ON COHOMOGENEITY ONE RIEMANNIAN MANIFOLDS

S.M.B. KASHANI School of Sciences, Tarbiat Modarres University P.O.Box 14155-4838 Tehran-Iran E-mail:kashanim@net1cs.modares.ac.ir

In this paper after giving a short introduction to the subject “Riemannian Gmanifolds”, we concentrate on cohomogeneity one Riemannian manifolds. We study “revolution hypersurfaces” and characterize such hypersurfaces completely. This acticle follows a previous paper [Ka] of which it uses some of the results.

0 Introduction

Let (M^n, g) be a Riemannian manifold of dimension n, let G be a closed Lie subgroup of Iso (M)=the Lie group of isometries of M. Suppose that G acts smoothly on M. In the theory of Riemannian G-manifolds one studies the topological and/or geometric properties of M, M/G (the orbit space), G and the orbits of the action of G on M with the help of each other. A good reference for G-manifold theory is [B].

Riemannian G-manifolds, which are a generalization of homogeneous spaces, form a beautiful and important subject in mathematics. They also have many applications in mathematics and physics, including Riemannian submanifold theory, especially isoparametric hypersurfaces, and submanifolds (see [CD]) invariant theory, differential equations and variational problems.

In general if G acts “nicely” on M i.e., if M admits a section (see [PT]) and one wants to study some objects defined on M, if the objects are invariant under the action of G, then one can consider M/G and study the induced objects on M/G. This is in general a (much) simpler problem. For a detailed discussion of the applications one should see [PT].

The congugacy class of a closed subgroup H of G is denoted by (H) and is called a G-orbit type. The orbit G.x is said to be of type (H) if (G_x) = (H), G_x is the isotropy subgroup of G at x. M_{(H)} ⊆ M denotes the union of all orbits of type (H).

Among all orbit types (H) with M_{(H)} ≠ ϕ, there is a unique (U) such that for H < G with M_{(H)} ≠ ϕ, there is a g in G with the property that gUg^{−1} ⊂ H. It follows that G/U has maximum dimension and (for that dimension) the maximum number of components. An orbit G.x for which (G_x) = (U) is called principal orbit. The nonprincipal orbits are called singular orbits. The union of principal orbits (resp. singular orbits) is denoted by M_{reg} (resp.

M_s). We have that M = M_{reg} ∪ M_s and that M_{reg} is an open dense subset of M.

If the dimension of a principal orbit of M^n is n − k, then M is called cohomogeneity k (Riemannian) manifold. In this case, if G.x is a singular orbit then dim G.x ≤ n − k; if dim G.x = n − k, G.x is called an exceptional singular orbit.

Riemannian G-manifolds, especially cohomogeneity one Riemannian manifolds have been studied recently by many mathematicians, including Bredon [B], Palais & Terng [PT], Mostert [M], D.V& A.V. Alekseevsky [A], P. Podesta & A. Spiro [PS].

Following F. Podesta & A. Spiro, I want to concentrate on one problem in the theory of cohomogeneity one Riemannian manifolds. I want to study a family of hypersurfaces of the Eulidean space called revolution hypersurfaces. There is a natural family among all cohomogeneity one hypersurfaces of the Euclidean space R^{n+1} for which the Lie group G can be considered as a subgroup of Iso (R^{n+1} ). But one should note that not all cohomogeneity one hypersurfaces of R^{n+1} for which G can be considered as a subgroup of Iso (R^{n+1} ) is a revolution hypersurface. For Examples of such hypersurfaces see 2.9 of [PS] and Examples 2.2 & 2.3.

The motivation to study revolution hypersurfaces is a well-known theorem of S. Kobayashi [K] which says that:

Theorem: Any compact homogeneous Riemannian manifold M^n isometrically immersed as a hypersurface of R^{n+1} is congruent to a sphere S^n (i.e. there exists an h ∈ Iso (R^{n+1} ) such that h(M) = S^n).

This theorem has been generalized by other authors in different directions. Nagano and Takahashi in two papers ([NT],[T]) gave a complete classification of homogeneous hypersurfaces of Riemannian space forms without the assumption of compactness. Their list is as follows: S^m × R^{n−m} or H^n or S^n or S^m × H^{n−m}.

A. Ros proved in [R] that any compact hypersurface of constant scalar curvature is congruent to a sphere.

Recently F. Podesta & A.Spiro inspired by the subject of G-manifolds want to generalize Kobayashi’s theorem by weakening the homogeneity assumption and consider compact cohomogeneity one Riemannian hypersurfaces of R^{n+1} , they characterize the family of revolution hypersurfaces among all compact cohomogeneity one hypersurfaces.

I want to consider revolution hypersurfaces of R^{n+1} without the assumption of compactness. The main result of the paper is Theorem 2.1 and Examples 2.2 & 2.3.

1 Preliminaries

Definition 1.1. Let (M^n, g) and (M^m, h) be two Riemannian manifolds, a smooth function f : (M, g) −→ (M, h) is called an isometric immersion if h_{f (x)}(T_xf(v), T_xf(w)) = g_x(v, w) ∀x ∈ M, ∀v, w ∈ T_xM. In this case f(M) is called an isometrically immersed Riemannian submanifold of M.

f(M) is locally a submanifold of M, thus as far as local notions are concerned one can consider f(M) with the induced metric, as a Riemannian submanifold of M.

In differential geometry it is common to make no distinction between M, f(M) and consider M (itself) as a (local) submanifold of M. So the extrinsic geometry of f(M) in M is attributed to f(M) or M or even f equally.

Definition 1.2. Let M^n ⊂ M^m be a Riemannian submanifold, let NM be the normal bundle of M, let ξ ∈ Γ(NM) be a (local) normal vector field, let D be the Levi-Civita connection of M, let X ∈⟩⟨(M) be a (local) tangent vector field, then A_ξ defined by A_ξ X = −(D_X ξ)^T = − (tangent component of D_X ξ) is called the shape operator tensor of M along ξ.

Remark 1.3. A_ξ X is a tensor field on M, so for each x ∈ M, we have a map A : T M −→ T M, defined by A(v) = −(D_X ξ)^T ∀X ∈⟩⟨(M), X(x) = v. A is a self-adjoint linear map called the shape operator of M along ξ.

Definition 1.4. If m − n = 1, then the rank of A at x ∈ M is called the type number of the hypersurface M at x. If f : (M^n, g) −→ (M^{n+1}, h) is an isometric immersion, then rk(f)_x is the rank of the shape operator of f(M) in M at x.

Definition 1.5. An (immersed) hypersurface M^n of R^{n+1} is of revolution (or a revolution hypersurface) if there exists a line l ⊂ R^{n+1} such that the rotation group G_l ∼= So(n), of rotations around the line l, leaves M invariant.

Definition 1.6. A cohomogeneity one Riemannian manifold M^n is called umbilical if each principal orbit is totally umbilic in M, i.e., the shape operators of the principal orbits are of the form λId_{n−1}, where the λ’s are smooth functions on the orbits.

When M is a cohomogeneity one manifold under the action of G, then it is well-known (see [A]) that M/G ∼= R, S^1 , [0, ∞) or [0, 1]. If k : M −→ M/G = Ω is the projection, G.x = the orbit of x is called principal (resp. singular) if k(x) ∈ Ω^0 (the interior of Ω), (resp. k(x) is in the boundary of Ω). Note that these notions are in agreement with the above definitions. The point x is called regular (resp. singular). So when the orbit space M/G is R or S^1 then all orbits are regular, if M/G is the interval [0, ∞) there is just one singular orbit and if M/G is [0, 1], there are two singular orbits. We set M_{reg} to be the set of all regular points of M, M_{reg} is an open dense subset of M. If x ∈ M, there exists a neighborhood U of x such that (U, g) is locally isometric to (G/H × I, g_t + dt^2). Here H is the isotropy subgroup of G at x, I is an open interval of R, g_t is a family of G-invariant metrics on G/H depending smoothly on t ∈ I, dt^2 is the standard metric of R.

2 Main results

Theorem 2.1 ([Ka]): Let M^n(n ≥ 4) be a complete Riemannian manifold with nonnegative curvature and of cohomogeneity one under the action of a compact connected Lie subgroup of Iso (M) and let f : M −→ R^{n+1} be an isometric immersion such that f is 1 − 1 on the set of points where rk(f) ≤ 1. Then M is a revolution hypersurface iff M is an umbilical cohomogeneity one Riemannian manifold.

Proof. See [Ka] for the complete proof of the theorem.

Example 2.2 ([Ka]). Let M = R^n #S^n ⊂ R^{n+1} (the smooth connected sum of R^n , S^n), the imbedding ϕ : M −→ R^{n+1} is defined by

ϕ([x]) = { x if the class [x] has just one point, (x, 0) if the class [x] has two points x ∈ R^n , x^′ ∈ S^n

Note that we can assume in the second case that x ∈ ∂(R^n −^∘D^n), x^′ ∈ ∂(S^n−^∘E) and x (identified with (x, 0)), x^′ are the same vector as points of R^{n+1} . Here^∘D^n is the interior of the disk {x ∈ R^n : ‖x‖ ≤ 1} and ∘ E is the interior of the closed lower hemisphere i.e., E = {x ∈ S^n : x = (x_1, . . . , x_{n+1}), x_{n+1} ≤ 0}, ∂ stands for the boundary. Now we consider M with the induced metric of R^{n+1} . G_l=the rotations in R^{n+1} around the line l passing through the center of S^n and orthogonal to R^n × {0} ⊂ R^{n+1} , so G_l ∼= So(n). M ⊂ R^{n+1} is a revolution hypersurface, by definition 1.5, since G_l(M) ⊆ M. If [x] ∈ M either [x] ∼= x ∈ R^n then the orbit G_l.x is S^{n−1}(‖x‖) or [x] ∼= x ∈ S^n, then G_l.x = S^{n−1}_{(0,xn+1)}( √ 1 − x^2_{n+1}), i.e., the (n − 1)-sphere with center (0, x_{n+1}) ∈ R^{n+1} where x = (x_1, . . . , x_{n+1}) and radius √ 1 − x^2_{n+1}. Both S^{n−1}(‖x‖) and S^{n−1}_{(0,xn+1)}( √ 1 − x^2_{n+1}) are totally umbilic in M, so again by theorem 2.1, M is a revolution hypersurface.

Example 2.3 ([Ka]). Let M = S^n × R^m ⊂ R^{n+m+1} , n ≥ 1, m ≥ 2, G = So(n + 1) × So(m) with the action (h_1, h_2)(x, y) = (h_1x, h_2y) ∀(h_1, h_2) ∈ G, ∀(x, y) ∈ M. M is a cohomogeneity one hypersurface that is not of revolution since it does not satisfy definition 1.5. To see this, take any line l ⊂ R^{n+m+1} and consider G_l, take any point (x, y) ∈ M − l, then G_l ∼= So(n + m) leaves the (n + m)-dimensional plane P through (x, y) and orthogonal to l invariant and it acts transitively on the (n+m−1)-dimensional sphere S in P with center P ∩ l. So certainly there is a point (x^′, y^′) ∈ S with ‖x^′‖ ≠ 1 and there is a g ∈ G_l s.t g(x, y) = (x^′, y^′), but (x^′, y^′) ∉ M, so M is not invariant under G_l.

If (x, y) ∈ M is an arbitrary point, its orbit G.(x, y) is S^n ×S^{m−1}(‖y‖), so

the shape operator of G.(x, y) in M at (x, y) is [ 0 −^1_{‖y‖} Id_{m−1} ] for ‖y‖ ≠ 0 and the shape operator is identically 0 for (x, 0) ∈ M. Hence the principal orbits are not totally umbilic in M. Thus theorem 2.1 shows as well that M is not a revolution hypersurface.

Acknowledgments

I would like to thank the referee for his suggestions and corrections.

References

[A] Alekseevsky, D.V. & A.V.: Riemannian G-manifolds with onedimensional orbit space. Ann. Global Anal. Geom. 11 (1993), 197-211.

[B] Bredon, G.E.: Introduction to compact transformation groups. Academic Press, N.Y., London 1972.

[CD] Cecil, T.E and Ryan, P.J.: Tight & taut immersions of manifolds. Pitman, Boston, 1985.

[Ka] Kashani, S.M.B.: Cohomogeneity one revolution hypersurfaces of the Euclidean space. Southeast Asian Bull. of Math. (1999)23:633-642.

[K] Kobayashi, S.: Compact homogeneous hypersurfaces. Trans. AMS. 88 (1958), 137-143.

[KN] Kobayashi, S. & Nomizu, K.: Foundations of differential geometry, Vol I,II, Wiley-Interscience, New York, 1963-1969.

[M] Mostert, P.S.: On a compact Lie group acting on a manifold. Ann Math.

65 (1957), 447-455.

[NT] Nagano, T. & Takahashi, T.: Homogeneous hypersurfaces in Euclidean spaces. J. Math. Soc. Japan 12 (1960) 1-7.

[O] O’Neil, B.: Semi Riemannian geometry with application to relativity.

Academic Press, 1983.

[PT] Palais, R.S. & Terng, C.L.: A generalized theory of canonical forms.

Trans. AMS 300 (1987), 771-789.

[PS] Podesta, F. & Spiro,A.: Cohomogeneity one manifolds and hypersurfaces of the Euclidean space. Ann. Global Anal. Geom. 13 (1995), 169-184.

[R] Ros, A.: Compact hypersurfaces with constant scalar curvature and a congruence theorem. J. Diff. Geom. 27 (1988), 215-220.

[T] Takahashi, T.: Homogeneous hypersurfaces in spaces of constant curvature. J. Math. Soc. Japan 22 (1970), 395-410.