R(A_{t0} Q^{−z}_t ) ] |_{z=0} = Res_{z=0}T R ( C(z) z )

because z → T R(C(z)) has no pole at z = 0 = 1 q res [( A_{t0} d dt |_{t=t0} ( Q^{−z}_t − Q^{−z}_{t0} z ) z=0 )]

= − 1 q res [( A_{t0} d dt |_{t=t0} log Q_t )] . Notice that unless Q_t or^d_{dt |t=t0} Q_t commutes with A_{t0} , in general, one has res(A_{t0} d dt |_{t=t0} log Q_t) ≠ res(A_{t0} Q^{−1}_{t0} d dt |_{t=t0} Q_t). This generalizes to (smooth) families of operators {A_b ∈ CL(M, E), b ∈ B} and {Q_b ∈ Ell^{+∗}(M, E), b ∈ B} parametrized by a manifold B [CDMP], [PR]: dtr^Q(A) = tr^Q(dA) − 1 ordQ res(Ad log Q). (5.11)

5.3 Further obstructions of algebraic type

Let us briefly mention other obstructions of algebraic type that can occur.

• Multiplicative anomalies: For A ∈ Ell^{∗+}_{ord>0}(M, E) we can define the ζ determinant det_ζ (A) := exp(−ζ^′_A(0)) where ζ_A(z) := M(t → tr(e^{−tA}))(z) (see (2.9)). In general it does not have the multiplicative property i.e. given another B ∈ Ell^{∗+}_{ord>0}(M, E) we have det_ζ (AB) ≠ det_ζ (A)det_ζ (B). This phenomenum is referred to as the multiplicative anomaly [KV1,2], [O] which is also investigated in [D] from a different point of view. The anomaly is an algebraic obstruction which can be expressed in terms of a residue of the type res(P (^{log Q1}_{ordQ1} −^{log Q2}_{ordQ2} )) where P ∈ CL(M, E) is of order zero (cf. [KV1,2]).

• Schwinger functional: Let D ∈ Ell^∗_{ord>0}(M, E) be a self-adjoint operator. We assume it is invertible for simplicity but this construction can be extended to the non-invertible case. Adopting notations which are frequently used in the context of second quantization, let ε(D) := D|D|^{−1} (or ε(D) := (D + P_D)(|D| + P_D)^{−1} if D is not invertible where P_D denotes the orthogonal projection onto its kernel) denote the sign of D which defines a classical P.D.O. of order 0. The operator Q := |D| is a positive self-adjoint operator in Ell^∗_{ord>0}(M, E) with strictly positive order. We define the Schwinger functional: CL(M, E) → C (A, B) → c^D_S (A, B) := 1 2 tr^{|D|}(ε(D)[ε(D), A][ε(D), B]). (5.12) The terminology ”Schwinger functional” is motivated by the fact (as we shall see shortly) that it coincides with the usual Schwinger cocycle on some subalgebra of CL(M, E).

A straight forward computation yields: c^D_S (A, B) = tr^{|D|}([A, ε(D)]B) = tr^{|D|}(A[ε(D), B]).

Proposition [CDMP]: Given a subalgebra A of CL(M, E) the following conditions are equivalent (all the cocycles are Lie algebra cocycles):

c^D_S is a 2 -cocycle on A ⇔ c^D_S is an antisymmetric bilinear form on A ⇔ (A, B) → c^D_{T R}(A, B) := tr^{|D|} ([ε(D)A, B]) defines a 2 -cocycle on A ⇔ c^D_{T R} is an antisymmetric bilinear form on A ⇔ res (ε(D)[A, [log |D|, B]]) = 0 ∀A, B ∈ A.

Provided one of these conditions is fufilled, the following relation holds: c^D_{T R} − c^D_S = δtr^D_ε where tr^D_ε := tr^{|D|}(ε(D)·) so that the cocycles c^D_{T R} and c^D_S are cohomologous.

The fourth equivalence shows that the obstruction to the cocycle property of the various functionals involved arises as a Wodzicki residue res(ε(D)[A, [log |D|, B]]). Here again the obstruction expressed in terms of a residue is purely infinite dimensional. If res(ε(D)·) is tracial on A i.e if res(ε(D)[A, B]) = 0 ∀A, B ∈ A, the obstruction vanishes. The algebra CL^D_{res}(M, E) := { A ∈ CL(M, E), ordA ≤ 0, ord[ε(D), A] < − dimM 2 }

= g^D_{res}(L^2(M, E)) ∩ CL(M, E), (5.13) where

g^D_{res}(L^2(M, E)) := { A ∈ Hom(L^2(M, E)), [ε(D), A] is Hilbert-Schmidt } , (5.14) satisfies the equivalent assumptions listed above and the restriction of the Schwinger functional c^D_S to this subalgebra is therefore a cocycle. There it coincides with the usual Schwinger cocycle [CFNW], [Mi] and is cohomologous to the twisted Radul cocycle c^D_{T R} [CDMP].

6 Geometric obstructions

The purpose of this section is to give some geometric applications of the apparatus of weighted traces developped in the previous sections. The notion of trace underlies many constructions in finite dimensions, some of which were briefly described in the first section. Many of them extend to the infinite dimensional context naively replacing the ordinary trace by a weighted trace. However the algebraic obstructions combined with some geometric ones we are about to describe, impel a naive generalization of some of their properties; typically additional Wodzicki residue terms arise.

This prevents us for example from extending the Chern-Weil construction to build caracteristic classes; only in very special cases (we shall briefly comment on the loop group case) do we obtain closed forms naively replacing the trace in the usual invariant ploynomials by weighted traces.

In the ”half weighted” graded case (see [PR]), the ”half-weight” being a family of Dirac type operators (the square of which yields a weight), one sees from previous works on families of Dirac operators ([BF], [DF], see also [BGV]) that a better approach to invariant polynomials on such infinite rank complex vector bundles might arise from modifying the initial connection using the ”half-weight” into a family of Bismut connections [B]. In finite dimensions the choice of the connection is irelevent at the level of characteristic classes, here it is the very choice of the connection which makes all the difference! Although because of lack of space, we shall not be able to report on these possible extensions, we hope to give the reader an idea of how weighted traces could be used in the infinite dimensional geometric context and thereby also the limits of their possible use. As a result we allow ourselves a ”looser” tone in this section than that used in the previous ones and will only brush over notions without giving technical constructions. We refer the reader to [Pa] for further developments and speculations along these lines.

6.1 Weighted vector spaces

We shall call a weighted space a couple (Γ(M, E), Q) where Γ(M, E) denotes a Fréchet or resp. a separable Hilbert space of smooth or resp. Sobolev type sections of some finite rank vector bundle E based on a closed Riemannian manifold M and where Q ∈ Ell^{∗adm}_{ord>0}(M, E) is called a weight. Generalized Laplacians provide weighted structures on spaces of type Γ(M, E). By generalized Laplacian acting on sections of E, we understand a second order differential operator with leading symbol σ_L(x, ξ) := ‖ξ‖^2. Given a connection ∇^E on E, the Levi-Civita connection on M induces a connection

∇^{T ∗M⊗E} on T^∗M ⊗ E and the operator given by σ → −tr(∇^{T ∗ M⊗E} ∇^E σ) is a generalized Laplacian.

Notice that when M is reduced to a point, then the vector bundle E reduces to a vector space V and (Γ(M, E), Q) coincides with (V, Q) where now V is a vector space of dimension the rank of the vector bundle and Q a matrix with spectral cut. Hence Q can be viewed as a generalized metric, a metric being given by a positive definite matrix. In fact in our infinite dimensional setting, it is useful to think of Q as a kind of ”quantized metric”: a positive definite matrix has been replaced by an admissible elliptic operator.

From the data (Γ(M, E), Q), Q of order q > 0, in addition to the L^2-hermitian product ⟨·, ·⟩ mentioned in (4.0), one can build for any s ∈ IR^+ an H^s hermitian product: ⟨σ, ρ⟩^Q_s := ⟨Q^{sq} σ, Q^{sq} ρ⟩ (6.1) and each Sobolev space H^s(M, E) can be seen as the closure of C^∞(M, E) for this scalar product.

Here and in what follows, if Q is not invertible, which is in fact often the case, we can replace Q in the formulae by Q + P_Q where P_Q is the orthogonal projection onto the (finite dimensional) kernel KerQ.

To a weighted space (C^∞(M, E), Q), we can associate a weighted trace tr^Q on the algebra CL(M, E) of classical pseudo-differential operators acting on smooth sections of E as defined in the previous section.

Exercise: Show that whether one takes this weighted trace using the H^sscalar product defined in (6.1) or the L^2-scalar product does not make any difference. In the following we shall use the L^2-scalar product. Remark: When E = M × V is a trivial vector bundle, V being a finite dimensional vector space with scalar product ⟨·, ·⟩_V , we can view CL(M, E) as the tensor product CL(M, C) ⊗ Hom(V ). When the weight Q is scalar, meaning that Q := Q_0 ⊗ I_V for some Q_0 ∈ Ell^{∗adm}_{ord>0}(M, C) then for any A ∈ CL(M, E) we have tr^Q(A) = tr^{Q0} (tr_V (A)). If tr_V (A) ∈ CL(M, C) is trace class then tr^Q(A) = tr(tr_V (A)) does not depend on Q any more. •Weighted Laplacians: Let (C^∞(M, E), Q) be a weighted space and let f ∈ C^2(H^s(M, E)) for some s > 0. Then for any x ∈ H^s(M, E) the Hessian Hessf(x) := D^2f(x) defines a bounded bilinear form on H^s(M, E) which by the Riesz theorem can be interpreted as a bounded operator on H^s(M, E) also denoted by Hessf(x). If Hessf(x) differs form a trace class operator on H^s(M, E) by an element of CL(M, E) we can define the Q-weighted Laplacian Δ^{Q,μ}f(x) := −tr^{Q,μ}(Hessf(x)) ∀μ ∈ IR, ∀x ∈ H^s(M, E) (6.2)

Let us point out at this stage that there are many other ways of defining Laplacians in infinite dimensions. Here we have picked out the finite part of the asymptotic expansion tr(AQ^{−z} ) when z → 0. But one could have instead picked up the residue term using the Wodzicki residue to build Δ^{res}f = −res(Hessf). Or we could have taken −lim_{t→0}^{tr(Hessf (x)e−tQ )}_{tr(e−tQ )} which leads to a Lévy-type Laplacian [ABP], similar to Lévy Laplacians arising in white noise analysis.

The latter Laplacians are of purely infinite dimensional nature because they vanish on the trace-class part of Hessf(x). The weighted Laplacian however coincides with the usual one whenever Hessf(x) is tracial, which is the reason why we shall keep to it. In particular, if M reduces to a point, only the weighted Laplacian is non trivial.

Example: Let (C^∞(M, E), Q) be a weighted Hilbert space. Let for 0 < t < s,

f : H^s(M, E) → C be the C^2 function defined by f(x) = ( ‖x‖^Q_l )_2 for x ∈ H^s(M, E) where ‖ · ‖^Q_t is the norm associated to ⟨·, ·⟩^Q_t (see (6.1)). Then D^2f(x)(u, v) = ⟨Q^{t−sq} u, Q^{t−sq} v⟩^Q_s . Hence Hessf(x) = Q^{2(t−s)q} ∈ CL(M, E) and we can define Δ^{Q,μ}f = −tr^{Q,μ}(Q^{2(t−s)q} ) which coincides with −tr(Q^{t−s}) if t − s < −^{qdimM}_2 . With the same notations as above, let f, g ∈ C^2(H^s(M, E), C) such that for any x ∈ M, the operators Hessf(x) and Hessg(x) both differ from a trace-class operator by an element of CL(M, E). Then tr(Df(x) ⊗ Dg(x)) := ∑ D_{en} f(x) ⊗ D_{en} g(x) is well defined for any C.O.N.S. (e_n)_{n∈IN} of H^s(M, E) and Δ^{Q,μ}(fg)(x) = Δ^{Q,μ}(f)(x)g(x) −2tr(Df(x) ⊗ Dg(x)) + f(x)Δ^{Q,μ}g(x) ∀μ ∈ IR. (6.3) This easily follows from the property of the Hessian Hess(fg) = (Hessf)g + 2Df ⊗ Dg + f(Hessg). It shows that Δ^Q behaves like a second order differential operator.

6.2 Families of weighted vector spaces

Instead of a fixed weighted space we now consider families of weighted spaces which leads us to the notion of weighted vector bundle.

• A class of vector bundles: We first need to restrict ourselves to a class of vector bundles, namely vector bundles π : E → X based on a manifold X with fibres modelled on a Fréchet, resp. Hilbert space Γ(M, E) of smooth, resp. Sobolev type sections of a fixed finite rank vector bundle π : E → M based on a closed Riemannian manifold M and such that there is a local trivialization of the bundle with transition maps given by elliptic classical pseudo-differential operators. (We will also allow P.D.O.s which are locally given by multiplication operators by a Sobolev type function). For a vector bundle E in that class with fibres modelled on some Γ(M, E), it makes sense to call a linear operator A acting (possibly only densely) fibrewise on E a (classical) P.D.O. whenever, given a local trivialization (U, ϕ, Φ) where (U, ϕ) is a local chart on the base space, its induced local representation Φ^♯A := Φ^{−1}AΦ lies in CL(M, E). This way we can define the bundle CL(E) of operators acting densely fibrewise which are locally given by an operator in CL(M, E). This definition is independent of the choice of local trivialization, since two local representations of A in different trivializations (U, ϕ, Φ) and (V, ψ, Ψ) with U ∩ V ≠ ϕ are related by

Ψ^♯A = Φ ∘ Ψ^{−1}(Φ^♯A)Φ^{−1} ∘ Ψ. (6.4)

The transition maps Φ∘Ψ^{−1} being classical P.D.O.s by assumption, whenever Ψ^♯A is a classical P.D.O. so is Φ^♯A.

Notice that the order of the operator is also unchanged under a change of local trivialization so that it makes sense to talk about the order of an element of CL(E). • Weighted vector bundles and weighted manifolds: Recall that a Riemannian structure on a finite rank vector bundle π : E → X corresponds to a reduction of the frame bundle GL(E) to an orthonormal frame bundle O(E). A metric g on a finite rank vector bundle E can be seen as a section of g_x, x ∈ X of Hom(E, E^∗) which is locally a positive definite matrix. Similarly we can equip a bundle E modelled on some Γ(M, E) where E is a Riemannian finite rank bundle, with some data Q given by a section of CL(E) which is locally an invertible elliptic operator of positive order and with positive leading symbol; i.e, there is a local trivialization (U, ϕ, Φ) of E where (U, ϕ) is a local chart on the base manifold, such that Φ^♯Q ∈ Ell^{∗+}_{ord>0}(M, E). Provided E is Riemannian, we can reduce the structure group Ell^∗(M, E) of the bundle E (notice that it coincides with GL(V ) when E = {∗} × V ) to the subgroup Oll(M, E) := {A ∈ Ell^∗(M, E), A^∗A = AA^∗ = Id} (no- tice that it coincides with O(V ) when E = {∗} × V ). In that case, the condition Φ^♯Q ∈ Ell^{∗+}_{ord>0}(M, E) does not depend on the choice of the local trivialization (U, ϕ, Φ) since, given another trivialization (V, ψ, Ψ) with U ∩ V ≠ ϕ, we have Φ^♯Q = CΦ^♯QC^{−1} for some C ∈ Oll(M, E) so that σ_L(Ψ^♯Q) = σ_L(C)σ_L(Φ^♯Q)σ_L(C)^{−1} is also positive and hence Ψ^♯Q also lies in Ell^{∗+}_{ord>0}(M, E). (Notice that the order is in fact independent of the choice of local trivialization.) This confirms the fact that Q can be seen as a generalization of a metric.

However, if we do not want to restrict ourselves to Riemannian bundles, we need to weaken the requirements on the data Q; a weight Q on a vector bundle E modelled on some Γ(M, E) is a section of CL(E) which is locally an admissible (see section 3) invertible elliptic operator; i.e, there is a local trivialization (U, ϕ, Φ) of E where (U, ϕ) is a local chart on the base manifold, such that Φ^♯Q ∈ Ell^{∗adm}_{ord>0}(M, E). Admissibility being a condition on the spectrum, it is invariant under a transformation of type A → CAC^{−1} induced by a change of trivialization, where C ∈ Ell^∗(M, E).

A weighted vector bundle is a couple (E, Q) where E is a Fréchet or a Hilbert vector bundle modelled on some Fréchet or Hilbert space Γ(M, E) of sections of some finite rank vector bundle E based on a closed Riemannian manifold M and where Q is a weight on E. A weighted manifold is a couple (X, Q) where X is a Fréchet or Hilbert manifold modelled on some Fréchet or Hilbert space of sections Γ(M, E) and where Q a weight on its tangent bundle T X in such a way that (T X, Q) is a weighted bundle.

• Current groups: They are manifolds C^∞(M, G) of smooth, resp. H^s(M, G), s >^{dimM}_2 of Sobolev maps from a closed Riemannian manifold M into aa matrix Lie group G. They have a Fréchet, resp. a Hilbert Lie group structure with Lie algebra given by the space of sections C^∞(M, Lie(G)), resp. H^s(M; Lie(G)) where Lie(G) is the Lie algebra of G. Here the model space is therefore of the type Γ(M, E) with E the trivial bundle E := M × Lie(G). The couple (C^∞(M, G), Q), resp. (H^s(M, G), Q) with Q_γ := L_γ ΔL^{−1}_γ is a weighted manifold, where L_g denotes left multiplication by g ∈ G, L_γ (x) := L_{γ(x)} for any x ∈ M and for any γ : M → G and where Δ is the scalar Laplacian on M.

6.3 Weighted traces on weighted vector bundles

Let (E, Q) be a weighted vector bundle. For a section A of CL(E) and given a local trivialization (U, ϕ, Φ) of the bundle around b ∈ B, in a similar way to the finite dimensional setting (see section 1) and using the notations of (4.12) we set: tr^{Q,μ}(A)(b) := tr^{Φ♯ (b)Qb ,μ}(Φ^♯(b)A_b), μ ∈ IR (6.6) where Φ^♯(b)A_b, resp. Φ^♯(b)Q_b denotes the operator A_b, resp. Q_b in the local trivialization (U, ϕ, Φ). This definition is independent of the choice of local trivialization. Indeed, let C be an invertible elliptic operator and let Q ∈ Ell^{∗adm}_{ord>0}(M, E), A ∈ CL(M, E). Then provided Re(z) is chosen large enough so that CAQ^{− z2} and Q^{− z2} C^{−1} are Hilbert Schmidt and using the fact that tr(K_1K_2) = tr(K_2K_1) for Hilbert Schmidt operators K_1, K_2, with the notations of section 4 we have: tr^{CQC−1 ,μ}(CAC^{−1}) = LIM^μ_{z→0}tr ( CAC^{−1} ( CQC^{−1} )_{−z}) = LIM^μ_{z→0}tr ( CAC^{−1}C (Q)^{−z} C^{−1} )

= LIM^μ_{z→0}tr ( CA (Q)^{−z} C^{−1} )

= LIM^μ_{z→0}tr ( CA (Q)^{− z2} (Q)^{− z2} C^{−1} )

= LIM^μ_{z→0}tr ( (Q)^{− z2} C^{−1}CA (Q)^{− z2} )

= LIM^μ_{z→0}tr ( (Q)^{− z2} A (Q)^{− z2} )

= LIM^μ_{z→0}tr ( A (Q)^{− z2} (Q)^{− z2} ) = LIM^μ_{z→0}tr ( AQ^{−z} ) = tr^{Q,μ}(A), where we have also used the fact that ( CQC^{−1} )_{−z} = C (Q)^{−z} C^{−1} which follows from the very definition of complex powers (see formula (3.10)). Applying this to C := Φ(b)∘Ψ(b)^{−1} where (V, ψ, Ψ) is another local trivialization we have for b ∈ U ∩ V : tr^{Φ♯ (b)Qb ,μ}(Φ^♯(b)A_b) = tr^C(^{Ψ♯(b)Qb})^{C−1,μ}(C ( Ψ^♯(b)A_b ) C^{−1}) = tr^{Ψ♯ (b)Qb,μ}(Ψ^♯(b)A_b). • Variation of the weighted trace: We saw in section 5, formula (5.11) that given a smooth family {A_b, b ∈ B} of P.D.O.s and a smooth family {Q_b, b ∈ B} of invertible positive elliptic operators with constant order q, B being a smooth (possibly infinite dimensional) manifold and for any μ ∈ IR we have: dtr^{Q,μ}(A) = tr^{Q,μ}(dA) −^1_q res(Ad log Q). We want to generalize this to sections of CL(E) where (E, Q) is a weighted vector bundle.

The weighted traces tr^{Q,μ}, μ ∈ IR extend to CL(E) valued forms: tr^{Q,μ} : Ω(X) ⊗ CL(E) → Ω(X) α ⊗ A → tr^{Q,μ}(A)α.

In a similar way, we can extend the notion of Wodzicki residue to CL(E)- valued forms.

Proposition [CDMP], [PR]: Let (E, Q) be a weighted vector bundle based on B and let α be a smooth CL(E)-valued form on B. Let us assume E is equipped with a connection ∇^E such that [∇^E , α] is also a CL(E)-valued form on B. Then [∇^E , tr^{Q,μ}](α) := dtr^{Q,μ}(α)−tr^{Q,μ}([∇^E , α]) = (−1)^{|α|+1} 1 q res(α[∇^E , log Q]) ∀μ ∈ IR (6.7) where α is the degree of the form α. Proof: We only prove the result for a bundle morphism A i.e. a CL(E) valued zero form A on B. The proof easily generalizes to forms of higher degree keeping track of the signs. We write ∇^E = d+θ^E in a local trivialization (U, ϕ, Φ) (see notations of section 1). Since A → [∇^E , A] defines a bundle morphism of CL(E), for A ∈ ϕ(U) × CL(M, E), [θ^E , A] lies in ϕ(U) × CL(M, E) and it follows from the results of section 3 that [θ^E , log Q] lies in Ω_1(ϕ(U))⊗CL(M, E). We now combine the fact proved in section 5 formula (5.9) that tr^{Q,μ}([θ^E , A]) =^1_q res(A[θ^E , log Q]) with (5.11) to write for any μ ∈ IR: dtr^{Q,μ}(A) = tr^{Q,μ}(dA) − 1 q res(Ad log Q) = tr^{Q,μ}([∇^E , A]) − tr^{Q,μ}([θ^E , A]) − 1 q res(Ad log Q) = tr^{Q,μ}([∇^E , A]) − 1 q res(A[θ^E , log Q]) − 1 q res(Ad log Q) = tr^{Q,μ}([∇^E , A]) − 1 q res(A[∇^E , log Q]). We shall refer to the bracket: [∇^E , tr^{Q,μ}] : Ω(B) ⊗ CL(E) → B × IR α → − 1 q res(α[∇^E , log Q]) as a geometric obstruction of the weighted trace tr^{Q,μ}. Notice that it is independent of μ ∈ IR.

6.4 Some geometry in infinite dimensions

Going back to section 1, let us see how properties such as the Bochner- Weitzenböck formula (1.12) or the Chern-Weil construction briefly described in section 1 could be naively extended using weighted traces.

Let (X, Q) be a Hilbert weighted manifold equipped with a Riemannian metric and the corresponding Levi-Civita connection ∇. Then the tangent bundle T X is also equipped with the weight Q.

• A weighted Ricci curvature: Let Ω be the curvature of ∇. If the map (U, V ) → Ω(U, ·)V defines a section of T X ⊗ T X ⊗ CL(T X), we can define for any μ ∈ IR a Q-weighted Ricci curvature Ricc^{Q,μ}(U, V ) := tr^{Q,μ}(Ω(U, ·), V ). (6.8)

•A generalized Bochner Weitzenböck formula [ABP]: We use the notation of formula (6.2) for the Q-weighted Laplacian.

[Δ^{Q,μ}, ∇]f(V ) = Ricc^{Q,μ}(V, ∇f) + 1 ordQ res(Hessf[∇, log Q]) ∀μ ∈ IR (6.9) for any a vector field V on X, for any C^2 function f such that the two tensors Hessf, (∇)^3 (·, ·, V ) , ∇_V Hessf on X can be seen (via Riesz theorem) as sections of CL(T X). Notice that if X is finite dimensional, then the Wodzicki residue vanishes and we recover (1.12).

Proof. The proof of (6.9) closely follows that of (1.12) (see [ABP]) up to the fact that exchanging the covariant differentiation with the weighted trace (which goes without saying in the finite dimensional setting) requires more care here; it gives rise to a residue term by formula (6.7). Let V ∈ T_xX and let (e_i, i ∈ IN) be a local orthonormal frame at point x of eigenvectors of Q_x.

([−Δ^Q, ∇]f)(V ) = (−Δ^Q∇f)(V ) + ∇_V Δ^{Q,μ}f = Lim^μ_{ε→0} ∑ i ∇^3f(e^{−εQ}e_i ⊗ e^{−εQ}e_i ⊗ V ) − ∇_V tr^Q(Hessf) = Lim_{ε→0} ∑ i ∇^3f(e^{−εQ}e_i ⊗ V ⊗ e^{−εQ}e_i) − tr^Q(∇_V ∇^2f) + + 1 ordQ res(Hessf[∇, log Q]) where we have applied (6.7) to α = Hessf = LIM^μ_{ε→0} ∑ i ( ∇^3f(e^{−εQ}e_i ⊗ V ⊗ e^{−εQ}e_i) − ∇^3f(V ⊗ e^{−εQ}e_i ⊗ e^{−εQ}e_i) ) + + 1 ordQ res(Hessf[∇, log Q])

= LIM^μ_{ε→0} ∑ i ∇^2∇f((e^{−εQ}e_i ∧ V ) ⊗ e^{−εQ}e_i) + 1 ordQ res(Hessf[∇, log Q]) = LIM^μ_{ε→0} ∑ i (∇^2_e−εQ_{ei ∧V} ∇f)e^{−εQ}e_i = LIM^μ_{ε→0} ∑ i ⟨Ω(e^{−εQ}e_i, V )∇f, e^{−εQ}e_i⟩ + 1 ordQ res(Hessf[∇, log Q]) = −Ricc^{Q,μ}(V, ∇f) + 1 ordQ res(Hessf[∇, log Q]). • Obstructions to a (weighted) Chern-Weil theory

Let us go back to a general weighted vector bundle (E, Q) based on X and equipped with a connection ∇^E . When α in formula (6.7) is the curvature tensor Ω^E of ∇^E seen as a CL(E) valued two form, then by the Bianchi identity we have [∇^E , Ω^E ] = 0 but this does not imply anymore that dtr^Q(Ω^E ) = 0 (as it did in the finite dimensional case, see (1.15)) since it follows from (6.7) that dtr^Q(Ω^E ) = −^1_q res(Ω^E [∇^E , log Q]). Hence in general, tr^Q(Ω^E ) does not define a characteristic class because of the above obstructions unless Q and ∇^E are chosen in such a way that res(Ω^E [∇^E , log Q]) = 0.

One can generalize this observation to traces of higher order polynomials in the curvature tensor. Let us see how the Chern-Weil construction we briefly recalled in section 1 could be extended to our infinite dimensional framework with the help of weighted traces. Since we have replaced the algebra of matrices by the algebra CL(M, E) and the trace on the algebra of matrices by weighted traces tr^Q where Q ∈ Ell^{∗adm}_{ord>0}(M, E), it is natural to introduce the following definitions. Given a weighted vector bundle (E, Q) based on some manifold X where the model space of E is a space of sections Γ(M, E), M being the base manifold of E, and given a connection ∇^E on E, to a polynomial P on CL(M, E) we can associate a form tr^{Q,μ}(P (Ω^E )) on X where μ ∈ IR. It is a well defined expression since we can write in a similar way to the finite dimensional case (see section 1) and with similar notations:

tr^{Ψ♯ Q,μ}(P (Ψ^♯Ω^E )) = tr^{CΦ♯ QC−1 ,μ}(CP (Φ^♯Ω^E )C^{−1}) = tr^{Φ♯ Q,μ}(P (Φ^♯Ω^E ))

using the covariance property tr^{CQC−1} (CAC^{−1}) = tr^Q(A). However obstructions come into the way at various stages, and to start with when trying to generalize (1.16). As in section 1 we take P (X) = X^k and consider its canonical form P̃ (X_1, · · · , X_k) = X_1 · · · X_k. Differentiating w.r.to t the covariance property just mentioned applied to C := e^{tB} and using (5.9) we find: k∑ j=1 tr^{Q,μ}(P̃_k(A_1, · · · , A_{i−1}, [B, A_j ], A_{i+1}, · · · A_k )) = = 1 ordQ res(P̃_k (A_1, · · · , A_k)[A, log Q]) (6.10)

for any B ∈ CL(M, E), A_j ∈ CL(M, E), j = 1, · · · , k. Furthermore we come across geometric obstructions of the type (6.7) and we have (compare with (1.17)): dtr^{Q,μ}(P (Ω^E )) = − 1 ordQ res(P (Ω^E )[∇^E , log Q]). (6.11)

Proof. Let us try to mimick the proof of the corresponding finite dimensional result as shown in section 1. As we did there, we first restrict ourselves to a monomial P (A) := A^k and compute dtr(P (Ω^E )). Let ∇^E = d + θ^E be the local representation of the connection in some given local trivialization (U, Φ, ϕ). Applying (6.10) to B := θ^E (ϕ_∗V ), A_i = Φ^♯Ω^E (ϕ_∗V_1, ϕ_∗V_2) for any V, V_1, V_2 ∈ T X, the tangent space to the base manifold of E, we can write:

dtr^{Q,μ}(P (Ω^E )) = tr^{Q,μ}(dP̃ (Φ^♯Ω^E , · · · , Φ^♯Ω^E )) − 1 ordQ res(P (Ω^E )d log Q) = k∑ i=1 tr^{Q,μ}(P̃ (Φ^♯Ω^E , · · · , d(Φ^♯Ω^E ), · · · , Φ^♯Ω^E )) − 1 ordQ res(P (Ω^E )d log Q)

where d(Φ^♯Ω^E ) is at place i = k∑ i=1 tr(P̃ (Φ^♯Ω^E , · · · , d(Φ^♯Ω^E ), · · · , Φ^♯Ω^E ))

+ k∑ i=1 tr(P̃ (Φ^♯Ω^E , · · · , [θ^E , Φ^♯Ω^E ], · · · , Φ^♯Ω^E ))

where d(Φ^♯Ω^E ) and [θ^E , Φ^♯Ω^E ] are at place i − 1 ordQ res(P (Ω^E )[θ^E , log Q]) − 1 ordQ res(P (Ω^E )dlogQ) = k∑ i=1 tr^{Q,μ}(P̃ (Ω^E , · · · , [∇^E , Ω^E ], · · · , Ω^E )) − 1 ordQ res(P (Ω^E )[∇^E , log Q])

where [∇^E , Ω^E ] is at place i = − 1 ordQ res(P (Ω^E )[∇^E , log Q]) where we have used Bianchi identity [∇^E , Ω^E ] = 0 in the last line.

Given another connection ~∇^E on E, one can check (we leave this as an exercise for the reader, see [Pa]) that tr^{Q,μ}(P (Ω^E )) − tr^{Q,μ}(P (Ω̃^E )) is an exact form whenever the residue res(P (Ω^E )[∇^E , log Q]) vanishes for any connection ∇^E on E.

Thus, whenever res(P (Ω^E )[∇^E , log Q]) vanishes for any connection ∇^E on E (this is the case in finite dimensions of course), then tr^{Q,μ}(P (Ω^E )) defines a characteristic class given by its cohomology class in the de Rham cohomology which is independent of the choice of connection. Under such an assumption, these weighted Chern-Weil invariants indeed define topological invariants as they do in the finite dimensional case.

• Cases for which the obstructions vanish:

Finite rank bundles. As expected, when E reduces to a finite rank vector bundle, tr^Q coincides with the ordinary trace and this residue which is a purely infinite dimensional obstruction vanishes. Hence we recover the finite dimensional Chern-Weil invariants.

Weighted loop groups. Let G be a Lie group, M a compact manifold and let us take B := C^∞_0 (S^1, G) and E := T B where the index 0 means the loops are based at a fixed point. As before we choose a weight given by a left invariant family of Laplacians Q_γ := L_γ ΔL^{−1}_γ where Δ is the scalar Laplacian on C^∞(S^1, Lie(G)) and L_γ left multiplication. Following [F] let us consider a left invariant H^{12} metric built up from the Killing form on the Lie algebra on C^∞(S^1, G) and the corresponding Levi-Civita connection ∇^{12} . There is a natural almost complex structure J on H^{12} (S^1, G) which commutes with the connection and H^{12} (S^1, G) is a Hilbert Kähler manifold (see [F], [Pr]). The curvature applied to smooth vector fields is a classical P.D.O. of order −1 and hence has divergent trace. However, its trace along the Lie algebra is a P.D.O. of order −2 which is therefore trace-class. For smooth vector fields U, V, W , one can show that res ( Ω^{12} (U, V )[∇^{12}_W , log Q] ) = 0 [Ma] so that tr^Q(Ω^{12} ) defines a closed form and gives rise to the first Chern class of the weighted complex bundle (E, Q). Since the curvature is a P.D.O. of order −1, its k-th power is of order −k and therefore of trace-class in dimension 1 for k ≥ 2. Higher Chern classes are thus well-defined as ordinary traces, or equivalently the weighted traces tr^Q( ( Ω^E )_k ) coincide with ordinary traces for k ≥ 2 and hence give rise to higher Chern classes.

6.5 Conclusion

It is rather frustrating to come across so many obstacles arising as Wodzicki residues preventing a straight forward generalization to the infinite dimensional context of some basic geometric concepts and their properties involving traces. These obstructions are due to the additional data given by the weight, so one might ask whether it is possible to avoid using this extra data. My guess is that it is not since the weight, even if not always explicit in the various approaches (at least the ones that I know of) to the geometry of infinite dimensional (continuous, non discrete) manifolds or vector bundles, it always seems to be hidden in some form or other. Just to quote two striking examples, when using Brownian motion to tackle path spaces, or ”conditioned traces” as in [DL] and [F] to handle the geometry of loop groups, there is a weight hidden behind the construction in both cases, the Laplacian in the first case as a basic ingredient to construct Brownian motion, and the ”conditioning” of the traces in the second case which can be interpreted as a choice of a weighting procedure for the otherwise ill-defined traces. So there seems little chance of getting rid of these weights.

Then a natural question arises, namely whether we can compensate the Wodzicki residues due to these weights in the traces. In certain cases, noncommutative geometry provides a way to counterbalance these obstructions, at least when weights arise as squares of some family of Dirac type operator as in the case of infinite rank bundles built up from families of Dirac operators as in the context of the family index theorem. It would be out of the scope of this article to describe such mechanisms here and we refer the reader to [PR], [Pa] for further developments along these lines.

References

[ABP] M. Arnaudon, Y. Belopolskaya, S. Paycha, Renormalized Laplacians on a class of Hilbert manifolds and a Bochner-Weitzenböck type formula for current groups to appear in Infinite dimensional Analysis, Quantum Probability and Related topics (2000) [B] J.-M. Bismut, “Localization formulae, super connections and the index theorem for families,” Commun. Math. Phys. 103 (1986), 127-166.

[BF] J.-M. Bismut et D.S. Freed, The Analysis of elliptic families I, Comm.

Math. Phys. 106(1986) p.159-176.

[BGV] N. Berline, E. Getzler, M. Vergne , Dirac operators and Heat Kernels, Springer-Verlag, 1997 (2nd. ed.).

[BT] R. Bott, L. Tu, Differential forms in algebraic topology, Graduate Texts in Math., Springer Verlag 1982.

[C] B.Y. Chen, Geometry of submanifolds, Pure and Applied Mathematics, Dekker (1973).

[CDD] Y. Choquet-Bruhat, C. DeWitt-Morette, M. Dillard-Bleick, Analysis, manifolds and physics, North Holland Publishing Company, Revised Edition 1982.

[CDMP] A. Cardona, C. Ducourtioux, J.P. Magnot, S. Paycha, Weighted traces on algebras of pseudo-differential operators and geometry on loop groups, Preprint 2000 [Co] A. Connes, Non commutative geometry, Academic Press, New York, San Francisco, London 1994.

[CFNW] M. Cederwall, G. Ferretti, B. Nilsson, A. Westerberg, Schwinger terms and Cohomology of Pseudodifferential Operators, Comm. Math. Phys. 175 , 203–220 (1996).

[D] C. Ducourtioux, Renormalized traces and determinants, Ph.D. thesis in preparation [DF] X. Dai, D.S. Freed, η invariants and determinant bundles, J.Math.

Phys. 35 , 1994, p. 5155-5194.

[DL] B. Driver, T. Lohrenz, Logarithmic Sobolev Inequalities for Pinned Loop groups, Journal Funct. Anal. 140 (1996).

[EF] R. Estrada, S.A. Fulling, How singular functions define distributions, Preprint June 2000.

[EK] R. Estrada, R.P. Kanwal, Regularization, Pseudofunction, and Hadamard Finite Part, Journ. Math. Anal. Appl. 141, p.94-207 (1989).

[F] D.S. Freed, The geometry of loop groups, Journal Diff. Geometry 28, p.223-276 (1988) [G] P. Gilkey, Invariance Theory,the Heat Equation and the Atiyah-Singer

Index Theorem, Publish or Perish (1984) [GHL] S. Gallot, D. Hulin, J. Lafontaine, Riemannian Geometry, Springer Verlag (1990) (2nd. ed.).

[GS] G. Grubb, R. Seeley, Zeta and Eta functions for Atiyah Patodi Singer theorems, Journal Geom. Anal. 6 (1996), p. 31-77.

[H] L. Hörmander, The analysis of linear partial differential operators, I.

Grundlagen der mathematischen Wiss. 256, Springer Verlag (1983). [J] J. Jost, Riemannian geometry and Geometric Analysis, Springer Verlag (1998).

[Ka] M. Karoubi, K-theory (An introduction), Springer Verlag 1978. [K] Ch. Kassel, Le résidu non commutatif [d’après Wodzicki], Séminaire Bourbaki 708, Astérisque 1989, p.199-229.

[KN] S. Kobayashi, S. Nomizu, Foundations of differential geometry I, II, J.Wiley and sons (1963).

[KV1] M. Kontsevich, S. Vishik, Determinants of elliptic pseudodifferential operators, Preprint of the Max Planck Inst. for Mathematics in Bonn n.94-30 (1994).

[KV2] M. Kontsevich, S. Vishik, Geometry of determinants of elliptic operators in Functional Analysis on the Eve of the 21st Century Vol. I (ed. S. Gindikin, J. Lepowski, R.L. Wilson), Progress in Mathematics (1994).

[Ku] N.H. Kuiper, The homotopy type of the unitary group of Hilbert spaces, Topology 3 (1965).

[L] S. Lang, Differential and Riemannian manifolds, Springer Verlag 1995. [LM] B. Lawson, M.L. Michelsohn, Spin Geometry, Princeton Mathematical Series, 1989.

[Le] M. Lesch, On the noncommutative residue for pseudo-differential operators with log-polyhomogeneous symbols, Annals of Global Analysis and Geometry 17, p. 151-187 (1999).

[Ma] J-P. Magnot, Ph.D thesis in preparation.

[M] J. Marsden, Applications of Global Analysis in MathematicalPhysics, Publish or Perish, 1974 [Mi] J. Mickelsson, Current algebras and groups, New York, Plenum Press, 1989.

J. Mickelsson, Second Quantization, anomalies and group extensions, Lecture notes of a course delivered at the ”Colloque sur les Méthodes Géométriques en Physique”, C.I.R.M, Luminy, June 1997. J. Mickelsson,Wodzicki residue and anomalies on current algebras in ”Integrable models and strings” ed.A.Alekseev and al., Lecture Notes in Physics 436, Springer 1994.

[MN] R. Melrose and V. Nistor, Homology of pseudo-differential operators I.

manifolds with boundary, Preprint: funct-an/9606005, Oct. 98. [N] M. Nakahara, Geometry, topology and physics, Graduate student series in physics, Adam Hilger (1990).

[O] K. Okikiolu, The multiplicative anomaly for determinants of elliptic operators, Duke Mathematical Journal, 79, n.3 p.723-750 (1995).

[Pa] S. Paycha, Renormalized traces as a looking glass into infinite dimensional geometry, Preprint 2000.

[PR] S. Paycha, S. Rosenberg, Curvature on Determinant bundles and first Chern forms, Preprint 2000.

[Pr] A. Pressley, The energy flow of the loop space of a compact Lie group, Journal of the London Math. Soc. 26 (1982).

[PS] A. Pressley, G. Segal, Loop groups, Oxford Univ. Press 1988. [Q1] D. Quillen, The determinant of Cauchy-Riemann operators over a Riemann surface, Funktsional Anal. i Prlozhen. 19 (1985), n.1, p. 37-41.

[Q2] D. Quillen, Superconnections and the Chern character, Topology 24 (1985), p.89-95.

[Ra] A.O. Radul, Lie algebras of differential operators, their central extensions, and W-algebras, Funct. Anal. Appl. 25, p.25-39 (1991) [RS] M. Reed, B. Simon,Methods of modern mathematical physics, Vol I-IV, Academic Press (1975).

[R] S. Rosenberg, The Laplacian on a Riemannian manifold, Cambridge Univ. Press, 1997.

[Sc] L. Schwartz, Théorie des Distributions, Hermann 1966, New edition 1978.

[Se] R. Seeley, Complex powers of an elliptic operator, Proc. Symp. Pure Math.10 (1967), p. 288-307.

[Sh] M.A. Shubin, Pseudo-differential operators and spectral theory, Springer Verlag (1980).

[SW] M. Spera, T. Wurzbacher, Differential geometry of Grassmannian embedding of based loop groups, to appear in Journal Diff. Geom. and its Applications (2000).

[T] M.E. Taylor, Pseudo-differential operators, Princeton University Press (1981 ) [W] M. Wodzicki, Local invariants of spectral asymmetry, Inv. Math.

75.p.143-178 (1984).