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Introduction

These lectures are intended for graduate students in mathematics or physics who need some basic
concepts in differential geometry, global analysis, operator algebras and pseudodifferential operators
in view of understanding how these are used in quantum field theory.

Far from being complete, these notes offer a first guide for the layperson, suggesting further ref-
erences for the interested reader. The list of references suggested at the beginning of each section is
also far from complete and is just meant to give the reader a first hint of the (often huge) literature
on the subject. I have mostly chosen to refer to text books and survey type articles, in order to limit
the number of references.

Because of lack of space, I unfortunately have had to leave out numerous examples that illustrate
the sometimes rather abstract concepts presented here. The last chapter somewhat compensates for
this lack of example by illustrating in Yang-Mills, Seiberg-Witten and string theory how the various
concepts introduced in the previous chapter can come into play to investigate the structure of the
configuration and moduli spaces.

For the sake of simplicity, I chose to introduce the concepts of manifold and vector bundle in the
simplest infinite dimensional setting, namely the Hilbert setting, leaving aside the more subtle con-
cepts needed in the Fréchet setting. A more general infinite dimensional setting is described in [26].
The Hilbert setting offers various simplifications; we have the very useful implicit function theorem
at hand and any closed subspace of a Hilbert space splits the Hilbert space as a direct sum of this
subspace with its orthogonal complement. Also, a partition of unity can be defined on a Hilbert
manifold, which is not always the case on Banach manifolds.

In fact the most appropriate setting for our needs is the I.L.H. setting, namely the inverse limit of
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Hilbert spaces [41] which we shall only briefly mention in the applications at the end of these notes.

These notes start at a leisurly pace but the material gets denser as one goes along, relying on
the fact that the reader who has read the beginning chapters has got acquainted with the geometric
concepts enough to be able to use them rather loosely in the last chapters.

The present lecture notes are organized in five chapters; the first three are dedicated to prerequisites
in differential geometry (including infinite dimensional Banach structures), chapter 4 to operators
and operator algebras of different types, including pseudodifferential operators and a brief incursion
into index theory. Chapter 5 is dedicated to the geometry of configuration and moduli spaces one
comes across in Yang-Mills, Seiberg-Witten and string theory.

Table of Contents

e Chapter 1: Manifolds, Lie algebras and Lie groups

Chapter 2: Vector bundles and tensor fields

Chapter 3: Principal bundles

Chapter 4: Fredholm operators and elliptic operators on closed manifolds

Chapter 5: Configuration and moduli spaces

1 Manifolds, Lie algebras and Lie groups

1.1 Banach vector spaces
Useful references are [5], [9], [30], [47], [54].

Recall that a Banach vector space (we shall say Banach space for short) is a vector space equipped
with a norm for which it is closed.

Definition: Let F and F' be two Banach spaces and U an open subset of £. Amap f: F — Fis
differentiable at a point xg of U provided there exists a continuous linear map L : E — F and a map
¢ :U C E — F defined on a neighborhood U of 0 € E such that

f(@o +y) = f(xo) + L(y) + o (y)
()L

with limy, o H75 % = 0, where [| || is the norm on £ and [|-||r the norm on F. Then L is a uniquely
defined map, called the differential at point xy and denoted by D, f.

The space L(E, F') of continuous linear maps from F to F' is also a Banach space when equipped
[ Lullr
lulle -

with the norm |||L[|| := sup,,4

Definition: Let £ and F' be two Banach spaces and U an open subset of E. Themap f: U C E — F
is of class C' on U provided f is differentiable at any point of U and the map:

Df:U — L(E,F)
x +— D.f
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1S continuous.

Indentifying £ (L(E,L(E,---(E,F)---,F)F) —where E arises k times— with the Banach space
LF(E, F) of k-linear maps from E* to F', we can define the notion of C* differentiability.

Definition: A differentiable map f: U C E — F is of class C* provided Df is of class C*~1.

Definition: Let F and F' be two Banach spaces and U, V two open subsets of E and F, re-
spectively. A differentiable map f : U — V is a diffeomorphism whenever it is one to one and onto
and its inverse map is differentiable. It is a C* diffeomorphism whenever it is a diffeomorphism and
both f and its inverse f~! are of class C¥.

The following well-known results in Banach spaces will be used later in these notes.

Local inverse function theorem: Let E and F' be Banach spaces, U an open subset of E and
f:U — F aC* map for some k > 1. If for some point 2o € U the map D, f : E — F is an
isomorphism then there exists a neighborhood W of z such that the restriction fy,, : W — f(W) of
f to W is a C* diffeomorphism.

Hahn-Banach theorem: Let F C E be a linear subspace of E s.t. F # E. Then there is a
continuous linear form L on E such that L(u) #0 Yu € F.

Applying this result to the vector space F' = (ug) generated by some uy € FE yields the follow-
ing:

Corollary: Let ug # 0 € E, where F is a Banach space. Then there is a continuous linear
form L on E such that L(ug) # 0.

Another fundamental result for the following is the

Open mapping theorem: Let E and F' be two Banach spaces. A continuous linear map L : E — F
which is onto takes an open subset to an open subset. If it is continuous and one to one, it is a
homeomorphism.

Corollary 1: Let F' and G be two closed linear subspaces in E such that & G = E. Then
the map:

FxG — FE

(u,v) — u+wv
is an isomorphism of Banach spaces.

Restricting oneself to the Hilbert setting is convenient because of the existence of orthogonal com-
plements for closed subspaces. This property can be formulated as follows.

Definition: A linear subspace F' of a Banach vector space E splits the space E if it is closed
and if there exists a closed linear subspace G of E such that £ = F & G.

In the finite dimensional setting, any subspace splits a vector space. In the Hilbert setting, any
closed subspace of a Hilbert space splits the space; the orthogonal complement does the job and the
above Corollary takes the following form.



Corollary 2: Let E be a Hilbert vector space and F' a closed linear subspace of F then the map:
FxFt — F

(u,v) — u+wv

is an isomorphism of Hilbert spaces.

1.2 Manifolds, submanifolds
Useful references are [22], [27],[30], [33], [55].
Definition: A manifold M of class C*, k > 0 (or C*-manifold) modelled on a Banach space F

(called the model space) is a topological space equipped with a C*-atlas i.e. a set of local charts
{(U;, ¢4),1 € 1} satistying the following requirements:

i) for any i € I the subset U; is open and M = ., U;,

iel
ii) for any i € I, the map ¢; : U; — ¢;(U;) is a homomeorphism onto an open subset of E,
iii) for any i,j € I the maps
¢i o ¢j_1 9 (UiNU;) — (Ui N ;)
are diffeomorphisms of class C* called transition maps.

It is of class C™ if it is of class C* for all k > 0.

An atlas is not unique and any C* (resp. C™) atlas could do; one usually picks out the mami-
mal atlas, i.e. one that contains all the others.

A (real) finite dimensional manifold of dimension n is modelled on £ = IR" and local charts provide
local coordinates:

¢i: Ui — ¢i(Ui)
x +— (x1,---,x,) € R".

Transition maps are elements of GL(n, IR).
Examples.

e The unit sphere in R"™! defined as:

n

S"={(xo, -+, x) € R™D "y =1}

=0

is a smooth manifold of dimension n. Let Uy = S™ — {N} and Uy, = 5" — {S}, with
N = (0,---,0,1) the north pole and S = (0,---,0,—1) the south pole. Given a point

M(xg, -, xy_1,x,) € Uy, we have NM = (x, — 1) (:C:il, e ;”::11, 1) and for a point a point
M(xg, -+, xp-1,2,) € Uy we have SM = (Tn +1) (325, 3257, 1)- Local charts are (Uy, ¢1)
and (U27¢2) where (bl(x(h T 7xn) = <%7 ) fﬁ;i>7¢2('x07 T an) = (%7 ) ﬁ_;;)



e The n-th dimensional torus 7" = R"/ ~ where
n
n~edn e Zi=1---n, 2z _ZQZZniei
i=1

where we have set ¢; = (0,---,0,1,0,---,0) € IR" with 1 at the i-th place.

e The projective plane P,(R) = R"™' — {0}/ ~= 5"/ ~ where 21 ~ 2o & IN € R, 21 = Az
and 23 ~ zp < 3\ € {—1,1}, 23 = Az. Local charts are given by U; = {(xo, 21, -+, 2,) €

R™ 2; # 0} and ¢;(z) = ("0 R S i—?) where the " means we have deleted the variable.

z;’ ’ X

e The Grassmann manifold G}(IR) of k-dimensional submanifolds of R". Given V C IR", we
can identify IR" =V x V+. A neighborhood of V € G} is mapped homeomorphically onto an
open set in the vector space of linear maps V' — V*. This makes G a manifold of dimension
k(n — k). The case k = 1 yields back the projective space P, (IR).

Definition: Let F be a linear subspace of a Banach vector space F that splits E. Given a C*
manifold M modelled on E, a subset N of M is a submanifold of M modelled on F' provided there
is a C*-atlas {(U;,¢;),7 € I} on M that induces an atlas on N, i.e. for any i € I there are open
subsets V;, W, of E, F' such that

¢i(Ui) =Vio W;
and

¢:(UsN N) =V; © {0}.

In the case of an n-dimensional real manifold, the model space is R™ and a subspace F' of dimension
k < n of IR" can be equipped with a basis which we complete to a basis of IR". In this basis local
coordinates on N will be of the form:

(9i)), :UinN — ¢;(V;)
xr — (x1,"+,2%0,---,0) € R".

In what follows, using local charts, we carry out to manifolds the notion of differentiability, C*-
regularity, and the notion of diffeomorphism, to maps between manifolds. Although the construction
uses local charts, the concept thereby defined is shown to be independent of the choice of local chart.
All the manifolds involved are Banach manifolds.

Definition: Let M, N be two Banach manifolds of class C*,C!, k,I > 1 respectively and mod-
elled on E, F respectively. A map f: M — N is differentiable at a point zo € M provided there is
a local chart (U, ¢) of M containing zy, a local chart (V) containing f(xo) such that the map

pofodtig(U)CE—¢(V)CF
is differentiable at point ¢(xo).
A tangent vector at a point z of a C*-Banach manifold M (k > 1) modelled on E is an equiva-

lence class £ of triples (U, ¢, v) where (U, ¢) is a local chart on M containing x and v a vector in the
Banach space E, the equivalence relation being defined by:

(U, ¢,v) ~ (V,1h,w) & w = Dy (Yo d™") (v).

In other words, v is the tangent vector & read in the local chart (U, ¢) whereas w is the tangent vector
¢ read in the local chart (V) 1)).



In the finite dimensional setting, say in dimension n, given a local system of coordinates (z1,- -, z,),

a tangent vector reads v := Z?:l vi%.

The space T, M of tangent vectors at a point x € M can be equipped with a vector space struc-
ture induced from that of the model space E. Since transition maps are diffeomorphisms, the maps
Dy (¥ 0 ¢~ 1) are isomorphisms of Banach spaces and T, M can be equipped with a Banach struc-
ture induced from that on E. Thus T, M ~ FE is a Banach space.

Definition-Proposition: Let M and N be two Banach manifolds of class C*, C! respectively,
with k,1 > 1. Let f : M — N be a differentiable map, then D, f : T,M — TN is a linear map,
called the differential of f at point x defined by:

Dy f(§) =1 v= Dy (Vo food™)u
whenever u corresponds to £ read in a local chart (U, ¢) containing x and v corresponds to 7 read in
a local chart (V) containing f(z).

This definition is independent of the choice of local chart.

Given a manifold M of class C*, k > 1, the set TM := Uenr ToM can be equipped with a Cr1-
manifold structure, a local chart at (z,¢), £ € T, M being of the type (U, ¢, D¢) where (U, ¢) is a
local chart on M at point z.

Definition: Given manifolds M, N of class C* C!, k,l > 1, amap f : M — N is of class CY,
with 1 < j < inf{k, 1} provided it is differentiable and Df : TM — TN is of class C7~1.

Submanifolds can be obtained via embeddings, a particular class of immersion. As we saw in the
first section, a subspace of a Banach space does not automatically split the space E, so that we need
to encode a “splitting” condition in the definition of immersion:

Definition: A differentiable map f : M — N from a C*-manifold M, to a C'-manifold N with
k,l > 11is an immersion (resp. submersion) provided D, f is injective (resp. onto) and the range
R(D,f) (resp. the kernel Ker(D, f) splits TN (resp. T, M) for any = € M.

Here again, the Hilbert setting offers a simplification:
A differentiable map f : M — N from a Hilbert manifold M to a Hilbert manifold N is an im-
mersion (resp. submersion) provided D, f is injective (resp. onto) and R(D,f) is closed for any

x € M. (Note that the kernel is always closed when the operator is closed).

An injective immersion is called an embedding. The following result which is a manifold version
of the global inverse map theorem will be very useful in the slice theorem.

Global inverse map theorem: An embedding f : M — N that is a homeomorphism onto its
range yields a submanifold f(M) of N and f(M) ~ M, namely M is diffeomorphic to its range.

1.3 Partitions of unity
Useful references are [26], [30].



Partitions of unity provided means of gluing together local objects in order to build a globally
defined one. It is therefore important to define conditions under which partitions of unity with a
certain degree of regularity exist.

Definition: A partition of unity of class C* of a C*-manifold M is given by a locally finite covering
(u)ic; of M and a family {1;,7 € I} of maps of class C*:

such that:
1.0<y;, Viel

2. The support of 1); is contained in U;

3. Zig Yi(p) = 1.

Such a partition of unity is said to be subordinated to an atlas (W;, ¢;)ic; on the manifold if U; C W;.
A partition of unity is smooth whenever it is of class C* for any k € IN.

Let us recall that a manifold is paracompact if from any cover of the manifold, one can extract
a locally finite sub-cover, i.e. a subcover such that every point of the manifold admits a neighbor-
hood which only intersects a finite number of the open subsets of this covering.

The following topological lemma will be useful in the sequel:

Lemma:

1) Any paracompact manifold is normal, i.e. two disjoint closed subsets have dijoint neighbor-
hoods.

2) (Urysohn’s Lemma) Given two closed disjoints subsets A and B of a topological normal vector
space E, there is a continuous map f : E' — [0, 1] which vanishes on A and is equal to 1 on B.

3) Given a locally finite covering (UQ of a paracompact topological vector space, there is a locally
finite subcovering (V;) such that V; C U;.

Proposition: Any paracompact topological manifold has a continuous partition of unity.

Proof: Let U be an open set on a manifold modelled on some sparable space F and let x € U.
Let (U;, ¢;) be an atlas and (U, ¢;,) be a local chart at point xy. ¢, can be composed with a
map that sends an open ball of £ onto F in such a way that the resulting map (also denoted by ¢)
satisfies ¢;,(U;,) = E. Since the manifold is Banach, it is metrisable, since it is moreover separable, it
is paracompact ([30], chap. II, par. 3, Lemma 1). Thus one can extract from the above subcovering
a locally finite one. The third part of the above lemma then yields locally finite subcoverings (V;)
and (W;) such that W; C V; C V; C U;. Since every V; is closed, given the way the ¢; were chosen,
so are ¢;(V;) and ¢;(W;) closed subsets in E. E being Banach and separable, it is paracompact and
hence normal. The second part of the above lemma yields a continuous map v; : E — [0, 1] which is
1 on W; and 0 outside V;. Composing it with ¢; yields continuous maps ¥; : M — [0, 1] which are 1

on W; and that vanish outside V;. Setting &; := E\I'\Ij yields a partition of unity. m

However, smooth partitions of unity do not always exist on smooth Banach manifolds. They do
on smooth Hilbert manifolds as a consequence of the following result which provides a smooth ver-
sion of the Urysohn Lemma. It essentially relies on the smoothness of the squared norm on a Hilbert
space.



Lemma ([30] Th.3.7): Given two disjoint closed subets A and B of a separable Hilbert space,
there is a smooth map ¢ : H — [0, 1] which is 1 on A and which vanishes on B.

Idea of the proof: First of all, using the smoothness of the squared norm || - ||* on the Hilbert
space H, given any open ball B(x, R) in H centered at point z with radius R, one can build a smooth
function ¢ : H — [0, 1] which is positive on B(z, R) and vanishes elsewhere. For this, one picks any
smooth function 1 : IR — [0, 1] which is positive for ¢ < R and vanishes beyond R, and composes it
with the squared norm to build ¢ := no||-||?>. Using the separability and metrisability of H, one can
build a countable set of open balls {U; = B(x;,r;)} (with z; # z;) which cover A and do not meet
B. One can then inductively construct a locally finite refinement {V; C (J, U;}, and correspondingly
find smooth functions 7; built as above, which are positive on V; and vanish outside V;. The sum
n = Y_.m;, which is finite at each point of W, defines a smooth function that is positive on A and
vanishes on B. Letting o be a smooth function positive on the complement W¢ of W and that
vanishes on W, the map ¢ := 77+La fulfills the requirements of the Lemma. n

Proposition ([30] Corollary 3.8): A paracompact manifold of class C? modelled on a separa-
ble Hilbert space admits a partition of unity of class CP.

Idea of the Proof: The proof goes as in the construction of a continuous partition of unity. One
transports an open covering (which by paracompactness is locally finite) of the manifold by local
charts to the model space and applies the above lemma to the closure of the open subsets obtained
this way. Carrying back the smooth functions thus obtained to the manifold via the local charts
yields a smooth partition of unity on the manifold. m

1.4 Vector fields
Useful references are [22], [27], [30], [33], [55].

Let M be a C*-manifold and let j < k. A CY-vector field is a C7-map & : M — TM such that
&(x) € T,M for all x € M. If M is smooth, a smooth vector field is one that is of class C7 for any
J=>0.

Let us denote by Z(M) the vector space of smooth vector fields on M. If M is n-dimensional,
given a local system of coordinates (zy,---,z,) around a point x, a vector field £ € Z(M) reads

§(x) =30 &il@) g

Definition: The integral curve of a vector field £ on a manifold M is a curve ¢ : I — M (I an
open interval in IR) with tangent vector £(c(t)) at point ¢(t) i.e. such that:

d
Ec(t) =¢(c(t)) Vtel.

From the theory of classical differential equations in Banach spaces we know, that given some initial
condition ¢(0) = x (we assume 0 € ), for some x € M, there exists a neighborhood I of 0 and an
integral curve uniquely defined on /. The union of the domains of all integral curves with a given
initial condition z is an open interval which we denote by I, with end points ¢, < ¢t (which could
be +00 or —00).

These integral curves are smooth w.r. to initial conditions namely, given an integral curve c, starting
at point x, there is an open neighborhood U, of x and a neighborhood J, of 0 such that for for y € U,



the integral curve ¢, starting at point y is defined on .J,. Furthermore the map:

JoxU, — M
(t,y) Cy(t)

is smooth.

For some given vector field £, let D(€) denote the subset in IR x M consisting of all points (¢, z) such
that t; <t <tf. The flow of £ is a map:

¢:D(E) =M

such that the map ¢,(t) := ¢(¢, x) defined on the interval I, is a morphism and an integral curve for
& with initial condition z. In particular it satisfies the differential equation:

doe
L =0 g,

The flow ¢, is complete if it can be extended to I, = IR. Fixing the starting point x € M
and setting ¢, := ¢, (t) for any ¢t € IR yields a one parameter semi-group:

¢t © Qbs - ¢t+s Vt,s e R
The above property actually extends to ¢, s € IR which implies:
o b= o

so that {¢;,t € IR} defines a one parameter group of diffeomorphisms.

Given a differentiable map ¢ on M and a vector field &, we call the vector field defined by:

$:£(d()) = Daop(E(x)),
the push forward of £ and if ¢ is a diffeomorphism:

¢¢=(¢71), ¢

the pull-back of £&. For example, we can consider the pull-back ¢f§ of € along the integral curve ¢; of .

Definition: The Lie bracket of two vector fields ¢, € on a smooth manifold M is given by the
variation of ¢ along an integral curve ¢; of &:

68 =5 @H=% ((@0.9).

On an n-dimensional manifold, in local coordinates around a point x the Lie bracket reads of two
vector fields £ = "2 and n = n';2- reads:

(& nl(x) = (€ 0y =0'0:,8) 35—
L
with the usual summation convention over repeated indices which run from 1 to n. Given a smooth
map ¢ from a manifold N to a manifold M and &, & € Z(M), we have:

(048, D:E] = 04[8, €]
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If &, &, &5 are three vector fileds on a smooth manifold M and ¢, is a one parameter group of local
diffeomorphisms generated by &3, then differentiating the following relation:

G1.[61, &2 = [01.615 D162

w.r.to t at t = 0 yields the Jacobi identity:

[[€1, &, &) + [[€2, &3], &) + [[€3, &1, &2) = 0.

Vector fields can be identified with derivations on M and Lie brackets with operator brackets of
the derivations. By a derivation on M we mean a linear map L : C*°(M, R) — C*°(M, IR) which
obeys the Leibniz rule

L(fg) = L(f)g+ fL(g) Yf,g€ C™(M, IR).

The set Der(M) of derivations on M is a vector space over IR. To a given vector field £ on M we
associate the map:

Le: C®°(M,R) — C®(M,R)
f = Df(§)

which is clearly a derivation.

Let & # 0, then there is some x € M such that £(x) # 0. Let (U, ¢) be a local chart around z
and u a representative of {(x) in this chart. Since u # 0, by the Hahn-Banach theorem there is some
linear form L on the model space E such that L(u) # 0. Thus Lo D¢ = D(Lo ¢) does not vanish on
D¢~ (u) which can be identified with £(z). Patching up the locally defined maps f := Lo¢ : U — IR
using a smooth partition of unity on M (provided there is one) shows the existence of a function
f € C(U, R) such that L¢f(x) = Df(£(z)) # 0 so that Lg # 0. Thus, provided there is a smooth
partition of unity on M, there is a one to one correspondence:

=(M) — Der(M)
§ — Le¢: f— Df(S).

The following identification holds:

Proposition: Given two vector fields &, € on a smooth manifold M and f € C>®(M, R):

[§,€1f = [Le, Lelf

where the bracket on the r.h.s is an operator bracket.

This identification yields back the antisymmetry of the bracket together with the Jacobi identity
which hold for the operator bracket.

1.5 Lie groups and Lie algebras
Useful references are [1], [8], [27].

Definition: A Banach (resp. Hilbert) Lie group modelled on a Banach (resp. Hilbert) space F
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is a C*°-manifold modelled on FE, equipped with a group structure such that the multiplication and
inverse maps

GxG — G
(9,h) = gh
and
G — G
g — g
are smooth.

In fact this second property follows from the former using the global inverse map theorem (see section
1.2).

A finite dimensional Lie group is one that has a finite dimensional manifold structure. Exam-
ples of finite dimensional Lie groups are the group GL(n, IR) of invertible n x n real matrices, the
subgroup O(n) of orthogonal matrices both of which arise as structure groups of frame bundles, the
unitary groups U(n) = {A € GL(n, (), AA* = 1} and the special unitary groups SU(n) = {A €
U(n),detA = 1}, that play an important role in gauge field theory.

Definition: Let H, G be two Lie groups and f : H — G an embedding which is homomorphism of
Lie groups and a homeomorphism onto f(H). Then f(H) is called a Lie subgroup of H.

Remark: Notice that f : H — G being an immersion, D, f(T.H) splits T.G.

Definition: A Lie algebra A is a vector space equipped with an antisymmetric bilinear map:

AxA — A
(a,0) — la,b]

that satisfies the Jacobi identity:

[la,b],c] +[[b,c,a] + [[c,a],b] =0 Va,b,ce A.

A Banach, resp. Hilbert Lie algebra is a Banach, resp. Hilbert vector space equipped with a contin-
uous antisymmetric bilinear map which satisfies the Jacobi identity.

On the grounds of the above remark, we call Lie subalgebra of a Banach Lie algebra A any closed
linear subspace of A that splits A and that is stable under the Lie bracket, i.e.

a,b € B = [a,b] € B.

In particular, a Lie subalgebra of a Hilbert Lie algebra A is a closed linear subspace of A stable under
the Lie bracket of A.

Definition: A left- (resp. right-) action of a Lie group G on a smooth manifold M is a map:
O:GxM — M
(9;) — ©(g,7)
such that:
Oe,z)=x Yz eM
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and
O(gh,z) = 0O (g9,0(h,z)) Vg,hed

(resp.
O(gh,x) =0 (h,0(g,z)) Vg,h € G.)

Such an action is smooth if the map © is smooth. It is convenient to denote a right action by
O(g,z) := x - g and a left action by O(g,z) := g - .

A Lie group acts on itself by a right and a left action via the multiplication maps:
R,(h) :==hg, Ly(h):=gh Vh,g€G.
It also acts on itself via the adjoint action:

GxG — G
((g,h) — Ady(h) :=LyR,;~1h = Ry-1Lgh.

A right invariant field on G is a vector field € such that:
§(hg) = DyR({(h) ie. Ry &=¢ Vhged
and a left invariant field on G is a vector field £ such that:

§(gh) = DyL(§(h)) ie. Ly &=¢ VhgeG.

Let Z1(G), resp. Zg(G) denotes the space of left, resp. right invariant vector fields on G. For any
u € T.G the vector field g — &4(g) := D.Ly(u) is left invariant, g — &f(g) :== D.R,(u) is right
invariant, and we can build two maps:

= =p:T.G —  Eg(G)
u  +— D.Ly(u) and u  +— D.Ry(u),

which are one to one and onto.

If the manifold M is a Lie group, given two left invariant vector fields ¢X and X on G, their Lie
bracket is also left invariant for we have:

[Lg*&Lg*g] = Lg*[§L>gL] Vge G

and a similar property holds for right invariant vector fields on G. Thus the Lie bracket on vector
fields induces two brackets on T,G:

[U,’U]L = [55765]7 [U,U]R = [ 5755] \V/U,U € TeG-
The map:

J: G — G

g — g

satisfies gJ(g) = e, i.e. Ryg)(g9) = e (or equivalently J(g)g = e i.e. Ly(J(g)) = e for any g € G).
Differentiating this relation at point h € G yields DpRy-1u + (Dpg-1Lg) DpJu = 0, and gives the
expression for its differential map at h € G:
DhJ : ThG - ThG
v = —(Dpg1L,) " DpRy1v = —Dpy1 Ryt (DyL,) v
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since DL, commutes with DR,. Hence DJ takes a left 1nvar1ant vector field 4(g) = D.L,(u) € T,G
to a rlght invariant vector ﬁeld D,JEE(9) = —DoRy-1 (DyLy) ' €E(g) = —€E(g™), so that:

DyJ (&) = =&l d ie JE&T= -
Since J is a diffeomorphism, it follows that:

(€, &k = [1.€8, 7.8 = J. €8, €F]

and hence

[w, vl = [u,v]r = [67,€71(e) = €1, &1(e).

The tangent space T.G equipped with this Lie bracket becomes a Lie algebra denoted henceforth by
Lie(G).

Every automorphism ¢ of the Lie group G induces an automorphism ¢, of its Lie algebra Lie(G) for
if ¢ is a left invariant vector field, then so is ¢,& and

[6.£, 0.€] = 0. 1€, €.

In particular, for any g € G, the automorphism

Ad(g): G — G
h — ghg™

induces an automorphism of Lie(G) also denoted by Ad,,.

To the left invariant and right invariant vector fields £& and £ built from an element u € Lie(G),
we can associate two local flows ¢Z and ¢Z defined by

do, (t) deyi(t)

1l — (o), T = €h(ote))

Let us assume such a flow ¢, is defined up to time ¢;. For simplicity we drop the superscript L and
set g1 = ¢y (t1). Then & being left invariant 1, (t) := g1¢,(t) verifies:

d d
awu@) = D¢u Lg1 dtD¢u(t) D¢u 915 <¢ ( ))

& (Gu()(910u(1)) = & () (u(t))

and ¢, (0) = g1. As before, 1, can be defined on an interval [0, ¢;] thus extending the flow ¢,, defined
on [0, ] to a flow on, [0,2t;[. Iterating this procedure shows that the flow can be extended to all IR.
The same holds for the flow ¢%.

The left invariant and right invariant integral flows ¢~ and ¢ of some vector u in the Lie alge-
bra of a Lie group are therefore complete.
Let us compare these two flows:

d

STl = Dy (E10E®)

= =&l (Jogl(t)

and hence

d L d L __ R L
L (6h0) = L (0 6H(—1) = €8 (J o 68 ()
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so that ¢Z(t) satisfies the same differential system as ¢(¢) with the same initial conditions.

From the uniqueness of such a solution, we conclude that

O (t) = 0/ () = du(t).

Definition: The map:
exp : Lie(G) — G
§ — ¢u(l)

is called the exponential map on the Lie group G.

Since D.exp = Id, by the local inverse theorem recalled in section 1.1, it induces a local diffeo-
morphism:

exp:U C Lie(G) =V CG
from an open neighborhood of 0 to an open neighborhood of e € G.

On GL(n, IR) it coincides with the exponential map of matrices exp A = Y ° %Ak.

Given a € Lie(G), we can define a one parameter family ¢, := exp(ta), t € I C IR where [ is
a (small enough open) interval containing 0, and define the adjoint action of Lie(G) on itself by
differentiating that of G on Lie(G):

ad, : Lie(G) — Lie(G)
Adgt(b) = [a7 b]

b —

%lt:o
thus recovering the Lie bracket of Lie(G).

The exponential map is not a morphism from the vector space (Lie(G),+) to the group (G, -) as can
be seen from the Lie Campbell-Hausdorff formula:

expa-expb = exp (Z C®(a, b))

k=0

using the Banach topology on Lie(G) and where CV(a,b) = a+b and for k > 1, C*)(a, b) is a linear
combination of Lie monomials of degree k in a and b given by:

(=1 (ad a)* (adb)P - - - (ad a)¥ (ad b)’ib
Bt = 3 Ty 2t S, e a5

Here we have set ad a(c) := [a, ¢] and the inner sum is over all j-tuples of pairs of nonnegative integers
(g, ) with oy + 5 >0 and a; +---a; + 61 + -+ - §; + 1 = k (terms with §; # 0 vanish).

j=1

2 Vector bundles and tensor fields

2.1 Definition and first properties
Useful references are [23], [?], [27], [39], [48], [52], [55].

Definition: A fibre bundle of class C* with typical fibre a C* Banach manifold V' (we shall also say
modelled on V and call V' the model space) is a triple (F, B, ) often denoted by 7 : F' — B where

14



- F and B are differentiable manifolds of class C*, called total space and base space respectively,

- m: F — Bis a map of class C*, called canonical projection , such that there is a set of local
charts (U;, ¢;)icr covering B and C* diffeomorphisms

7w N (Uy) — ¢i(Us) x V
satisfying the following requirements:

i) the fibre F, = 71(b) is a Banach manifold and

ii) 74(b) == p, 152 diffeomorphism from Fj to F.

A triple (U;, ¢4, 7;) is called a local trivialisation of the bundle.

1

Two local trivialisations (U, ¢;, 7;) and (Uj, ¢5,7;) give rise to maps 7;; := 7, 0 7, called transi-

tion maps of the form:
Tij - ¢7,(U1 N U]) xV — Qb](Ul N U]) xV
(b,v) — (b,7;(b)(v))

where the 7;;(b) are diffeomorphisms of class C* of V.

Transition maps satisfy the following properties:

7:(b) = idy Vb € U;
735(b) 0 7;i(b) = idy Vb e U;NU;
Tij<b)o7—jk(b)o7_ki(b) :’Ldv \V/be UiﬂUjﬂUk.

The family {7;;} is called a cocycle associated to the trivialization {U;, 7;,7 € I}, and the last relation
mentioned above a cocycle relation. From a covering of a manifold B together with a set of transition
maps satisfying these relations one can reconstruct the fibre bundle on B.

A C* section of a fibre bundle 7 : F — B is amap s : B — F of class C* such that mos = Idg. It
is smooth when it is of class C* for all k € IN.

The space of C* sections of F is denoted by C*(F).

In the following we mainly consider smooth manifolds and smooth bundles as well as smooth sections.

Definition: A morphism of C* fibre bundles 7 : F — B and ©' : F/ — B’ is a couple (fy, f)
of C* morphisms fy: B — B’ and f: F — F' such that 7’ o f = f, o7 and the induced map on the
fibres f, : 7 '(x) — (7') " (2) is a morphism of the fibres.

In what follows we shall often take B = B’ and f, = Id.

Two fibre bundles are isomorphic if there is a diffeomorphism from one to the other.
A trivial fibre bundle is a fibre bundle isomorphic to the bundle 7: F =B xV — V.

Definition: Let B’ — B be a C* morphism of Banach manifolds, and let /' — B be a C*-fibre
bundle on B. The pull-back ¢*F of F by ¢ is a fibre bundle ¢*x : ¢*F — B’ with total space:

¢ F = {(V/,v(p(t))) € B" x Fyry)}

where V' is the model space of F' and with projection ¢*m(b) = m(¢(b)).
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Definition: A (real or complex) vector bundle of class C* is a fibre bundle of class C* with
typical fibre a (real or complex) vector space V', and such that there is a local trivialization inducing
automorphisms 7;;(z) of the Banach vector space V, ie. 7,; € GL(V).

When V = IR? (resp. €?), the vector bundle has rank d. If d = 1 it is called a line bundle.

Example. The Grassmann bundle ;' over the Grassmann manifold G}(IR) is the vector bundle
with fibre above the vector space V' C IR" given by the pairs (V,z) such that z € V. It is a vector
bundle of rank k.

A real finite rank vector bundle is orientable provided it has a trivialization with transition maps
7,5(b) with positive determinant. A manifold is orientable whenever its tangent bundle is orientable.

Given two Ck-vector bundles m, : E; — B and 7 : Fy — B over a C*- manifold B modelled
repsectively on the linear spaces 1V} and V5, we can build their Whitney sum m &7y : E1 & Fy — B
which is the C*-vector bundle over B modelled on V; @ V5 whose fibre above b € B is given by
7,1 (b) @ 75 *(b) and whose transition maps are given by the Whitney sum of the transition maps of
E1 and 2E

Serre-Swan’s theorem states that for any a finite rank C*-vector bundle E over B, there is a finite
rank C*-vector bundle F over B such that E @ F is C*-isomorphic to a trivial bundle over B.

The set C°(E) (resp. C*(E)) of continuous sections (resp. smooth sections) of a vector bun-
dle E forms a linear space which is a C°(B)- (resp. €*(B)-module. An equivalent formulation
of Serre-Swan’s theorem is the existence for the C°(B)— (resp. Coo(B)-) module C°(E) (resp.
C=(E) of a C°(B)— (resp. C(B)—) module M such that C°(E) & M ~ (€>(B))" (resp.
C®(E) ® M ~ (€°(B))" for some positive integer N.

Given a manifold M of class C*¥™! (resp. of class C*) modelled on a Banach space V, the tan-
gent bundle TM is a C* (resp. C°°)-vector bundle with fibres modelled on that same space V; given
a local trivialization (U;, ¢;) on M, a local trivialization (U;, ¢;,7;) on T'M is given by (U;, ¢;, Do;)
and D¢; o D¢ " is of class CF~1.

Vector fields on a smooth manifold M are smooth sections of the tangent vector bundle so that
the space Z(M) is now viewed as the vector space of smooth sections C*°(T'M) of the tangent bun-
dle T'M.

When ¢ is a diffeomorphism, the pull-back ¢*¢ of a vector field is a section of the pull-back ¢*T'M
of the tangent bundle to M since ¢*£(¢p(m)) = Do(E(m)).

Definition: A morphism of C* vector bundles 7 : E — B and 7’ : E' — B’ is a couple (fy, f)
of C*¥ morphisms fy : B — B’ and f : E — E' such that 7’ o f = f; o7 and the induced map on
the fibres f, : 7' (x) — (7/)" (2) is a linear map. It is an isomorphism if it is invertible and if its
inverse is a morphism of vector bundles

Here again, we often take B = B’ and fy = Id.

Let k = 0, in which case the vector bundles are topological vector bundles. An isomorphism preserves
direct sums so that the Whitney sum induces a sum

[E]O[F] = [E® F]

on the set
Vect(B) :={[E], E vector bundle over B}

of equivalence classes of vector bundles 7 : £ — B modulo isomorphisms, turning it into an abelian
semi-group. Let [k] denote the equivalence class of a trivial bundle of rank k over B. Serre-Swan’s
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theorem implies the existence for any topological vector bundle m; : £y — B of a vector bundle
7o : By — B and a positive integer k such that [F] ® [Es] = [k].
The set:

K°(B) :={([E1], [Ea])}/~;  where ([E\], [Es]) ~ ([F1], [F2]) <= [EA][F] = [FA]&]E),

called the K°-group of B inherits a group structure for the Whitney sum &. Morally, ([E1], [Es))

stands for a difference [F;]©O[Es] and two topological vector bundles E and F define the same element
in K°(B) if there is a vector bundle G such that F &G ~ E & G.

2.2 Tensor, dual and morphism bundles

We refer the reader to the same references as the previous section.
The (topological) tensor product of two Banach spaces is built from their algebraic tensor product
as follows.

Definition: Given two Banach vector spaces V; and Vs, the tensor product Vi®Vs is the unique
Banach vector space V' such that the following map:

LV,W) — B(Vi x Vo, W)
[ ((ug,ug) = fur @ uy))

is continuous for any Banach space W. Here B(V; x Va, W) denotes the set of continuous bilinear
forms on V] x V5 with values in W.

If || - ||; denotes the norm on V; for i = 1,2 then V;&V, coincides with the closure of the tensor
product for the norm on V; defined by:

||Ul®U2H = |lvil1 - ||v2|2-

If both V; and V; are finite dimensional, then the tensor product & coincides with the ordinary tensor
product ®. In what follows we shall drop the explicit mention of the completion .

Note that K°(B) for some manifold B, can be equipped with the induced tensor product on isomor-
phism classes which turns it into a ring.

Definition: Let m; : By — B and my : Fy — B be two vector bundles of class C* with fibres
modelled on V; and V5 respectively. The tensor product my ® 7o @ Ey ® Fy — B is a vector bundle
of class C* modelled on V; ® V5 with fibre 7, *(b) ® 7, '(b) above b € B and the local trivializa-
tions of which are built from the tensor product of local trivializations (U;, ¢, 7!), (U;, ¢, 77) and
(Ui, ¢i, 7 @ 7).

Transition functions are given by tensor products 7; ® 7.5 where 7,
the bundles Fy, k=1, 2.

Whenever F; and E5 have ranks d; and d», their tensor product has rank dyds.

k = 1,2 are transition maps for

Given a topological vector space V', the dual space V* is the space of continuous linear forms on V.

Definition: Let 7 : E — B be a C* vector bundle with fibres modelled on a Banach space V.
The dual bundle 7* : E* — B is a vector bundle of class C* modelled on V* with fibre (771(b))"

above b € B and local trivializations (U;, ¢;, (Ti_l)*) induced by some local trivialization (U;, ¢;, ;)
of E.
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The transition maps are given by (Tigl)*, where the 7;; are transition maps for £.

Combining duals and tensor products yields different types of bundles which are useful for geo-
metric purposes. The homomorphism bundle is one of them:

Definition: Given two vector bundles £ — B and F' — B, we can build the bundle Hom(FE, F) :=
E* ® F of linear morphisms from £ to F.

Also we shall use the notion of symmetrized and antisymmetrized tensor products of vector bundles:

Definition: Given vector bundles Ej,---, E) based on some manifold B, we can build symmet-
ric sections of their tensor product from sections oy, ---, 04 of Eq,---, Ey:

1
01@5 02 @1+ @0k = 15 D Oa(1) ® Ta(z) @ & Tagh),
) a€Xy

and similarly antisymmetric sections:

1 .
GLAGY A+ Ao = o Z (_1)szgn(a)0a(1) R Oa@) @ @ Tagk)

aEXy

where sign(a) is the signature of the permutation.
Another useful class of bundles is that of tensor bundles on a manifold:

Definition: Given a Banach manifold X of class C* modelled on a Banach vector space E then:

- The dual bundle T* X to the tangent bundle T'X is a vector bundle called the cotangent bundle.
It is a vector bundle of class C*~! based on B and with fibres modelled on E*. Its sections are
called cotangent vector fields.

- The tensor bundle TX9 := ®ITX, g € IN* is a vector bundle of class C*~! based on B and
with fibres modelled on ®4FE. Its sections are called contravariant g-tensor fields.

- The tensor bundle (T*X)? := ®PT*X, p € IN* is a vector bundle of class C*~! based on B and
with fibres modelled on ®PE*. Its sections are called covariant p-tensor fields.

- A (p, q) tensor field is a section of the bundle (R7X) ® (RPT*X).

In finite dimensions, one often writes a (p, ¢) tensor 7" in local coordinates as Tfl 1,',',5) ‘
The p-th antisymetric power of the cotangent bundle denoted by

ANPTM :=T*MN---ANT*M (p — times)

is a vector bundle over M whose sections correspond to p-forms. If M is smooth they form the space
QP (M) of smooth p-forms on M.
Here we have set

1
VIN-- ANV, = {vl/\---/\vpzﬁZ(—l)'TlvT(l)Q@---vT(m, v; € Vi,
T ey,

Pull-backs can be extended to covariant tensor fields.
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Given a morphism ¢ : X — Y between two C* manifolds X and Y, the pull-back by ¢ of a co-
variant p-tensor field 7" on Y is given by:

(@ T)o (U, -+, Up) = Ty(a)(Dep(Un), - -, Dop(Up)) VUi, ---,U, € T, X.
In particular, the pull-back of a p-form is also a p-form. It is easy to check that
¢"(N @) =¢"Th @ ¢"Ty
and that given two morphisms ¢, 1) we have:
(PR ) =9 © "
If ¢ is a diffeomorphism, the pull-back can be extended to contravariant vector fields:

P @ ®E) = (0T)&a® @ (07)&

2.3 Examples of tensors: metrics and almost complex structures

Important examples of covariant tensor fields are the Riemannian (resp. Hermitian) metrics.

Definition: A weak (resp. strong) Riemannian metric on a smooth real vector bundle with fi-
bres modelled on a Banach space and based on a manifold B, is a smooth section g of £* ® E*
such that for any b € B, g, induces a symmetric positive definite form on each fibre F}, producing
a weaker topology than the Banach topology on the fibre (respectively the same topology as the
Banach topology on the fibre).

Definition: A weak (resp. strong) Hermitian metric on a smooth complex vector bundle with
fibres modelled on a Banach space and based on a manifold B, is a smooth section h of E* ® E*
such that for any b € B, h; induces a Hermitian positive definite form on each fibre F}, producing
a weaker topology than the Banach topology on the fibre (respectively the same topology as the
Banach topology on the fibre).

In the following when there is no other explicit mention, we shall be thinking of strong metrics.

A weak (resp. strong) Riemannian (Hermitian) metric on a Banach manifold is a weak (resp. strong)
Riemannian (Hermitian) metric on the tangent bundle 7'B.

If M is finite dimensional, then weak and strong topologies coincide and one only requires that
gy (resp. hy) be a positive definite symmetric (resp. Hermitian) form on the fibres. Given a metric
on M of dimension n, a local orthonormal system of coordinates (x1,---,x,) around a point z is
such that setting e; := (%_ we have g;;(z) = g.(e;, e;) = 0;;, i.e. the matrix representing g, in this
coordinate system is the identity matrix.

Given a smooth map ¢ : N — M between two manifolds and a Riemannian (resp. Hermitian)
metric g (resp. h) on a vector bundle based on M, the pull-back ¢*g (resp. ¢*h) yields a Riemannian
(resp. Hermitian) metric on the pull-back vector bundle ¢*E based on N.

In particular, if £ is a vector field on a Riemannian manifold (M, g) the local one parameter group
of diffeomorphisms ¢; generated by £ acts on the metric by pull-back ¢;g. A Killing vector field also
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called an infinitesimal isometry, is a vector field £ such that the Lie derivative of the metric in the

direction ¢ vanishes, i.e.:
d
Leg:= | — ;g =0.
e9 (dt>t_0 b9

If ¢, ¢ are two Killing vector fields, then so is their bracket [€, €.

A vector bundle equipped with a (strong) Riemannian (resp. Hermitian) metric is called a Rie-
mannian (resp. Hermitian) vector bundle. A manifold M such that T'M is equipped with a (strong)
Riemannian (resp. Hermitian) metric is called a Riemannian (resp. Hermitian) manifold.

Notice that a Banach vector bundle equipped with a strong Riemannian metric becomes a Hilbert
bundle since the fibres become Hilbert spaces when equipped with the inner product induced by the
metric. This is of course not the case anymore if the Riemannian structure is weak.

Metrics do not always exist on a manifold; however, provided there is a smooth partition of unity on
the manifold, one can always build a Riemannian metric patching up locally defined positive definite
forms. Also, if M is a Riemannian manifold, tensor bundles over M can be equipped with a metric
structure induced from that of M.

The existence of a Riemannian metric on a manifold M provides explicit isomorphisms between
the tangent and cotangent vector fields called musical isomorphisms:

.M — T:M
Vo= VP

defined by
VW) = (V,W),, VYW eT,M

where (-, -), is the scalar product on the fibre T, M of the tangent bundle above x € M induced by
the Riemannian metric. Similarly, using the Riesz theorem, one defines:

"M — T,M

Oé'—>OéI:1

by
a(W) = (of, W),, VYW €T,M.

Using these musical isomorphisms, we can equip tensor bundles with Riemannian structures:

(T, T, = g™ o g g G, TE 9TV YT € (TM)®1 @ (T M)®P .

11...0p J1---Jp

Definition: An almost complex structure on an oriented Banach vector bundle 7 : E — B is a
smooth section J of £* ® E which induces a morphism, also denoted by J, preserving orientation
and such that J?> = —Id. An almost complex structure on an oriented manifold M is one on the
tangent bundle TM, i.e. it is a (1,1) tensor J inducing a morphism J on T'M which preserves
orientation and satisfies J? = —Id.

An almost complex structure J on a real vector bundle E extends linearly to its complexification

J . EY — EY This complexified vector bundle splits E¥ = EX0 @ E%' where E'° is the vector
bundle over B with fibre Ker(J(b) — i) := {u, € EF, J(b)(uy) = iup} above b € B, resp. E%! the
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vector bundle over B with fibre Ker(.J(b) + i) := {v, € EF, J(b)(v,) = —iv,} above b € B.

Definition: Let M be a manifold equipped with an almost complex structure J which induces
a splitting TM Y = TYOM @ T M. If T*OM is stable under brackets of vector fields, then J is said
to be integrable.

Proposition: An almost complex structure J on M is integrable if and only if the Nuijenhuis
tensor field N : C>°(TM) x C*(TM) — C>(TM) defined by

N(U,V) = [U,V] + JJU,V] + JIU, JV] — [JU, JV]
vanishes for any U € C*(TM),V € C*(TM).

Proof:Extending the Nuijenhuis tensor to complex vector fields, W = U + iV, Z = X + Y, we
can write:

N(W,Z)=N(U,X)=N(V,Y)+i(N(V,X)+ NU,Y)).

Thus if N vanishes on real vector fields, it also vanishes on complex vector fields. Assume that
W,Z € C°(T*°M). Then JW =W and JZ = iZ so that N(W,Z) = 2([W, Z| +iJ[W, Z]). Hence
NW,Z)=0= JW,Z] = —i[W, Z], i.e. [W,Z] € C®(T*°M). Tt follows that .J is integrable.

Conversely, let us write W = W* + W~ and Z = Z* + Z~ according to the splitting C®°(TYM) =
O (TYON) & C°(T%'M). Then

NW,Z)=NWT*,Z") = NW~,Z7)+i(N(Z ,WH+NW*,2Z7)).

Since JW* = iW*, JW— = —iW~, JZ* = iZ*, JZ~ = —iZ~, it follows that N(W*, Z~) =
NW=,Z%) =0and NWT*,ZT) = N(W~,Z7) = 0 so that N finally vanishes on all complex
tangent fields. n

Definition: A complex manifold is a manifold M equipped with a complex structure, i.ewith an
atlas (U;, ¢;) with transition maps given by holomorphic maps. A complex structure on a manifold
induces an almost complex structure from the local charts.

Conversely we have:

Theorem (Newlander and Nirenberg) Let M be an (even dimensional) real manifold equipped
with an almost complex structure J. If J is integrable, it yields a complex structure on the manifold
with associated almost complex structure J.

If M and N are two complex manifolds, a map f : M — N is called holomorphic if it is holo-
morphic in any local chart, this requirement being independent of the choice of local chart since the
transition maps are holomorphic.

Let M be a real even dimensional manifold M equipped with a complex structure c. Given an-
other real even dimensional manifold N, a smooth map f : N — M induces a complex structure
fre:={f"YU;),pio f} on N called the pull-back of ¢ by f. If N = M and if f is a diffeomorphism of
M, f*cis a priori different from the initial complex structure c in the sense that the charts are not only
different from the initial ones but also incompatible with them. Yet (M, ¢) and (M, f*c) are holomor-
phically equivalent in the sense that f : (M, c) — (M, f*c) is a holomorphic map and so is its inverse.
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Let us comment on the finite dimensional case. Letting {zx := xy + iyg, k = 1,---,n} be a sys-
tem of local coordinates on the complex manifold M, we can set

0 0 0 0
J(aﬂ)‘a—yk’ J(a—%)—‘a—m

This defines a (1,1) tensor on M independently of the choice of local coordinates. Indeed, given
another system of local coordinates {z := z}, + iy, k = 1,---,n}, the Cauchy-Riemann equations

Ox; o Oy Ox; o Oy

3:70;- ay;- 3y§- 3x;

0 0 0 0
/ (axz) o (ay;) = oz,

so that we obtain an almost complex structure .JJ on M.

lead to a similar expression

A Riemannian metric g combined with an almost complex structure yields a Hermitian metric:

h(o,p) == g(o, Jp).

2.4 Differential forms

Useful references are [6], [38].

Given a smooth manifold M, we previously introduced the space QP(M) of p-valued forms on M.
This generalises to F-valued p-forms on a manifold B, with E a smooth fibre bundle over a smooth
manifold B.

Definition: Let 7 : E — B be a smooth fibre bundle. An F-valued p-form « on B is a smooth
section of the tensor product ®PT*B ® E such that:

a (Usys 2 Usy) = (=1)Fa(Uy,-+-,U,) YU,---,U, € B Yo €Y,

where £(0) is the signature of o.

In particular, such an expression vanishes whenever two vectors U; and U; coincide so that if the
manifold B is n-dimensional, using the multilinearity property, one can show that a p-form with
p > n vanishes identically.

We denote by (E) the space of smooth E-valued p-forms and Q(E) = @,-0Q(E), which be-
comes a finite sum when B is finite dimensional. For p = 0 we get back the space of smooth sections
of E. The degree of a p-form « is the integer p also denoted by |«].

If E is the trivial vector bundle £ = B x IR (or B x €') we get back the space QP(B) of p-forms on
B, and set Q(B) := @pen”(B) which is a finite sum as soon as B is finite dimensional. Given a
local system of coordinates (x1, - -, z,) around a point = of an n-dimensional manifold, a one form

a(x) reads a(x) := > | a;(x)dz’.
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Whenever A is a fibration of algebras, the space {2(.A) can be equipped with the ezterior product or
wedge product which sends v € QP(A) and 5 € Q4(A) to a A § € QP A):

(Oé A 6) (Uh T Up7 Up+17 T Up+q)
1 )
Z (_1)Szgn(0)a(Ua(l)7 3 Usp) - BWUspr1), -+ Us(pg))-

=l
e 0€Xptq

In particular, for two forms « and 3 and two vector fields U,V we have a A B(U, V) = a(U) - (V) —
a(V)-B(U). Here the dot denotes the product of sections of A. Thus €2(.A) becomes a graded algebra
with the grading given by the degree of forms. here are two important examples:

e Starting from the bundle £ = B x K where K is a field, yields a graded algebra structure on
Q(B, K) using the product on K.

e Starting from a vector bundle E based on B, the bundle A = Hom(F) yields a fibration of
algebras on B and Q(Hom(FE)) can be equipped with a graded algebra structure using the
composition of homomorphisms.

We introduce two operators on forms which are useful to construct a Clifford multiplication on forms
later in these notes.

e Given a Riemannian manifold M, the exterior multiplication (V) : Q*(M) — Q*F}(M) is the
operator defined by:
cWVa=V'Aa

where V* is the 1-form associated to the vector field V by the musical isomorphisms.

e Given a fibration of algebras A and a vector field V' on B, the contraction operator i(V') :
Q*(A) — Q*1(A) is the unique operator such that:

i(V)a=a(V) VacQ'(A)

and

iV)(aAB)=i(V)aAB+ (=1)ani(V)g V6 e QA).

On a smooth oriented closed n-dimensional manifold M, any smooth n-form w can be integrated to
give a complex (or real) number [, w. Given a smooth map f : N — M between two closed oriented
n-dimensional smooth manifolds N and M, the pull-back f*w by f of this form can be integrated

on N and we have:
/ J[rw = deg(f)- / w
N M

where deg(f) is an integer called the degree of the map f.
The bilinear map:

(M) x (M) — €
(@,8) — /M anp

will later yield a dual pairing between p-th and n — p—tl}v cohomology groups. Notice that when
n = 2k, for two k-forms « and 3 we have [,, a A3 = (—1)z [ A, so that this bilinear map yields
a symmetric bilinear form on QF(M)whenever k is even.

A Riemannian structure on a finite n-dimensional oriented manifold M yields a particular n-form,
the volume form given in a local system of coordinates (z1,---,x,) at a point  by:

dvol(z) = \/detg, dxy N+~ Ndx, = el N--- Ne)
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where detg, is the positive determinant of the matrices representing the metric locally at point x and

*

where {ef(x), -, e (x)} is an orthonormal basis of T*M equipped with the inner product induced

e n

by the Riemannian metric.
Given an n-dimensional Riemannian manifold (M, g), the Hodge star operator is defined pointwise
as the linear operator

w0 APTEM — A" PTM

on a positively oriented orthonormal local basis {e7,---,ex} of T*M by:

er /\.../\e;"p /\*(e;‘l /\---/\6;;) = dvol(x)

1

for any 4; < --- < i,. This definition is independent of the choice of oriented orthonormal basis and
one can check that x> = (—1)?(""?) on APT*M.

The Hodge % operator induces a duality on forms QP (M) ~ Q"P(M) called Hodge duality. When M
is closed, the above bilinear form on differential forms yields the following bilinear form on Q7 (M):

@) = [ (ap)dvol(@) = [ ala) nxs(o)

When M is a complex manifold, just as TM®Y = TYOM @ T%' M, the complexified space of forms
(M) ® C splits:

V(M) ® € = zr:vaq(M),

pt+q

where QP9(M) is the space of smooth antisymmetric sections of the tensor bundle ((7°M )*)®p ®
(T Mr)") ™.

A Hermitian metric h on M is a (1,1) covariant two tensor which, if M is n-dimensional reads
in local coordinates:

h(z)= ) hydz; @ dz.

1<i,j<n

There is a 2-form associated to it called the fundamental (1,1) form:

l _
w(z) := —Imh = 3 Z hjrdz; N dzy,

1<ij<n

which plays an important role for Kéahler structures we shall come across later in these notes.
2.5 De Rham and Dolbeault cohomology

Useful references are [6], [38].

Exterior differentiation on forms on a given smooth manifold M is defined as follows:

Definition: The derivation f — Df defined on the space of smooth functions on a manifold M
extends to a unique linear map d : Q(M) — Q(M) such that

i) d sends QP(M) to QPT(M),
ii) dis a graded derivation i.e. it satisfies the (graded) Leibniz rule:

daAB) = (da) A B+ (=1)aAdB Va,B € QM),
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iii) (dod)f=0 VfeC>®M).
We set df = Df for f € C®°(M) = Q°(M).

For smooth vector fields Uy, - - -, U, on M, the exterior differentiation reads:

do(Uy, -+, U,) = i(_l)kUi (a(Uo,“',Uk,'“,Up))

k=0
+ Z (_1)k+la <[Uk7 Ul]a U07 T, Uka ) Ul? Ty Up)

1<k,<p

where the “hat” above the vector fields means we have deleted them.
In local coordinates around a point x of an n-dimensional manifold M, the exterior differentiation
on a p form a(x) = ay,..i,(v) dx;, A--- A dx;, reads:

d(a)(z) = Z Oy Wiy oiy () dy Adyy N -+ Ada, .
k=1

Remark: As can be seen from the above explicit descriptions of d, the requirement that dod vanishes
on functions actually implies (using the Leibniz rule and the fact that d coincides on functions with
D) that it vanishes on all forms i.e.

dod(@)=0 YV aeQ(M).

On a compact finite dimensional oriented Riemannian manifold, one can define the adjoint d* of
d setting:
(da, B) = (a, d*B) Vo € QP(M),V3 € QP (M),

so that by Stokes’ formula we have:

(o, d*B) = /Ma/\d*ﬁ

= /Mdoz/\*ﬂ
_ /Md(a/\*ﬁ)—(—l)p/ andp

M
= (—1)”“/ aANdxf
M

(since / dy = 0)
M

- (_1)p+1(_1)(n—p)(n—(n—p))/ aAxxdx* 3
M

= (—1)”p+1/Ma/\*(*d*ﬁ)
= (=" a,xd* B)

Thus on QP(M) we get:
d* = (—=1)""" s dx.
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Combining d and d* yields a Laplacian on forms given by
A=d"od+dod"

which restricts to operators A, = d ody, +d,—1 od}_, on each QP(M) where d,, : (M) — QP (M).

A form « is closed whenever da = 0, and exact whenever there is a form ( such that a = dp.
Since d o d = 0, exact forms are closed but closed forms are not expected to be exact, they are only
locally exact by the Poincaré lemma. The obstruction to their global exactness is measured by the
de Rham cohomology groups:

HP(M) := Ker(d|ar(an)/R(d|ar-1(an)

where R(d|g»-1(ar)) denotes the range of the map d|or-1(a). The theory of elliptic operators on
closed manifolds which we describe later in these notes shows that these cohomology groups are
finite dimensional. The dimension of HP(M) is called the Betti number of M.

If M has dimension n, the sequence

0— QM) =% QF(M) =* QF (M) =4 .. =4 Q" (M) —?0

defines a differentiable complex and the cohomology measures in how far this complex is not exact.
When M is a complex manifold, the exterior differentiation splits d = 9 4+ 0 where 0 : QP7 — QPtha
and 0 : QP9 — QP2+l and it follows from the relation dod = 0 that §od+d00 =0, 8> =0, 9% = 0.
Since 0 = 0,a J-exact form a (i.e.a = 9f) is O-closed (i.e. da = 0) and there is an associated
complex

0 — QM) — Q" M) — Q"3 (M) — -,

the Dolbeault complex. A O-closed form is however generally not é-exact and the obstruction to the
extacness of closed forms is measured by the Dolbeaut cohomology groups:

HP(M) = Ker(é’gpyq(M))/R(é‘ﬂp’q—l(M))

where R(d|gpa-1(ar)) denotes the range of the map d|gra-1(pr). The Hodge decomposition theorem
gives a relation between the de Rham and the Dolbeault cohomology groups:

Hk(M) = @p—kq:ka’q(M)'

Using the theory of elliptic operators on closed manifolds one can show that these cohomology groups
are finite dimensional; their dimensions are called the Hodge numbers h*? := dimH?9(M).

From the Hodge decomposition theorem it follows that the Betti numbers relate to the Hodge num-

bers as follows:
be= Y
pt+q=k

Moreover, since h?? = h?P (by Hodge symmetry), this relation shows that the Betti numbers on a
closed Kéhler manifold are always even. There are many more interesting properties of these Hodge
numbers which we cannot discuss here and refer the reader to the litterature.

A Kahlerian manifold is a complex manifold M which can be equipped with a positive definite
(1,1) form w called a Kdhlerian metric which is closed, i.e. such that dw = 0.

Example: The projective space P, (') has a natural Kéhlerian metric called the Fubini Study metric
defined by:

* ]' S
7w = 5—00log (Inol> + Im)? 4 - + [ma]?)
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where the 7;,4 = 1,---,n are the coordinates on €™ and where 7 : €"*!'/{0} — P,(C) is the
canonical projection. Let z = (%v e E—’;) be the homogeneous coordinates of the chart €™ C P, ()
then:

1 -
w= %Emlog(l + 12]?).

Using the Hodge decomposition theorem, on a closed kahlerian manifold M, one can relate the de
Rham cohomology groups to the Dolbeault cohomology groups by:

Hk(M) = @p—kq:ka’q(M)'

2.6 Covariant derivatives and geodesics

Useful references are [16], [24], [25], [27], [30].
Covariant derivatives extend the exterior differentiation to sections of vector bundles.

Definition: Given a vector bundle 7 : F — B based on a manifold B, a covariant derivative
(also abusively called connection) on F is a differential operator:

V:C®FE)— C®T'B®E)
which satisfies the Leibniz rule:
V(fo)=df ® c + fVo.
It extends in a unique way to the space Q(B, E) of E-valued forms on B:
V(aAl) :=danf+(—1)la AV VaeQ(B),3eQB,E).
Notice that
VfUO' = vaU

and
Vyivo =Vyo+ Vyo Vo e COO(E>,f € QO(B), UV eTB.

A covariant derivation V on a vector bundle E induces a dual connection V* on the dual bundle E*,
given by the Leibniz rule using the duality product:
d{o, p) = (Vo,p) +(0,V"p), Vo,p e C*(E),
and a connection V#°™ on the bundle Hom(E) ~ E* @ E defined by:
virm . =v*@1+1eV.

For a trivial vector bundle £ — B, any connection is given by an Hom/(F)-valued one form 6 via
the formula V = d + 6. As a consequence, a connection on a general vector bundle can locally be
described by V = d + 6y where now 0y is a Hom(E) valued one form on an open subset U € B over
which we have trivialised the bundle. Another consequence is that two connections on E differ by a
(globally defined) Hom/(FE)-valued one form on B. An easy computation yields that if V = d + 0y
locally, then V* = d — 0y and Vo™ = d + [0y, -].

A similar formula to that of the differentiation on ordinary forms holds for a covariant derivative on
E-valued forms o € QP(B, E):

p

Va(Uy . Uy) = D (=1)"Vy, (a(Uy, -+ T+, Up)
k=0
+ Z (_1)k+la([UkaUl]>Uﬂ7'"aﬁka"'aﬁla"'aUp)
0<k<I<p
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where U; means that we have left out the vector field U;. In particular, for p =1 and o € OYB) we
have:
VOZ(U, V) =VyV =-VyU — V[UJ/] VU, Ve COO(B,TB)

A connection V on a Riemannian (resp. Hermitian) bundle 7 : £ — B based on a manifold B
is Riemannian provided it is compatible with the Riemannian (resp. Hermitian) metric in the fol-
lowing sense:

d(o, p)y = (Vo,p)p + (0,Vp), Vo,pe C*(E) Vbe B

where (-, ) is the inner product on the fibre above b.

Given a connection V on a finite n-dimensional manifold M, and given a local system of coordi-
nates (x1,---,r,) at a point x € M, we define the Christoffel symbols:

rt
i~ L

These extend to the Banach setting as follows. Let m : £ — B be a vector bundle with base B
modelled on a linear Banach space V' and fibre modelled on a linear Banach space V;. Let (U, ¢, ®)
be a local trivialization of the bundle E over an open subset U of B. A Christoffel coefficient
corresponding to this trivialization is given by a map:

Iy : ®(r HU)) — LV x Vi, V1)
with the following property. If (W, 4, V) is another trivialization then
D(W o ®Ta(0.X, 70) = DA(( 0 &1)(6,X, B0) + Ty o (D(0 )X, D(W 0 &)

where X is a vector at a point of U N W and ¢ a section of E. Under this assumption, it makes
sense to define a connection V : C*(E) — C*(T*M ® E) in a local trivialization (U, ¢, ®) using the
Christoffel symbol I'g by:

O (Vxo) = D(P0).0.X 4 T'p(p X, Po)

since the latter definition is independent of the choice of local trivialization.

Definition: The torsion of a connection on the tangent bundle T'M to a manifold M is given
by:
T(U,V):=VyV - VyU - [U, V] YU,V € C®(M, TM).

In a system of local coordinates (x1,---,x,) around a point x of a finite n-dimensional manifold M,
setting e; = % we have T'(e;, ej) = Ve — Ve, e; so that if the torsion vanishes then V.e; = V., e;,

: k _ 1k
1.e. FZ_] — Fjl‘

Notice that whern £ = T'M is the tangent bundle, in the absence of torsion, i.e. when 7" = 0
the covariant derivative on forms o € QP (M) reads:

p
va(Uﬂf'.)Up) = Z(_l)kaI (05<U07“'7Ui7"'aUk))
k=0
+ Z ( )k—H (VUkUl leUk7U07"'7ﬁka'"7Ul7"'7Up)‘
0<k<i<p
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Proposition-Definition: There is a unique connection on a Riemannian manifold which has van-
ishing torsion and is compatible with the (strong) Riemannian metric; it is called the Levi-Civita
connection.

Idea of proof: We first write

UV, W) = dV,W)(U) = (Ve V, W) + (V, Vi IY)

as well as circular combinations of this expression. Using the fact that the torsion vanishes yields
the following expression of (Vi V, W):

2VuV. W) = (U VW) = ([V,W],U) + (W, UL, V)
+ UV, W)+ V(W,U) — W(U,V).

in terms of differentials of the inner product (U, V), (V, W) and (U, W). The existence and unique-
ness of ViV then follows from Riesz’s theorem. n
A torsion free connection relates to the exterior differentation:

Proposition: If V is a torsion free connection on M then the exterior differential coincides with
£ o V where ¢ is the exterior multiplication. In particular, if V is the Levi-Civita connection on a
Riemannian manifold M, then d = 0o V.

Idea of the proof: Setting d = ¢ o V one proves that d®f = —(T,df) for any smooth function f
on M where T is the torsion. Since the torsion vanishes by assumption, this will prove that df = 0.
One is then left to check the Leibniz property for d and the fact that it coincides with the ordinary
differentiation on smooth functions in order to conclude that it coincides withg d on all differential
forms. [

A Hermitian complex manifold (M, k) can be equipped with a Riemannian metric g(-,-) := h(-, J-)
where J is the almost complex structure on M induced by the complex structure.

Proposition: A Hermitian complex manifold M is Kdihlerian provided the bundles T'°M and
T M are preserved by the Levi-Civita connection V, or equivalently provided the Levi-Civita con-
nection V is compatible with the complex structure J i.e. [V, J] = 0.

Idea or the Proof: Recall that if M is a complex manifold with a Hermitian metric h, the real part of
h restricted to the tangent bundle 7'M is a Riemannian metric g on M, while the imaginary part w
restricted to T'M is a two form on M. For any two vector fields on M, we have g(U,V) = w(JU, V)
where J is the almost complex structure on M. Letting (-, -) denote the Riemannian scalar product,
we have:

(Vo )V, W) = (Vo (JV), W) + VeV, )
= —Uw(V,W)+w(VyV,W) +w(V, VyW)
= —(Vow)(V. W)

Since V is torsion free, d = € o V where ¢ is the exterior product and dw(U,V,W) = (Vy)w(V, W) —
(Vy)(W,U) + (Vw)(U, V), which vanishes as a consequence of the condition V.J = 0. Hence V.J =
dw = 0. ]
On the other hand, the formula for the Levi-Civita connection applied to the holomorphic coordinate
system z; yields:

2<Vazj 0.k,0,4) = 0

2(Vo_0.x,0.) = idw(0.x,0.,0z).
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from which it follows that if dw = 0, then the Levi-Civita connection preserves T%0M.

Definition: A geodesic on a Banach Riemannian manifold (M, g) is a smooth curve ¢ : [ — M
on M solution of the second order differential equation:

where [ is some open interval in IR.
Such a solution exists locally by the theory of differential equations on Banach spaces and there
is a unique solution ¢, , determined by the initial conditions ¢(0) = z, ¢(0) = u € T, M provided

0el.
Geodesics correspond to critical points of the energy functional on curves

E(c) =/Illé(t)\IZdtz/Ig(é(t),é(t)) dt

and correspond to curves with minimal length. On IR? equipped with the Euclidean metric, they
correspond to straight lines.

Choosing u in a small enough neighborhood of 0 ensures the existence of the geodesic up to time 1
and we define the exponential map:

exp:UCT,M — M

u = (1)

which yields, by the local inverse map theorem (see section 1.1), a local diffeomorphism from U onto
its range. The injectivity radius at a point in M is the largest radius p for which the exponential is
a diffeomorphism onto the ball of radius p centered at that point.

The Riemannian manifold is complete provided all geodesics are defined on IR, in which case the
exponential map is defined on the whole tangent bundle. A compact Riemannian manifold is com-
plete.

The exponential map defined on Lie groups can in some cases be described as an exponential map
built from geodesics, choosing an adapted left invariant metric on the group, e.g. on GL(n, IR) the
one given by the inner product (A, B) := tr(A*B) on gl(n, IR).

2.7 The curvature and characteristic classes
Useful references are [6], [31], [37], [39], [48].

Definition: The curvature of a covariant derivation is given by the Hom(FE)-valued two form
0F = (v?)* € O*(B, Hom(E)).

Applying the above formula for connexions extended to forms, to the 1-form VZo with o € C*(B, E)
yields Equivalently,

(QF(U,V)o) (U, V) = [V, Vo = Vo YU,V € C¥(B,TB).

An easy computation shows that the curvature is a tensor, meaning by this that QF(U,V)f =
fQF(U, V), although one could expect apriori from the above formula that f might get differentiated.
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It is clear from the definition of the curvature that the Bianchi identity
[VZ,Q%] = 0

holds.
Writing the connection on a vector bundle in a trivialization over an open subset U of the base
manifold V¥ = d + 6, the curvature reads

OF = dof + 05 Ao
Lemma: Let E be a Riemannian vector bundle equipped with a connection V¥ which is compatible

with the metric. Its curvature QF is an so(E)-valued 2-form on M where so(E) is the subbundle of
Hom(F) of antisymmetric morphisms of E.

Proof Let U,V be two vector fields on the base manifold:

U(VEe,p) + Ulo, VEp)
V{(Vio,p) —V{e,Vip)

- <V[UV‘7 p) — (o, V%V]m
- <VEVVU o)+ (VEa, VEp)
+ (V§ > (0, VEVp)
- <va £0) — (o, VEVED)
- (Vy > (0. VyVip)
- (Vv [UVU P> (0, V%,V]m
= (QE(U,V),p) + (0, 05U, V)p)
so that (QF(U,V)ao, p) = —(0, Q¥U, V p) which shows that Q¥ (U, V) is antisymmetric. =

Let now E = TM where M is a Riemannian manifold. We drop the upper index F in the notation.

The Ricci tensor of a connection V on a Riemannian manifold M is defined by
R(X,Y, W, Z) = (Q(X,Y)W, 2)

where XY, W, Z are vector fields on M and (-,-) the inner product induced by the Riemannian
structure. We have:

R(X,Y,W,Z) = —R(Y,X,W,2) = —R(X,Y, Z,W)

and

R(X,Y,W,Z) = R(W, Z,X,Y).

When M is finite dimensional, the Ricci curvature is given by the trace of the operator Q(X, )Y,
ie. Rice(X,Y) := tr(Q(X,-)Y). The scalar curvature is the trace of the Ricci curvature s(z) =
>, Rice(ei(x), e;(x)), where (e;(x));en is any local orthonormal frame of T, M.

A connection with vanishing curvature is called a flat connection. When the Ricci curvature vanishes,
the manifold is called Ricci flat.

The ordinary differentiation on sections of a trivial bundle is flat since d o d = 0.

Characteristic classes:
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e Complex vector bundles: Recall that the trace tr : gl,,(€) — € on matrices has the following
invariance property:

tr(C1AC) = tr(A) YC € GL,(T).

As a consequence it extends to a morphism of cvector bundles:
tr: Hom(E) — B x €

where E is a vector bundle based on B. It furthermore extends to Hom(E)-valued forms
setting:
tr(a®o) = atr(o) Ya e Q(B),0 € C°(F).

Differentiating the above invariance property yields a cyclicity property:
tr([A,B]) =0 VA, B € gl,(C).

Combining the cyclicity of the trace with the Bianchi identity, provides closed forms tr ((QE ) k) :

Indeed:
dtr(QF) = tr(QF1dQ) = tr(QF [V, Q]) = 0,

where we have used the local description V = d + [0y, -| of a connection on Hom(E) induced
by a connection on E, combined with the cyclicity of the trace tr([A4, B]) = 0 to establish the
second identity. In the above formula, the product Q¥ uses both the exterior product and the
composition in Hom(F) since €2 is a Hom(FE)-valued form. This formula extends replacing the
k-th power by any analytic function f so that tr(f(€2)) (which is in fact a polynomial expres-
sion in 2 of degree [%}, the integer part of half the dimension of the manifold M) is closed
in the de Rham cohomology. Its cohomology class, called Chern-Weil cohomology class, is in
fact independent of the choice of connection, as can be shown using similar arguments to those
used to show that it is closed.

Different Chern-Weil classes carry different names according to the choice of the function f.
As an example, the first Chern form is obtained from f(z) := z,

(V) = tr(Q),

—x

the Chern character is obtained from f(z) :=e™",

where we have set ) = V? for the curvature. The exponential map involves wedge products as
well as composition of morphisms since 2 is a Hom/(FE)-valued two-form. Notice that r1(V) =
—[ch(V)][y, namely minus the part of degree 2 of the form ch(V).

o Real vector bundles: Since the trace vanishes on antisymmetric matrices, the trace is not very
useful to define characteristic classes from real vector bundles for which the curvature is an
antisymmetric tensor. We therefore use another tool to define characteristic classes form on
real vector bundles, namely the Pfaffian, which in turn is related to another very useful tool,
Berezin integration.

Let G = SO, (IR) and vy = so,(IR), there is a one to one correspondance:

ANR" « s0,(IR)

aijei/\ej g (aij)
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where e;,7 = 1,---,n is an orthonormal basis for the canonical scalar product on IR".

Definition: Berezin integration on AIR" is the linear map defined by:
T:ANR" — IR

a — e N---er(a)

where ef,i =1,---,n is the dual basis ef(e;) = ;.

Notice that T" vanishes on APIR" for any p < n so that for any v € IR" and any a € AIR",
T(i(v)a) = 0 where i(v) is the interior product. The fact that T yields a linear map which
vanishes on derivations justifies the terminology ”integral” (analogy with Stoke’s theorem).

Given a real metric vector bundle E of rank n based on a manifold M, Berezin integration
generalises to a vector bundle morphism:

T:AE — M x IR

a el N-el(a)

where ef,7 =1,---,n is now an orthonormal frame of E. T in turn induces a map on sections
(denoted by the same symbol) T": C*°(M,AE) — C*°(M, IR) in an obvious way.

Definition:

Under the above assumptions on E, the Pfaffian of A = (a;;) € C®(M,A*F ~ so(E)) is
the real valued function on M defined by:

Pf(A):=T (e%zzy‘:laiﬁi/\%) =T (ez?q;i,j:l az‘jez‘/\ej> _
In some cases, the Pfaffian is identified to the top form Pf(A)e; A ---e,.
We state the following result without proof, leaving the proof as an exercise.

Lemma

Given A = (a;;) € C*(M,AN’E ~ so(E)), if the rank n of F is even, setting n = 2k we
have:

(1)
Pf(A) - 2k -1 Z 6(0‘)@0(1)0(2) © oy _yoop

oEX,

and the Pfaffian vanishes if the rank of E is odd. Here €(¢) denotes the signature of o.

Given a function with Taylor expansion at all orders at 0, namely f(z) = S.r, %(O)zk +
0(z%) VK € IN and an oriented metric real vector bundle (E, VE) equipped with a connec-
tion compatible with the metric, similarly to the construction of characteristic classes via the
trace, here again, using the Bianchi indentity and the properties of the Pfaffian, one can show
that P(€2) = Pf (f(Q2F)) defines a closed form with cohomology class independent of the choice
of connection.

Choosing f(z) = —z yields the Fuler class
e(VE) = Pf(—QF) € QN (M)
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where N is the rank of E. The Euler class vanishes if N is odd as a consequence of the vanishing
of the Pfaffian in odd dimensions. Moreover, as a consequence of the multiplicativity of the
Pfaffian on tensor products, this characteristic class obeys the following property:

e(VEOE) = e(VE) Ae(VF).

If M is an oriented Riemannian surface, and (E = TM, VT™) is the tangent bundle equipped
with the Levi-Civita connection, then

e(VIM) =k dvol
where k is the Gaussian curvature.
Choosing f(z) = & vields the A-genus
2

or
A(VF) = Pf ( h29E>

S5

and f(z) = % the L-genus
2

QE
L(VE)=Pf [ —=2_|.
v (h—)

As a consequence of the multiplicativity of the Pfaffian on tensor products, these characteristic
classes obey the following property:

A(VEEFY = A(VEYANA(VT);,  L(VEEF) = L(VE) A L(VF).

3 Principal bundles

3.1 Classification of principal bundles

Useful references are [34], [19], [48].

Definition: A (Banach) C*-principal G-bundle based on a C*-manifold B, where G is a Banach Lie
group is a (Banach ) C*-fibre bundle P based on B with typical fibre G, such that if ® and ¥ are two
trivializations above some open subset U € B, there exists a local map v : U C B — G verifying:

o0, =~(b) Vbe B.
G is called the structure group of P.

Notice that letting the group G acts on itself by left translation L, : h — ¢ - h and letting (U, ¢, ®)
and (W, 4, ¥) be two local trivialization with b € U N W, we have:

Py(py) = g - Po(ap) = Vp(py) = ’Y(b)flg’Y(b)‘I’b(Qb)

for any g € G, py, @y € Ep where Ej, is the fibre over b. Thus, a change of trivialization induces an
inner automorphism g +— (b)) 'gv(b) of G.

Given a C*-morphism ¢ : B’ — B between two C*-manifolds, the pull-back ¢*P to B’ of a C*-
principal G-bundle on B is a C*-principal G-bundle on B’.
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Let us now restrict ourselves to C%-bundles. One can show that two homotopic maps ¢ : B' — B
and ¢ : B — B give rise to equivalent principal G-bundles ¢*P ~ ¢)*P.

One can therefore associate to the homotopy class [¢] € [B’, B] of a map ¢ : B' — B the equivalence
class of ¢*P. This leads to the following definition.

Definition: A classifying space for a Lie group G is a connected topological space BG together
with a principal G-bundle PG — BG, such that for any compact Hausdorff space X, there is a
one to one correspondence between the homotopy classes [¢] of maps ¢ : X — BG and equivalence
classes of principal G-bundles on X. A principal G-bundle PG on BG yields a pull-back bundle
¢*PG on X. The base space BG is defined up to homotopy type and the bundle PG — BG is called
the universal principal G-bundle.

A principal G-bundle P — B with the property that the total space is contractible yields a classifying
space B for G. An important example is the Grassmannian G, (€*) := UX_, G,,(CY) which yields
a classifying space for the unitary group U(n) so that BU(n) = G,,(C).

Letting m,(G) = [S™, G| denote the n-th homotopy group of G, the long exact sequence of ho-
motopy groups:
+ = (P) = m(B) = 11 (G) = mpa(P) — -

yields 7, (B) ~ m,-1(G), using the fact that m,(P) = {1}. Singular cohomology is needed for further
information on the principal bundle (we refer the reader to any classical text on algebraic topology).
A universal characteristic class for a principal G-bundle is a non zero class in the singular coho-
mology H*(BG, A) with coefficients in a ring A. Given a class ¢ € H¥(BG,A), and any principal
G-bundle P — B, there is a map ¢ : B — BG such that P ~ ¢* PG and ¢(P) := ¢*(c) € H*(B,\) is
the c-characteristic class of P. In particular the cohomology ring H*(BU (n), Z) is a Z-polynomial
ring with canonical generators ¢, € H?*(BU(n), Z), called the universal k-th Chern class. Thus to
any U(n)-principal bundle P — B, classified by a map ¢ : B — BU(n), one can associate the k-th
Chern class ¢ (P) := ¢*(¢x). The relation to the Chern classes described at the end of the previous
chapter will become clear once we have set up a correspondence between vector bundles and principal
bundles; via this correspondence, the Chern class ¢, (P) can be seen as a Chern class on a complex
rank n vector bundle E.

3.2 From group actions to principal bundles
Useful references in view of the applications we have in mind for quantum field theory are [3], [8],

[14], [28], [12], [51]. Foundations for this type of slice theorem were set up in [43].

Let G be a Banach Lie group acting on the right on a Banach manifold X via a smooth action:
O:GxX — X
(g,2) — x.9:= Ry(x)

ie. Ryy = Ry0 Ry for g,¢' € G.
The action is proper provided the map

=:GxX — XxX
(g,ﬂl’) = (Ig,l’)

is proper, i.e. preimages of compact sets have compact closure.
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If G is a compact Lie group the action is proper. To see this, we show that one can extract a
convergent subsequence from any sequence (z,, g,) € G x X such that Z((x,, gn)) = (5 Gn, Tn) € K
where K is a compact subset of X x X. K being compact so is its projection onto the second
component and we can extract from (x,) a convergent subsequence (z4(,)). G being compact, there
is a subsequence of (g4(n)) which we denote by the same symbol for simplicity, converging to some
g € G. The subsequence (Z4(n), go(n)) therefore does the job.

The action is free provided it has no fixed points:

dJreX, z-g=x=g=e.

The action is isometric provided it leaves the metric (given by inner products (-, -),. on the fibre T, X)
invariant:

(DR,U, DRV ) sy = (U V), VU,V € T,X.

The metric is said to be compatible with the group action.

Notation: For x € X we define the map

0, G — O,
g = w9

that sends an element of GG to an element of the orbit O, of z.
The freedom of the action © corresponds to the injectivity of 6, for any z € X.

Theorem: Let G be a Hilbert Lie group acting on the right on a (strong) Riemannian (Hilbert)
manifold X via an isometric action:

O:GxX—-X

which is smooth, free and proper.
Provided for any x € X the tangent map 7, := D.#, has a closed range, then

1) the orbits are closed submanifolds of X and 0, : G — O, is a diffeomorphism of manifolds,
2) the quotient space X /G has a smooth Hilbert structure,
3) the projection 7 : X — X/G yields a principal fibre bundle.

Remark: In the finite dimensional case, there is no need for the splitting condition on 7, which is
automatically fulfilled. As we shall see in the next chapter, in the more general Hilbert setting, a
Fredholm operator 7, fulfills the additional requirement that the range be closed.

Proof: Let us make two preliminary trivial but useful remarks.

- Since Rjo0 Ry-1 = Id = Ry-1 o Ry we have DRyjo DRy = Id = DR, o DR, so that DR, is
invertible and DR;1 = DR,1.

- D40, 0 DR, = DR, o 7, since for u € Lie(G) we have:

d .

D,0,DRyju = Elt:o(xet 9)
d

— DR el tu

gdtlt—o (xe )

= DR,,u.
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i)

ii)

O being proper, 6, is a closed mapping. Indeed, if 6,(g,) converges to y,then (z,g, - =) con-
verges to (z,y) and the properness of the action implies the existence of a subsequence g4
converging to some g € GG. The action being continuous, gg4(n) -  converges to y = g - x. Thus
6. is a homeomorphism onto its range O,.

Let us check that D0, is injective. Otherwise, there is some v # 0 € Lie(G) such that
Dy0,(u-g) =0. But since D,0, = DR, o1, 0 DRgl, this would imply that 7,u = 0. Then, for
any to € IR

d

hal Lot 0 tu tou
dt|t:t0x c dt\t:ox
d U
= DRgoaltiox . et
= DR, (1,u)
= 0

where we have set gy := exptou. This would imply that 6,(g;) is constant which contradicts
the freedom of the action.

Let us check that the range of the map D6, is closed. This follows from R(D,0,) = DR,R(7,)
(see the second preliminary remark) combined with the fact that 7, has closed range. Moreover,
since 17, is an isometry it preserves orthogonality and

R(D,0,)" = DR, (R(,))" so that we have the following orthogonal splitting:

TpgX = R(Dy,0,) ® DR, (R(7,))" .

Thus 6, is an injective immersion which is also a homeomorphism onto its image. The inverse
mapping theorem then implies it is a diffeomorphism G ~ O, and the orbit O, is a submanifold
of X.

The tangent space of O, at point y = x - g is R(D,0,,). This finishes the proof of point 1) of
the Theorem.

We now check points 2) and 3). Let U, be an open neighborhood of z in R(7,)*, small enough
to build the submanifold S, := exp,(U) of X using the exponential map exp, : U — V, C X
at point z, where U is an open neighborhood of the zero section of the tangent bundle 7'X and
V. an open neighborhood of x € X. Since the exponential map defines a local diffeomorphism,
S, inherits a manifold structure which by construction has tangent space at point x given by
N.(O,) := R(7:)* where N stands for normal, N,(O,) being the fibre above z of the normal
bundle to the orbit O,.

The action being continuous, free and proper, one can chose U small enough so that

(S2) . gNS: #op=g=e. (1)

Indeed, otherwise, we could find a sequence (u,) € N,(O,) with norm ||u,|| < X such that both
() and (z, - gn) converge to some x. But in that case, the properness of the action yields
the existence of a subsequence (gy(n)) converging to some g € G. The continuity of the action
then implies that in the limit z-g = g. But the action being free, this implies in turn that g = e.

It follows from (1) that the local slice S, is in one to one correspondence with a subset Us
of the quotient space X/G := B. Equipping B with the quotient topology turns the projection
map 7 : X — B into a continuous map and yields a homeomorphism = : S, — Uz. The mani-
fold structure on S, then yields a local chart over the neighborhood U; of z € B. Patching up

37



such local trivializations yields a smooth atlas on B with transition maps obtained from the
exponential maps.

This quotient manifold inherits a metric structure from the G-invariant structure on X. Given
U,V €T;B we set: o
(U, V)z = (U, V),

for any z in the fibre above  and any U,V € T,X such that Dr(U) = U, Dx(V) = V. Since
the metric is G-invariant, this is independent of the choice of x and of U and V.

The above local charts induce local trivializations for the projection 7 : X — B so that we can
equip X with a G-principal bundle structure over B. Locally we have:

X|Ui ~ S@ x G.

3.3 From vector bundles to principal bundles and back

Useful references are [6], [27].

To a smooth vector bundle £ — B based on a manifold B with typical fibre a Banach space
V', we associate a principal bundle GL(E) — B called the associated frame bundle with structure
group G := GL(V) and fibre above b € B given by:

GLy(E) :={Ly:V — E}, continuous and one to one}.

(Recall from the open mapping theorem that it is a homeomorphism).
Letting

(6,®): B, — UxV
(b;u) = ((b), Pyu)

be a local trivialization of E above an open subset U of B, a local trivialization (¢, ®) of GL(E)
above U is given by

GL(E), — UxGL(V)
(b, Lb) — (gb(b), (I)b(Lb) = q)b e} Lb) .

Given two local trivializations (¢, ®) and (1, ¥) of E and hence two induced trivializations (¢, ®),
(¢, W) of GL(E) we can build a map:

p:U — GL(V)
b — ‘i/boCI)b_lzLH\IbeCI)b_loLb

A Banach vector bundle E of class C* (resp. ) is trivial if and only if GL(E) admits a global section
of class C* (resp. C™). Indeed, a global a section of class C* (resp. C) yields a diffeomorphism:

EFE — BxV
(b,up) +— (b, a(b)(up)).

If E is a rank n vector bundle, a global section of class C* (resp. C*) of the principal bundle GL(E)
corresponds to a family of frames (e;(b), - -, e,(b)) of class C* (resp. C°°) parametrized by B and
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the section « yields the coordinates «;(b),i = 1,---,n of the vector w, in the basis (e1(b), - -, e, (b))
of the fibre E}, above b.

When E = TM, the tangent bundle to a manifold M of class C*¥ (resp. C*), the existence of
a global section of GL(E) is a constraint on the manifold M and we say that M is C*- (resp. C>-)
parallelizable. If we only require this section to be continuous, it is a topological constraint. A
Lie group is clearly C'*-paralellizable since left (or right) action L, : h — g -h (or Ry : h+— h - g)
of the group on itself induces a smooth parallelization L, : Lie(G) — T,G (resp. R, : Lie(G) — T,G).

A result by Kuiper [25] tells us that given a C* (resp. smooth) Hilbert vector bundle £ — B,
the associated frame bundle GL(E) admits a global C° section. Thus any Hilbert manifold is C°-
parallelizable.

Conversely, given a principal bundle with structure group G and a representation p : G — Dif f(V)
on a Banach space V', we can build the associated vector bundle:

Px,V:=PxV/.
where ~ is the equivalence relation defined by
(p,v) ~ (p,v)=Fge G p=p -g and v =p(g)v

so that (p-g,v) and (p, p(g)v) get identified. Locally, above an open subset U of the base manifold,
we have:

Px,V,~(UxG)x,V~UxV.

In particular, a vector bundle £ with typical fibre V' is associated to its frame bundle GL(F) with
structure group GL(V):
GL(E)x,V =F

where p is the natural the action of GL(V') on V.

3.4 Connections on a principal bundle

Useful references are [6], [27], [34], [52].

Given a principal bundle 7 : P — B with structure group G, and the induced map D7 : TP — TB,
we call a vector field £ vertical provided Dm(€) = 0. Let us denote by VT'P the subbundle of vertical
vector fields with fibre above p € P given by

VT,P :={v e T,P,D,r(v) = 0}.

The map induced by the action of G on P:
7, : Lie(G) — T,P

d
U = = p - exp(tu
G, (0 esp(t)
introduced previously, gives rise to a vertical vector field:

p = &(p) =ty = 7p(w),
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called the canonical vector field associated to u. 7, : u — 1, is an isomorphism of Lie(G) onto VT, P.

Definition: A connection on the principal bundle P with structure group G is a smooth splitting
T,P=VT,P® HI,P, VpeP

with an equivariance property HT,,P = DR,(HT,P) Vpe€ P,Vg € G. HTP is called a horizontal
distribution and HT, P the horizontal tangent space to P at point p. A horizontal distribution H1T'P
turns the map Dn : HT'P — T'B into an ismorphism and we call é the horizontal lift of a vector
field £ on B.

Equivalently, a connection on the principal bundle P is given by a Lie algebra valued one form on

P, w e QYP, Lie(@)) such that:
(i) wa, =u Vu € Lie(G)
(i) wpg = Riw, Vp € P where R, :p — p- g corresponds to the action of G on P.

The two formulations are equivalent. Indeed, given a smooth horizontal distribution HT P, any tan-
gent vector field € splits in a unique way & = £ @ £" into a vertical part £V := 7,u for some unique
u € Lie(G), and a horizontal part £". w(¢) := u defines a unique Lie(G) valued one form w on
P satisfying requirements (i) and (ii). The curvature of the connection reads 2 := dw + w A w. it
measures in how far the splitting TP = VIT'P ® HTP does not respect the Lie algebra structure on
vector fields, Q(U, V) = [U, V] — [U, V] where U, V are the horizontal lifts of the vector fields U and
V.

Conversely, such a one form w defines a vector bundle HTP := {{ € TP,w(§{) = 0} which has
the required invariance property by property (ii).

There is a natural horizontal distribution HT' P = (VT P)* whenever there is a (strong) Riemannian
metric compatible with the action of the structure group G on P.

There is a one to one correspondence between covariant derivations defined on vector bundles £ and
connections defined on principal bundles in the following sense.

A connection w on the principal bundle 7 : P — B, seen as a horizontal distribution on P, yields
a covariant derivation on the associated vector bundle E. Let X € T,B,b € B and let X be its
horizontal lift. Letting p : G — Aut(V') be an action of the gauge group G of P on a Banach vector
space V', a section o of the associated vector bundle P x4 V can be seen locally as a map from an
open subset of B to the vector space V' so that it makes sense to set

Vxo = <p,)2'a) .
Notice that we implicitly have used the equivariance of the horizontal distribution in this definition.

V yields a connection on the associated vector bundle £ := P xg V.

The covariant derivation V is compatible with the metric whenever the horizontal distribution is
given by the orthogonal supplement to the vertical bundle.

Conversely, a covariant derivation VZ on a vector bundle E with typical fibre V yields a con-
nection on the frame bundle GL(E) (recall that its structure group is GL(V) with Lie algebra
Lie(G) = Hom(V')). Let us set P = GL(FE), the canonical projection 7 : P — B induces a map
D, :T,B — T4 B so that given a tangent vector X € T,P, we can set:

Hom(FE
W(X) = Vi),
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where VHom(E) ig the covariant derivation induced by V¥ on Hom(E). Here TGL(E), on which the
form w is defined, is locally seen as U x Hom(V'). Since Hom(E) is also locally seen as U x Hom(V'),
it makes sense to let the covariant derivation on the r.h.s. act on a section of TGL(E).

3.5 Reducing and lifting principal bundles: spin and spin® structures

Useful references are [20], [31], [32], [35].

Definition: Let H be a closed subgroup of a Banach Lie group GG. A principal bundle P based on
B with structure group G reduces to a principal bundle with structure group H whenever there is
an atlas of charts (U;, ®;) for P such that the transition maps have values in the subgroup H. Let
{1} = H — G — G — {1} be an exact sequence of Banach Lie groups. A G-principal bundle P
based on B lifts to a G- principal bundle P whenever P reduces to P, where we view G as a subgroup
of G via the isomorphism G ~ H x G.

Notice that a principal bundle reduces to a bundle with structure group H = {1} whenever the
bundle is trivial.

Reducing the structure group is a way to impose geometric constraints on the bundle. In particular,
a real (resp. complex) vector bundle £ — B with typical fibre V' can be equipped with a (strong)
Riemannian (resp. Hermitian) structure whenever the associated frame bundle GL(E) with structure
group GL(V, R) (resp. GL(V, €')) reduces to the orthonormal frame bundle, a principal bundle with
structure group O(V) := {g € GL(V,R),g*g = I} (resp. U(V) :={g € GL(V,C),g9*g = 1}). In
particular, when F := T'M where M is an n-dimensional real (resp. complex manifold), then V' = IR"
(resp. V = €"™) and M can be equipped with a Riemannian (resp. Hermitian) metric whenever the
frame bundle GL(M) := GL(T' M), with structure group GL(n, IR) (resp. GL(n, €')), reduces to the
orthonormal (resp. unitary) frame bundle O(M) (resp. U(M)) with structure group O(n) (resp.
U(n)). Furthermore a real rank n Riemannian vector bundle F is orientable whenever its frame
bundle GL(M) reduces to a principal bundle with structure group SO(n) := {g € O(n), detg > 0}.

Lifting principal bundles is not always possible, as we shall see shortly, when trying to define spin
and spin® structures.

Definition: Let V' be a real Euclidean vector space. The algebra C¢(V) over IR generated by
V' with the relations:
vowFw-v=—2(v,w)

where (-, ) denotes the inner product on V' is called the Clifford algebra of V. It can also be seen
as a quotient space CU(V) = T(V)/{v-v = —2||v|?} of the tensor algebra T (V) = &2, V=" by the
relation v - v = —2|jv||?. The Z-grading on 7 (V) induces a natural Z, -grading on C/(V):

CUV) =: Cly(V) + Ct1(V)
into even and odd (Clifford) products.
Given v € V, let ¢(v) act on the exterior algebra AV by

c(v)a :=e(v)a —i(v)a

where ¢ is the adjoint of the contraction operator ¢ on exterior forms introduced in Section 2.4. Since

it satisfies the relation
c(v)e(w) + c(w)e(v) = —2(v, w)
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it extends to an action of C¢(V) on AV, which makes AV a C¢(V)-module. The symbol map
o:ClV)— AV is defined by:
o(a):=c(a)l € AV.

Accordingly, given a Riemannian bundle E based on B with typical fibre V', one can define the bundle
CYU(E) of Clifford algebras based on B with typical fibre C¢(V') defined fibrewise by C?(E,) where
E}, is the fibre above b € B equipped with the inner product induced by the Riemannian structure.

A Clifford module on a Riemannian manifold M is a vector bundle M — M with a Clifford ac-
tion of C4(M) on it:

CUM)x M — M

(v,0) — c(v)o.

A vector field v € C*°(T'M) acts on a form a € Q(M) by the following Clifford action:
c(v)a:=ew)a —i(v)a,

which extends to an action of sections of the bundle C¢(T'M) on Q(M). Thus M = AT*M the
exterior bundle on M yields a Clifford module. The symbol map sends a section a of C¢(M) to
c(a) € QM).

Going back to the algebraic setting, let us assume that V is finite dimensional. The space C£*(V) :=
c(A?V) is a Lie subalgebra of C¢(V) with bracket given by the commutator of C¢(V). The spin
group Spin (V') is the group generated by elements in C?y(V) with norm 1. It can also be seen
as the group obtained by exponentiating the Lie algebra C'¢*(V) inside the Clifford algebra C¢(V).
Letting V := IR", we simply write C¥¢(n) := CY(IR") and Spin (n) := Spin(R").

Here is a very classical result for which we do not give a proof here since it is purely algebraic
and can be found in any text book on spin structures.

Proposition: If dim V' > 1, there is an exact sequence of groups:
1 — Zs — Spin(V) — SO(V) — 1.
Spin(V) is therefore a double covering of SO(V).

Similarly, Spin®(V') is the subgroup of Cly(V) ® g € generated by Spin(V) and the unit circle of
complex scalars. It yields a double covering of SO(V') x St and there is an exact sequence of groups:

1 — Zy — Spin“(V) — SO(V) x S — 1.
Spin(V') is then naturally identified with the subgroup Spin(V) x+, {1} of Spin®(V') and
Spin®(V) ~ Spin(V) x+, 5.
Letting V := IR", we simply write Spin(n) := Spin°(/R").

Definition: An oriented Riemannian rank n-bundle £ — B admits a spin (resp. spin®) struc-
ture whenever the bundle SO(FE) of oriented orthonormal frames lifts to a principal bundle Py, (E)
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(Papine(E)) with structure group Spin (n) (resp. Spin (n)). In particular an n-dimensional oriented
Riemannian manifold M is spin (resp. spin®) whenever its frame bundle GL(T'M) admits a spin
(resp. spin®) structure.

The obstruction to the existence of a spin structure on a vector bundle is measured by the sec-
ond Stiefel Whitney class in H*(M, Z,). The obstruction to the existence of a spin® structure is
weaker since such a structure exists whenever this second Stiefel-Whitney class is a reduction mod-
ulo 2 of an integral class ¢ € H*(M, Z>), i.e. if its third Stiefel-Withney class vanishes. In particular,
any spin manifold is spin®.

Let us make a short comment on Stiefel-Whitney classes. To any rank n real Riemannian vec-
tor bundle ' — B classified by a map fg : B — BO(n), one can associate the k-th Stiefel-Whitney
class wy(E) == f5(wy) € H¥(B, Z>) where wy, € H*(BO(n), Z») are the canonical generators of the
Zsy-polynomial ring H*(BO(n), Zs). The first Stiefel-Whitney class measures an obstruction to the
orientability of a Riemannian bundle, and the second Stiefel-Whitney class measures the obstruction
to the existence of a spin structure on an orientable Riemannian bundle.

Back again to the algebraic setting, let us set €¢(n) := C¢(n) ® €. Then Spin(n) C Cl(n) C C4(n)
so that any complex representation of the complexified Clifford algebra €¢(n) on some vector space
S reduces to a complex representation of Spin(n). There are essentially two types of representations
according to the parity of the manifold which we briefly describe in the following proposition, refer-
ring the reader to any classical text on spin structures for a proof.

Proposition: When n is odd all irreducible complex representations €C¢(n) — Homg(S,S) re-
strict to a unique irreducible representation of Spin(n). When n is even, a complex representation
Cl(n) — Homg(S,S) yields a representation A, of Spin(n) which decomposes into a direct sum
of two inequivalent irreducible complex representations A} and A on St and S~ respectively.
Such representations are called spinor representations and the corresponding representation spaces
S, S*.S are called spinor spaces.

These spinor spaces give rise to spinor bundles:
S(E) = Pypin(E) X Spin(n) S,

+ +

S=(E) := Pyin(E) XSpin(n) S-,
where ' — B is some vector bundle with a spin structure. In fact, any Clifford module M based on

a odd (resp. even) dimensional spin manifold B, i.e. any (resp. Zs-graded) vector bundle M with
an (graded) action of the bundle C¢(B) of Clifford algebras on it

C™(CUDB)) x C*°(M) — C*(M)
(a,s) +— cla)-s

is of the form:

M:=STB)oW,
(resp. M

where W is an exterior vector bundle based on B.

Any complex representation p : Spin(V) — GLg(W) extends in an unique way to a representa-
tion p : Spin®(V) — GLg(W). In particular the complex representations A,, A, AF uniquely
extend to A,, A~ At on S, ST, S7. The corresponding spinor spaces give rise to spinor bundles:
S,

S(E) := Popine(E) X8pin®(m
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+ ~ ~+

S=(E) := Pyinc(E) X Spin(m O

where I — B is some vector bundle with a spin® structure.

4 Fredholm operators and elliptic operators on closed man-
ifolds

4.1 Bounded linear operators

Useful references are [5], [9], [36], [28], [46], [44], [47], [53].
Let E be a complex Banach space with norm || - || g.

Definition: Let F' be another Banach space with norm ||-||. The space of bounded linear operators
from E to F
B(E,F):={A:E—F, 3C>0,|Aullr <C|ullg Yue E}

is equipped with the norm |||Al|| = supueE’#O% is a Banach space. When F = E we set

B(E) := B(FE, E) which is an example of Banach algebra, a notion we briefly recall. But let us first
give a useful example of bounded operator.

Example: Let L : Iy — I, be the left translation operator on the set I of L? convergent sequences
defined by

L<<un)) = (Un)v Un = Up+1-

An algebra A is a vector space equipped with a bilinear map:

AxA — A
(a,b) — ab

such that a(bc) = (ab)c. It is a normed algebra whenever it can be equipped with a submultiplicative
norm:

[labll < {lall - {|?l]-

It is a unital algebra whenever it admits a unit 1, i.e. la=al =a Va € A.
A Banach algebra is a complete normed algebra.

A C*-algebra is a Banach algebra A equipped with an involution % : A — A (i.e. x is a linear
map satisfying **> = I) such that ||a*al| = ||a||? for any a € A. As a consequence, the involution is
isometric, i.e. ||a*|| = ||a|| Va € A.

Example: Given a locally compact Hausdorff space X, the space Cy(X) of complex valued contin-
uous functions on X vanishing at infinity, equipped with the involution % : f — f is a commutative
C*-algebra.

Definition: The spectrum (or dual ) of a C*-algebra A denoted by A is the set of unitary equiva-
lence classes of non trivial irreducible x-representations of A.

Remark: When A is commutative, A coincides with the dual of the algebra A i.e. with the set of
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non zero characters on A. When moreover A is unital, i.e. when it has a unit, then its spectrum is
compact.

Gelfand’s theorem states that any commutative C*-algebra A is of the form Cy(X), for some lo-

cally compact space X which corresponds to the spectrum of the C*-algebra, i.e. A = Cy(A). In
other words, there is a map

A

g:.A — Co(.A)

x — glx):=1z

called the Gelfand map, which gives rise to an isometric isomorphism.

There is another characterisation of bounded operators on Hilbert spaces using the Hermitian prod-
ucts. Letting H;, Hy be two Hilbert spaces equipped with the Hermitian products (-, )1, (-, )2, an
operator A lies in B(H;, Hy) provided there exists a constant C' > 0 such that for any u € Hy,v € Hy
| < Au,v >9 | < Cllull1||v]l2- Indeed, if A € B(Hy, Hy) this is the case, by the Cauchy-Schwarz
inequality. Conversely, if | < Au,v >5 | < C|lull||v]l2, then ||Aul|3 < C|lull||Auljs so that
| Aulls < Cllully whenever Au # 0.

By the Riesz Lemma, the relation
(Au,v)g := (u, A"v); Yu € Hy,v € Hy
uniquely defines an operator A* € B(H,, Hy) called the adjoint of A.

Back to the example: In the above example, it is easy to check that LL* = Id but L*L # Id.
Example: If H is a Hilbert space, the algebra B(H) equipped with the star operation L — L* is a
C*-algebra.

The Gelfand-Naimark theorem says that every abstract C*-algebra with identity is isometrically *-
isomorphic to a C*-algebra of operators. To prove that result, one uses the Gelfand-Naimark-Segal
or GNS construction which produces a representation from a state. To a state p on a C*-algebra
A, i.e. a positive linear functional p : A — € (p(a*a > O0Va € A), one can associate a positive
semi-definite bilinear form (a,b) = p(b*a) with kernel N, = {a € A, p(a*a) = 0} which is a linear
subspace of A and a left ideal in 4. This bilinear form therefore induces a positive definite form (-, -)
on A/N, and hence a pre-Hilbert space structure on that quotient space, which by completion gives
rise to a Hilbert space H,. The left regular representation

T, A — B(H,)

b — (a+ ba)

is cyclic with cyclic vector z, := 14 + N, and p(a) = (m,(a)z,, z,) for any a € A.
4.2 Closed graph theorem
Useful references are [8], [47].

The operators one comes across in geometry or in physics usually are non bounded and only de-
fined on a dense domain of the Banach space.

Definition: Let £ and F' be two Banach space. The graph of an operator A : D(A) C E — F
defined on a domain D(A) is the set:

Gr(A) == {(u,Au) € E x F,u € D(A)}.
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It can be equipped with the (graph) norm
[(u, 0)[| == |lullz + [lv]lF.

Notice that whenever A is invertible, then the graph of A~! is the symmetric of the graph of A w.r.to
the diagonal axis.

Definition: The operator A is closed whenever its graph is closed for the graph norm.

When E and F' are separable, there is another characterisation for closed operators.

An operator A : D(A) C E — F is closed if, given any sequence (u,,) converging to x € E such that
Au,, converges in F, then the limit u lies in the domain D(A) and Au,, — Au.

We shall henceforth assume that the Banach spaces under consideration are separable.

It is easy to check that any bounded linear operator is closed.

Furthermore, a closed linear operator A : D(A) C E — F defined on a dense domain D(A) of

E extends in an unique way to a bounded operator on F whenever there is a constant C' > 0 such
that ||Aul|r < C||lu||g,Yu € D(A).

To prove this fact, all we need is to define the image of any element v € E by an extension of
A. Since D(A) is dense in E, u can be seen as a limit v = lim,,_,« u, of a sequence (u,) in D(A).
Since (u,) is a Cauchy sequence, so is the sequence (Au,) a Cauchy sequence so that it converges to
some v € F. The operator A being closed, this implies that u lies in the domain D(A) and Au = v.
This extended operator (also denoted by A) is clearly a bounded operator.

Moreover this extension does not depend on the choice of the sequence. For if (u,) is another se-
quence tending to u, from the inequality ||Au,, — Aul || < Cllu, — u]|, it follows that Au] — Au.
As a consequence we have:

Closed graph Theorem: Let A : E — F be a closed linear operator with domain D(A) = E.
Then A € B(E, F), i.e. Ais bounded on FE.

In the following, we assume the operators are closed and defined on a dense domain D(A).

Proposition: The inverse of a bijective linear operator A : D(A) C E — F is a bounded op-
erator AL : F' — E.

Proof: Since the graph of A is closed so is the graph of A~ and the result follows from the closed
graph theorem. m

Definition: The resolvent of A is the set
p(A) = {Ae C,A— A\ is bijective }
= {A€ C,A— )l isbijectiveand (A — X' € B(H)}.
The spectrum o(A) of A is the complement of the resolvent:
g(A) = C/p(A).
The point spectrum o,(A) is the set
op(A) :={X € €, Ker(A— \) # {0}}.

In finite dimensions, 0,(A) = 0(A), which is not generally the case in infinite dimensions.
Example: Let H = [? be the space of [? convergent sequences and let L : [> — [? be the operator
sending a sequence (u,,) to a sequence (v,) with vy = 0,v; = u;—1. 0 does not belong to g,(A) but 0
lies in o(A).

46



4.3 Adjoint of an operator

Useful references are [8], [44].

Let Hy; and Hs, be Hilbert spaces equipped with the Hermitian products (-,-); and (-, ) respec-
tively. We extend here the notion of adjoint of an operator to unbounded operators. A preliminary
step is the notion of symmetric of an operator.
Definition: The operator A* : D(A*) C Hy — H; is symmetric to an operator A : D(A) C H; — H,
if

(Au,v)y = (u, A"v) — 1 Yu € D(A), Yve D(A").

An operator A is symmetric if
(Au,v)s = (u, Av) — 1 Yu € D(A), Yv e D(A).

Notice that if A is symmetric, then D(A) C D(A*) and A|*D(A> = A so that its graph is contained in
the graph of A*. This is actually a characterisation:

A symmetric <= Gr(A4) C Gr(A").

Definition: The adjoint of an operator A : D(A) C Hy — Hj defined on a dense domain D(A) is
an operator A* defined on

D(A*) :=={v € Hy,3C(v) > 0,] < Au,v >5 | < C(v)|lul]|s Yue€ D(A)}

by
< Au,v >9=<u,A'v > Yu € D(A),v e D(A").

This defines A* in an unique way in view of the density of the domain of A. For if v} et v are
elements in H; such that < Au,v >e=< u,v; >1,i = 1,2 for any u € D(A), then 0 =< u,v] —vj >;
for any uw € D(A) dense in E, which implies v{ = v}.

Proposition: The domain D(A*) of the adjoint A* of a closed and densely defined operator
A:D(A) C H — H, is dense in Hy, and the adjoint is closed.

Proof: Let us assume that the domain of A* is not dense in Hy. Then there exists a non zero vector
u € Hy such that < u,v >,= 0 for any v € D(A*). Using the closedness of A, this would imply that

<uU,v>=0 & <u,v>+<0,—Aw>=0
& (0,u) € (Gr'(—A))" = Gr(A)

and hence A(0) = u # 0 which contradicts the linearity of A.
Let us check that A* is closed. Let (v,, A*v,) be a Cauchy sequence in D(A*) x H; converging to
(y,z) € Hy x Hy. For any u € D(A), we have

< Au,y >o= lim < Au,v, >2= lim <u, A*v, >1=< u,x >1
n—oo

n—oo

so that | < Au,y >o | < ||z||1 - |Jul|; for any v € D(A), which implies y € D(A*) and A*y = u. =

Whenever £ = F = H is a Hilbert space equipped with the inner product (-,-) := (-, )r = (-, *)F,
we say A is self-adjoint if A = A*, i.e

< Au,v >=<u,Av > Yu € D(A) and D(A) = D(A").
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Since
< (u, Au), (=A™, v) >=<u, —A"v > 4+ < Au,v >=0 VYu € D(A),Vv € D(A"),
the graph of A* relates to the graph of A by
(Gr' (=A%)t = Gr(4)

where “prime” means the symmetric set w.r. to the diagonal axis. Whenever A is closed this reduces
to (Gr'(—A*))+ = Gr(A).
Notice that if A is self-adjoint, then its graph coincides with the graph of A*. This is actually a

characterisation:
A self —adjoint <= Gr(A) = Gr(A").

Thus, a densely defined symmetric operator is self-adjoint whenever Gr(A*) C Gr(A).

Notice that when £ = F' = H and A is self-adjoint then
(i)
o,(A) C R.

Given A € 0,(A) and u an associated eigenvector, then < Au,u >= \ < u,u >=< u, Au >=
A < u,u >. But since |[u|| # 0, it follows that A = X and \ € IR.

(ii) Given \;,i =1,2 € 0,(A), we have
A1 7é Ay = KGT(A — )\1]) 1 KBT(A — )\2])

Indeed, if A\ # Xy are two eigenvalues associated with the eigenvectors z; and x5, then <
Axr, 29 >= N < 21,29 >=< x1,Ax9 >= XNy < 21,79 >, from which it follows that <
L1, Lo >= 0.

Let A: D(A) C H — H. When the space H,(A) spanned by the eigenvectors of A coincides with
the total Hilbert space H, letting {e,,n € IN} be an orthonormal basis of eigenvectors of H, the
operator reads:

Au:Z)\n <u,e, > VYueH.

Given a continuous bounded map f : 0,(A) C € — €, one can define the map f(A) using this
spectral representation of A on the domain:

D(f(A)):={ue HY f(A)’ <ue, >*< o0}
f(Au = Zf()\n) <u,e, >e, forue D(f(A)).

Let A : D(A) C H, — Hj be a closed operator defined on a dense domain D(A) of a Hilbert
space (Hy, (-,-)1) with values in (Hy, (-, -)2), then the domain D(A*) is dense in H, and we can define
the adjoint A** of A* which coincides with A.

Let us first check that A C A™. Given x € D(A), | < z, A%y > | = | < Az,y > | < || Az||||y||
for any y € D(A*) and hence x € D(A™). Since < z, A*y >=< Ax,y > the operators A and A**
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coincide on D(A). Since A*™ is closed as the adjoint of a closed operator, so is its graph and we have
Gr((A")") = (Gr'(—A*))* = Gr(A), for Gr(A) is closed. This ends the proof of the identity A** = A.

Another useful property for a densely defined operator A : D(A) C H; — H, is that
(R(A))*" = Ker(A")

and hence

Ker(A*) @ R(A) = H,,

which applied to A* yields:
(R(A"))* = Ker(A)

and hence

Ker(A) ® R(A*) = H.

Indeed, we have (R(A))t C KerA*. For if < y,Az >= 0 Vo € D(A) then y € D(A*) and
< A*y,x >= 0 Vo € D(A). But D(A) is dense in H so it follows that y € KerA*. Let us now
check the other inclusion. Given v € KerA*, we have < A*v,u >= 0 for any u € D(A) and hence
< v, A%u >=< v, Au >= 0 for any u € D(A) which shows that v € R(A)*.

Proposition: Let A : D(A) C H be a densely defined symmetric operator. The following three
statements are equivalent

1. A is self-adjoint.

2. Ais closed and Ker(A* + il) = Ker(A* —iI) = {0}.

3. R(A+il)=R(A—1I)=H.
Proof:

e 1) = 2). If A*u = ¢u for some non zero vector u in D(A) = D(A*), then

i(u,u) = (iu,u) = (Au,u) = (u, Au) = (u,iu) = —i({u, u)
so that |Ju|| = 0 and u = 0.

e 2) = 3). Since R(A+il) ® Ker(A* +iI) = H, Ker(A* +iI) = 0 implies that R(A + iI) is
dense in H. To prove that the range actually coincides with H, we therefore need to check it
is closed. We first observe that

[(A+iDul|* = ((A+il)u,(A+il)u)
= (A—iD)(A+il)u,u)
(A% + Du, )
= [ Aull® + [lul.

In particular,
(A +ilul* > ||Aul|* and ||[(A+iD)ul]* > |u]|* Yu € D(A).

Let (u,) be a sequence in D(A) such that ((A + iI)u,) converges to v € H. The sequence
((A+il)u,) being a Cauchy sequence, by the above inequalities so are (u,) and (Au,) Cauchy
sequences which therefore converge respectively to some vectors u and v in H. The operator
A being closed by assumption, u lies in D(A) and v = Au so that the sequence ((A + il)u,)
converges to v + iu = (A + iI)u. This shows that the range of (A + iI) is closed; it therefore
coincides with H. Similarly, we show that R(A —il) = H.
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e 3) = 1). Since A is symmetric, all we need to show is that D(A*) C D(A). Let v € D(A*);
we want to show that v lies in D(A). Since R(A —il) = H, there is a vector u € D(A) such
that (A* —il)v = (A —il)u. On the other hand, D(A) C D(A*) so v —u € D(A*) and the

operator A being symmetric we have A4, , = A|*D(A). Hence (A* —il)(v—u) = 0 and v — u lies

in Ker(A* —il). On the other hand, combining the splitting R(A +il) & Ker(A* +il) = H
with the assumption R(A + il) = H shows that Ker(A* 4+ il) = H. Thus, v = u so v lies in
D(A) which implies D(A) = D(A*).

4.4 Compact operators

Useful references are [9], [36].
Let E. F be two separable Banach spaces.

Definition: An operator A € B(FE,F) is compact whenever the range A(Bg(0,1)) of the unit
ball Bg(0,1) of E has compact closure.

Equivalently, an operator A € B(E, F') is compact whenever given any bounded sequence (z,,) in E,
one can extract from the sequence (Ax,) a convergent sequence in F.

Let IC(E, F') denote the set of compact operators from E to F'. When F = F we set K(E) := K(E, E).

K(E) is a two sided ideal in B(E). For if A € K(E), B € B(E) and a bounded sequence (u,)
in E, (Bu,) is also bounded. A being compact we can extract from (ABu,) a convergent subse-
quence (ABug)) which shows that AB is compact. Similarly we show that the product BA is
compact. Indeed, A being compact, we can extract a subsequence (ug(,)) of (uy) such that (Aug))
converges and B being bounded, (BAug(,)) therefore converges. This shows that BA is compact.

Let us check that IC(E) is closed in B(E). Let A, be a sequence of compact operators converg-
ing to A. To show the compactness of A(B(0,1)) and hence of A, it is sufficient to show we can cover
the image ball A(B(0,1)) by a finite number of balls with given radius. Let ¢ > 0 and n € IN such
that [||A, — Al|| < §. Since A, is compact, we can cover A,(B(0,1)) by a finite number N of balls
with radius /2, A,(B(0,1)) ¢ UY, B(hs,e/2). This induces a covering of A(B(0,1)) by a finite
number of balls of radius € and ends the proof of the closedness of the set of compact operators.
Hence IC(F) becomes a Banach algebra for the operator norm || - ||.

When E = H, K(H) is a *-ideal i.e. A € K(H) = A* € K(H). Indeed, let A be compact and
let us assume that A* is not compact. Then there is a sequence (u,) in the unit ball B(0,1) such
that ||A*u, — A*u,,|| > e > 0 for any n,m € IN. Let v, = A*u,, then

< Av, — A’Um, Up — Uy >= HA*un - A*umH2 > £’
so that by the Cauchy-Schwartz inequality and using the fact that ||u,| < 1, we get
e2 < ||Av, — Avp |||t — um || < 2||Av, — Avp|

in which case (Av,) would not have a convergent subsequence. This would contradict the compact-
ness of A.

Thus K(H) yields another example of C*-algebra. Notice that unlike B(H) it does not contain

20



a unit element.

An example of a compact operator is provided by Sobolev inclusions on closed manifolds (see e.g.
[1], [17]). Given a closed manifold M and a vector bundle £ based on M, using a partition of the
unity, one can define for any s € IR, the H® Sobolev closure H*(E) of the space C*°(E) of smooth
sections of E (se e.g. [17]). For t < s, the inclusion i : H*(F) — H'(FE) is a compact operator.

4.5 Finite rank operators

A useful reference is [9].

Since the compactness of the unit ball in a normed space implies that this space is finite dimen-
sional, a natural question is whether one can approximate compact operators by operators with
finite dimensional range. A bounded operator A € B(FE, F') has finite rank if its range is finite di-
mensional. The dimension of the range is called the rank of the operator.

A simple example is given by finite rank projection operators. Let (ex) be a complete orthonormal
basis of a separable Hilbert space H, the projection operator P} defined by Ppe; = ¢; if j < k,
Pre; = 0 otherwise, is a finite rank operator since its range has dimension k.

We now relate compact operators to finite rank ones.

Any finite rank operator is compact, since the closure of the range A(B(0,1)) of the unit ball by
a finite rank operator A is compact as a closed and bounded subset of a finite dimensional space.
Hence, any limit (in the operator norm of bounded operators) of finite rank operators is compact
since the set of compact operators is closed in the set of bounded operators.

Conversely, when F' is a Hilbert space, let us show that any compact operator can be obtained
as a limit (in the operator norm of bounded operators) of finite rank operators. Let A be a com-
pact operator; the closure A(B(0,1)) of the range A(B(0,1)) of the unit ball is compact. Given
e > 0, it can therefore be covered by a finite number of balls B(h;,5) centered at h; with given
radius € in such a way that A(B(0,1)) C UY,B(h;,5). Let F denote the subspace generated by
hi,i=1,---, N and let Pp denote the orthogonal projection (hence the need for a Hilbert structure
on the target space) onto F. Then A. = PpA has finite rank. Let us check that [||A. — A|| < e.
Since € B(0,1) there is some iy € {1,---, N} such that ||[Ah — h;,|| < 5. Since |[Pp| < 1, this
implies that || PrAh — Prhy|| < § and hence ||[PrAh — h;,|| < 5. It follows that ||PrAh — Ah|| < 2¢
for any h € B(0,1) and hence |||A: — A||| < e, which shows that the compact operator A could be

approximated by finite rank ones A..

Here again, an example can be found on I, sequences. To a sequence («,,) of real numbers con-
verging to 0, we can associate a compact operator

Ailg — lg

(un) —  (Qpuy).

It is compact as limit of operators of finite rank Ay defined by

Ak((un)) - (O{OUO, co, QRUE, 07 e 70)

4.6 Fredholm operators
Useful references are [17], [31], [40], [44].
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Let £ and F' be two separable Banach spaces .
An operator A € B(E, F) is Fredholm whenever it is invertible “up to a compact operator”, i.e.
whenever there are operators B € B(F, E) and C € B(F, E) such that BA—1I et AC' —1I are compact.

Example:

A2 — [P

is a Fredholm operator.

Any operator I — K with K € IC(F), is Fredholm. Note that if A € B(E, F) is a Fredholm op-
erator, then A + K is also Fredholm for any operator K € K(E, F). The set F(E, F') of Fredholm
operators is open in B(E, F).

If £ and F are Hilbert spaces, since the adjoint of a compact operator is compact, the adjoint of a
Fredholm operator is Fredholm.

Proposition: Let H; and Hs be two separable Hilbert spaces and let A € B(H;, Hy). The fol-
lowing conditions are equivalent:

i) A is Fredholm
ii) KerA and KerA* are finite dimensional and R(A) et R(A*) are closed.
iii) The kernels KerA et Ker A* are finite dimensional and
H, = Ker(A) ® R(A"),
Hy = Ker(A") ® R(A)
where the sums are orthogonal.
Proof:

(i) = (ii): We show that Ker(A) is finite dimensional. Let (u,) be a sequence in the unit sphere of
Ker(A) so that ||u,|| = 1. Then u, = (I — BA)u,, and since I — BA is compact, we can extract
from (u,) a convergent subsequence, which proves that the unit ball of Ker(A) is compact and
hence by the Bolzano-Weierstrass theorem (hence the need for separability) that KerA is finite
dimensional.

Let us now check that the range of A is closed. Let (u,) be a sequence in D(A) and let
us assume that v, := Au,, — v. Without any restriction, we can also assume that (u,) lies in
KerA+.

Let us first assume that (u,) is bounded. Since u,, = Bv,, + (I — BA)u,, I — BA being compact,
we can extract a convergent subsequence (ug(,)) such that (I — BA)(ugn)) converges to some
w. B being compact and hence bounded, the sequence Bv, tends to Bv so that that wug,)
tends to some u := Bv + w. Thus v = lim, vg(,) = lim,, Aug,) = Au lies in the range of A so
that R(A) is closed.

If now the sequence (u,,) is non bounded, then ||un|| tends to +o0o when n — +oo. Applying
the result obtained in the bounded case to u], = ” H yields a subsequence (u ¢(n)) € KerAt that

un_

converges to v’ such that ||v/|| = 1 and Au’ = lim,, fudty = limy, e = 0. Since A is closed KerA

is also closed and u' € KerA which leads to a contradiction. Since the adjoint of a Fredholm
operator is Fredholm, KerA*, resp. R(A*) are finite dimensional, resp. closed.
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(ii) = (iii): Given a closed operator A and densely defined on Hy, we know that

KerA* + R(A) = H, 2)

and

KerA™ 4+ R(A*) = H; (3)
Since R(A) and R(A*) are closed it follows that
KerA* + R(A) = H,

and

KerA + R(A") = H;.

(iii) = (i): Ais bijective from KerA* = R(A*) onto R(A) = Ker(A*)", so we can find two operators
C' defined on R(A) and D defined on R(A*) such that CA = I /KerA* and AD = I/(KerA*)™.
Let us denote by the same symbols C resp. the extension of C' by 0 on KerA*, resp. of D by
0 on KerA. They are bounded operators by the closed graph theorem and by construction we
have I — CA = mgopy and [ — AD = mgap 4. Where mp is the orthogonal projection on the
vector space F. Since these two projections have finite rank, it follows that A is Fredholm.

We henceforth assume that the Hilbert spaces are separable.
Given a Fredholm operator A : Hy — Hs, the index of A is the positive integer given by

ind(4) := dim Ker(A) — dim Ker(A")
= dim Ker(A) — codim R(A)

since the range of A and the kernel of A* are topological complements in H,.
It follows from the definition that ind(A*) = —ind(A).

Further important properties of the index are
Proposition:
(i) Given two Fredholm operators A and B then their product AB is Fredholm and
ind(AB) = ind(A) + ind(B).
(ii) The index map ind : F(H,, Hy) — Z is continuous and locally constant on the set of Fredholm
operators.

Partial proof: Let us show the relation between the indices in (i), leaving the proof of the Fredholm
property of the product as an exercise. We write

Ker(AB) = Ker(B) ® B~ (R(B) NKer(A)) [ker(n)-

Ker(B*A*) = Ker(A*) @ (A") ' (R(A*) N Ker(B”))ger(ax)L

= Ker(A*) @ (A")~" (Ker(4)" N R(B)L)Ker(A*)L :
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Hence

ind(AB) = dim Ker(AB) — dim Ker(B*A")
= B) + dim (R(B) N Ker(A))
*) — dim (Ker(A)" NR(B"))

B) + dim Ker(A)

dim (Ker(B*) N Ker(A)) — dim Ker(A*)

dim (Ker(A)* N Ker(B*))
= dim Ker (A) + dim Ker(B) — dim Ker(A*) — dim Ker(B*)
= ind(A) +ind(B)

To show (ii), let T": H; — Hy be a fixed Fredholm operator and let us consider the spaces H, =
Ker(7T*) & Hy and Hy = Ker(T') & H, together with the map

Hom(Hy, Hy) — Hom(ﬁlaﬁQ)
S — S(u,h) :=nrh® (u+ S(h))

where 7 denotes the orthogonal projection onto KerT. The map S — S is continuous since
|S—=T| = ||S—T|. We check that S € Iso(E, F). Since T is an isomorphism and since Iso( Hy, H,)
is open in H om(ﬁl,ﬁg), so is S an isomorphism for some small perturbation S of 7. Hence S
is Fredholm and since ind(S) = 0 we have ind(S) = ind(7) which shows that the index is locally
constant. u

Let us illustrate the notion of index by the example quoted at teh beginning of this chapter. Let
A :ly — Iy be the left translation operator on the set I, of L? convergent sequences defined by

A((un)) :== (vn), Vp = Upy1-
A is onto and has one dimensional kernel. Its adjoint A* defined on Iy by
A*((up)) == (vn), vo=0,v, =up_1 if n#0

is one to one with range given by the closed set of sequences with vanishing first term. The operator
A is therefore Fredholm with index 1. It is easy to check that the index of A™ is n and the index of
(A*)™ is —n, which shows that the index is surjective onto Z.

4.7 Differential operators; Laplacians

Useful references are [6], [15], [20], [31], [45].

We need some notations:

For a multi index o := (v, - -+, 0,) € IN", let us set |a| := > 7_, a and for £ € R", > := &7 -+ - &0
We also set D2 := (—i)l*153 9L with gfi = %.

With these notations we have F (D*f) (§) = £“f(&) for any Schwartz functlon f € S(IR") where F
also denoted by ~  denotes the Fourier transform f(€) := f et f(x

In what follows, K := IR or K := (.

A differential operator of order m on an open subset U of IR" is a linear map
A:CHU, KP) — C*™(U, K)
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of the form

|atf
A=Y aln)o (@)

where a,(x) is a (¢, p) matrix of smooth K-valued functions with a, # 0 for some « and such that
la| =m (i.e. A differentiates m times).

The Laplacian A := —>"" | 59—:; on U := IR" provides an example of differential operator of or-
der 2.
A change of coordinates & = #(x) on U gives for any j € {1,--- ,n}:
J "0 O
8xj 1 8£Cj &%k

As a consequence, in the new coordinates, the operator A reads

Qe
A= Z aa(:v)axa

laf<m

for some other (¢, p) matrix a, of smooth K-valued functions on U, which shows that the operator
can be described in a similar way in these new coordinates. If we have a,(z) = 0 for all |a| = m,
then ag(Z) = 0 for all |3] = m so that the order is conserved under a change of coordinates.

Given a smooth manifold M of dimension n, it therefore makes sense to define a differential op-
erator A : C®°(M, R) — C*(M, IR) of order m as a linear operator which has the above description
(4) in any local chart of M since another local chart would give the same type of local description
via a change of coordinates.

Let GL,(K) be the group of invertible K-valued r x r matrices. Given two maps 7 : U — GL,(K)
and 7o : U — GL,(K), 72Am defines another differential operator or order m on U since

olel
ToAT = Z TQGQ(I')Tl%,

la|<m

is of the same type as (4). Letting 7p : £ — M and 7p : F — M be two vector bundles based on
M of rank p, g respectively, this shows that the shape of the operator described in (4) is invariant
under a change of trivialization 75 : U — GL,(K) on E and 7 : U — GL,(K) on F.

It therefore makes sense to set the following
Definition: A differential operator of order m on a smooth manifold M is a linear map A : C*°(E) —
C>®(F), where E, F are two vector bundles based on M of rank p, ¢ over K respectively, such that

each point x of M has a neighborhood U with coordinates (x1,---,z,) over which there is a local
trivialization FE), ~ U x K? and Fj, ~ U x K“ in which the operator A reads

The Laplace Beltrami operator: Let (M, g) be a Riemannian manifold with Riemannian metric
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g. Here we take F = F = M x €. In a local chart, the metric reads g(z) = g;j(x)dz;dz;; let (g7)
denotes the inverse matrix of (g;;) and detg the determinant of (g;;). The Laplace-Beltrami operator
is defined by

1 0 0
A, = ——— detgg"” —
g detg z]zzl ox; ehag 8:1:j
= _ Z g’ 4 terms of lower order.
i1 (99(:23%

Notice that setting g;; = d;;, the Kronecker symbol of {7, j} yields back the local expression of the
Laplacian on IR".
A C?-function is harmonic if A,f = 0. Equivalently, it minimises the energy functional

E(f) = /M df 2 dvol(z)

where dvol(z) is the volume form associated to the Riemannian structure and || - ||, is the norm on
1-forms induced by the metric via the inner product on one forms. When M is compact, as we shall
see later in these notes, this is a finite dimensional space as the kernel of elliptic operator.

Laplacian on sections of a vector bundle: Let £ — M be a vector bundle based on a Rie-
mannian manifold M and let E be equipped with a connection V¥#. The Levi-Civita connection
V on M yields a connection VI on T*M which, when combined with V¥, yields a connec-
tion VI"MeE — yT'M & 1 11 @ VF on T*M ® E. Composed with V¥, this yields an operator
VITMOEGE . C=(F) — C®°(T*M ® T*M ® E). Using the metric on C*°(TM ® TM), by contrac-
tion, one can build its trace to obtain a second-order differential operator

AF = —tp (VI MOEGE)
called a Laplacian on C*°(FE).

When E := M x K, and V¥ = V, the Levi-Civita connection on M, it yields back the Laplace-
Beltrami operator and we have:
Ay =—divoV =V"V

where div denotes the divergence defined by:
—(divU, f) =(U,Vf) VfeC®M),UecC*TM)
and V* the adjoint (in the operator sense) of the connection V. Indeed, in local coordinates the di-

vergence reads divU = \%%(U 7,/9), which combined with the local formula (V f) = > 970:f
yields the first identity.

More generally, take £ = AT*M equipped with the connection V¥ induced by the Levi-Civita
connection on M, then

AAT*M — _tr(vT*M®AT*MvAT*M> — v*v
where we have set for short V = VA" and V* its adjoint.

We shall come across another second order elliptic operator (d + d*)? acting on forms with the same
leading symbol o(z, &) = [£]? as AM™M which relates to A ™M by the Bochner-Weizenbock formula.
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4.8 Dirac operators

Following Dirac, we look for a differential operator D¥ whose square is a Laplacian A¥. When E is
the trivial bundle F = IR" x €, A¥ is the ordinary Laplacian A = — """ | 8‘3—; on IR". Looking for
an operator D =3 " | ¢ 9_ such that D? = A leads to the Clifford relations of Section 3.5, namely:

oz
CiCj + CjCi = —2(51]

D=53%", ci% then yields a first order differential oprator which provides a square root of the
Laplacian. Extending this construction to search for a square root of a Laplacian AF acting on
sections of a vector bundle F, requires the use of a Clifford connection. We use here the notations
of section 3.5. Let M be a Riemannian manifold and let £ — M be a Clifford module based on M.
A connection V¥ on F is called a Clifford connection if it commutes with the Clifford multiplication
on E:

[VE cla)] = ¢(Va) Va € C=(C(M)),

where C'(M) is the bundle of Clifford algebras on M. Here V is the Levi-Civita connection on M.

Examples:

e The exterior power of the cotangent bundle: Let £ = AT*M be equipped with the
connection V¥ induced by the Levi-Civita connection on M. Then V¥ is a Clifford connection
for the Clifford action ¢(v) = e(v) —i(v) Vv € C®(T'M) on AT*M seen as a Clifford module.

e Spinor bundles: Let £ = S ® W where S is the spinor bundle on M. The Clifford module
acts on E via a Clifford multiplication ¢. Since Spin(V') is a finite covering of SO(V'), we can
lift the Levi-Civita connection on SO(T'M) to a connection on the spinor bundle S. Combined
with a connection V" on W, it yields a Clifford connection V% on S @ W.

e Spin‘ bundles: Let M be a Spin°-manifold, so that the orthonormal frame bundle SO(T'M) —
M lifts to some Spin®(V')-bundle where V' is the model space for M. Since Spin“(V) — SO(V)
is not a finite covering, the Levi-Civita connection on M does not automatically lift to a con-
nection on Spin®(V). We need additional information, namely a connection on the SO(V') x S*-
bundle obtained from the quotient of Spin®(V') by T, which lifts to a connection on Spin®(V).
This connection V is obtained from combining the Levi-Civita connection on M with a con-
nection on the U(1) bundle obtained from Spin®(V') by dividing out by Spin(V).

From a Clifford connection V¥ one can build a first order differential operator

DF .= Zc(ei)Vf:
i=1

called a Dirac operator.

Examples:

e A Dirac operator associated to the de Rham operator: In the first of the above ex-
amples, using the fact that the Levi-Civita connection V relates to the exterior differential by
d = €0V and to its adjoint by d* = —2 0 V, we can write d + d* = co V where ¢ := ¢ —1
defines a Clifford multiplication on (M ). The operator d + d* can therefore be interpreted as
a Dirac operator acting on sections of the Clifford module AT*M:

DM .— Z c(e\VE =d+d*.

i=1
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e The twisted Dirac operator: When M is a spin manifold, S the spinor bundle and W an
exterior vector bundle based on M with connection V", the operator

DSOW . _ Z c(ei)V;i®W

=1

is called a twisted Dirac operator. In the absence of exterior bundle W, i.e. when E = S| it
is often denoted by D and simply called the Dirac operator on M. When the dimension of M
is odd, D®W is an essentially self-adjoint Dirac operator (on the adequate domain), when the
dimension is even, E = Et® FE~ = ST W & S~ ® W is Zy-graded and D is odd for this

. . 0 DWW~
grading, i.e. DWW = (<DS®W>+ ( 0 ) ) .

e Dirac operators for Spin“-structures: To a connection V on a Spin®-bundle, there is also
an associated Dirac operator :

n

D= Z c(e;)Ve,.

i=1

In general, the square of a Dirac operator D¥ only coincides with the Laplacian A¥ only up to a
zeroth order differential operator as we shall see from the Lichnerowicz and Bochner-Weitzenbock
formulae below.

e The square of DAT™M vyields the Hodge Laplacian

A =d*d+ dd*

acting on forms on a smooth manifold M. It relates to the Laplacian AA™™ by a Bochner-
Weizenbock relation:

Proposition
(d+ d")? = AMTM Z c(dwz;)e(dz;)Qe;, e;)
i<j
where Q(u,v) := [V, V] = V] is the curvature tensor on AT*M equipped with the connec-
tion induced by the Levi-Civita connection.

Proof:  Since the operators involved in the equality to be proven are differential operators
and since the curvature operator is tensorial, the proof can be carried out choosing an or-
thornormal tangent frames (ej(x),---,e,(x)) at a given point x and does not depend on the
way we extend it to a field of orthonormal frames in a neighborhood of . We choose to extend
it to a field of orthonormal frames (ey, - - -, e,) such that (Ve;), = 0 at point € M.

(d+d)*a = Zc(d:vi)vi(c(dxj)vja)

= > eldzy)e(dz;)Vi(V;a)

1,j=1
= —Vz‘ Z Vivja + Z C(dl‘l)c(dl‘]) (V,VJ - V]VZ) «
i=1 1<J

— AATTM, Z c(dx;)c(dz;)Q (e, e)) .

1<j
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e In order to relate the square of the twisted Dirac operator D°®" on a spin manifold with
AW we need the notion of twisting curvature. Let us set £ = S ® W equipped with the
connection V¥ as before. We first observe that the curvature QF of V¥ decomposes under the
isomorphism End(E) ~ C(M) ® Endcy(E) as follows

(VE)2 _ RE+FE/S

where RF is a C'(M)- valued 2-form on M induced by the action on F of the Riemannian
curvature R of M given by the formula

n

1
R¥(ei e) = 1 > (Q(es ¢)ex, en)e(eF)e(e))
k=1
where e;,7 = 1,---,n is an orthonormal frame of the tangent bundle TM and ¢',i = 1,---.n

the dual frame and where €2 is the curvature of V as in section 2.5. The remaining two form
FP/9 s called the twisting curvature. When E = S ® W, the twisted curvature F¥/¥ coincides
with the curvature Q%W of VW.

The square of a Dirac operator D¥ differs from the Laplacian A® by a term involving the
scalar curvature of M and the twisting curvature of the Clifford connection V¥ as can be seen
from the Lichnerowicz formula:

Proposition:
(DE)2 — AP 4 o(FFIS) +Z

where s is the scalar curvature of M and

o(FPI5) =3 FP5(es, e5)c(e)e(e).
i<j
When E = S ® W, the Lichnerowicz formula reads:
DWY? — AW QY (e;, e;)cle) (el il
(D7) +; (e, e5)c(e’)e(e’) + 7

where AW is the Laplacian built from the connection V¥ =V ® 1+ 1 VW.

The Lichnerowicz formula further reduces to:

S
D*=A+=
"1

for the ordinary Dirac operator D on M (with no exterior bundle).

4.9 Elliptic operators; generalised Laplacians

Letting  and & = Z(z) be two systems of coordinates on an open subset U of M, the Schwartz
property by which one can exchange partial differentiations yields for |a| = m:

olal o1 o8l
o H o7
|8l=m o
where [%] is the symmetrization of the m-th tensor product of the matrix (%). Hence for any

|a| = m, the matrices a,(z) transforms to:
o oz
nlt) = X aole) |5
|Bl=m o
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TM ® Hom(E, F) called the lead-

Thus the expression },,_,, da(® )gxa extends to a section of ®7; ,

ing symbol of A and denoted by o, (A).

In the same way that we identify the symmetric tensor power ®g V' of a vector space V' to the
set of homogeneous polynomials of degree m on the dual space V*, we can see the leading symbol
or(A)(x) at point x of a differential operator A = > aq(z )% as a homogeneous polynomial of
degree m in the variable £ € T); X:

a|<m

where we have replaced Z- glel = by 19£°.

It is easy to check that
oL(AB) =op(A)or(B)

for two differential operators A and B and whenever the bundle F is Hermitian

o1 (A%) = op (A).

We call a differential operator of order m elliptic whenever its leading symbol oz (A)(z)(&) in
Hom(E,, F,) is invertible for any non zero £ € T M and any x € M.

From the above properties of the leading symbol, it follows that if A is elliptic then so is A*, and
hence so is A*A.

In fact the injectivity of the leading symbol of A is enough to have the ellipticity of A*A since
or(A)(x)(€) implies that oz (A*)(x)(&) = (o(A)(x)(£))" is onto and hence that o7 (A*A) is bijective
as a product of (o (A)(z)(€))" and or(A)(z)(€).

Generalised Laplacians: The Laplace-Beltrami operator has leading symbol given by:

UL Zg glgj - ||€||2

7,j=1

where the norm is defined by the scalar product on the cotangent space induced by the metric on
M. More generally, we call generalised Laplacian on a vector bundle F a second order differential
operator H such that op(H)(z)(€) = ||¢||*. The Laplacian acting on sections of E described above
is a generalised Laplacian.

A generalised Laplacian H is elliptic since o (H)(x)(¢) = [|£]|? is invertible whenever & # 0.
The leading symbol of a Dirac operator is given by or(D)(z)(§) = ic(§). One can easily check

that its square yields back the leading symbol of the Laplacian since c¢(£)? = ||€]|%; it is therefore a
first order differential operator whose square is a generalised Laplacian.

The total symbol: The Fourier transform description of differential operators, called the
momentum space description, is often useful in physics. Given a point x € M and a local trivialization
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on a subset U containing x, we identify 77 M with IR", x with a point in IR", and write a local section
u of the trivialised bundle E over U:

u(z) = !

(2m)2

| e

where (x, &), is the inner product on IR" induced by the Riemannian metric on X. Then a straight-
forward calculation yields:

1

(A)(e) = s

/ e (A) (2, )a(e)de

where

o(A)(2)(€) = ) ilag ()€

|| <m

is the total symbol of A. Unlike the leading symbol, the total symbol is only locally defined.

For a differential operator, the total symbol is polynomial in &; allowing non polynomial functions
with some growth conditions leads to pseudo-differential operators.

4.10 Pseudo-differential operators on manifolds

Useful references are [31], [49], [50].

In what follows we shall only briefly sketch the definitions and properties which can be of use to us
later on.

A pseudo-differential operator of order m on a closed Riemannian manifold M is a linear oper-
ator A : C®(E) — C*(F) where E, F are two vector bundles based on M of rank p, g respectively,
such that each point x of M has a neighborhood U with coordinates (xy,---,x,) over which there
are local trivializations E|, ~ U x €? and F), ~ U x €Y in which the operator A reads

Aule) = oy [ eeOala, ifa)de,

where the p x g-matrix valued function a(z, &) (called the symbol of A) obeys the following growth
condition. For any multiindices «, 3 there is a constant C, g such that

|D2Dla(x,€)| < Cop(l+[IE)™ P V(z,€) € T*X.

Let Sym™ be the set of symbols satisfying this requirement.
One can check that this condition is satisfied whenever a is polynomial of degree m in &.
Also the inverse (1 + A,)~! is a pseudo-differential operator of order —2.

A useful notation is the following; The symbol a is said to have the formal development
a ~ Zaj, a; € Sym™
j=1

if for each integer m there exists some integer K for which a — Z]K:1 a; € Sym™™" Vk > K. A

symbol a is classical whenever the a,,,’s can be chosen positively homogeneous of degree m; in &, i.e.
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U, (2,t8) = ™ A, (2,€) V> 0.

A pseudo-differential operator A that has order smaller than any negative integer is called a smooth-
g operator.

A typical example of smoothing operator is provided by the heat operator e=*®7, ¢ > 0 where A, is
the Laplace-Beltrami operator defined above. The exponential is defined as f(A,) where f(z) = e™*
using spectral representation of self-adjoint operators.

Letting as before H*(E) denote the H® Sobolev closure of the space C*°(E) of smooth sections
of E, we have the following fundamental result:

Proposition: Let £ — M and ' — M be two vector bundles based on a closed manifold
M. A pseudo-differential operator A : C*°(E) — C*°(F) of order m extends to a bounded operator

A: HY(E) — H™(F).

Idea of proof: Using a partition of unity on the base manifold M, one can reduce the proof to the
case of an operator acting on functions with compact support in IR" where n is the dimension of M;
we follow the steps of Proposition 3.2. in chapter III of [31]. Given two smooth functions u,v with
compact support in IR" we can write

(Au,v) = / Au(n)o(n)dn

- L { | e >a<x,£>dx} a(€)i(n)dedn

Setting U(&) == a(&)(1 + €)™ and V() = 6(n)(1 + [n])~ yields:

(Au,v)| < / / W(E, UV ()dédn

< ([ [venre dfdn) (] [wenre dfdn)
< Clluflssmlloll-s,
where we have set: W(&,n) = | [ @S Ma(x, &)dz|(1 + €)™ (1 + |n|)* which, according to the

growth assumptions is bounded from above by C(1 + |€ — n|)~**l*! for some positive constant C. m

Corollary: Under the assumptions of the above proposition, the operator
A:H*(FE)— HF)
is compact whenever its order is negative. In particular, any smoothing operator is compact.
Proof: The first assertion follows from the compactness of the inclusion i : H'(F) — H*(F) for
t > s. Indeed, setting t :== s —m, we find that A : H*(E) — H* ™ (F) composed with the inclusion i

is compact as the composition of a bounded and a compact operator, which yields the compactness
of A: H*(E) — H*(F). The rest of the proposition easily follows. "

The notion of ellipticity extends to pseudo-differential operators. Namely, a pseudo-differential op-
erator of order m is elliptic if there exists a constant ¢ > 0 such that, for all £ with large enough
module [£] > ¢, the inverse a(z,§) exists and satisfies

(2, &) < e(L+ [l
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Elliptic differential operators yield examples of elliptic pseudo-differential operators. We are now
ready to state an important result, referring the reader to e.g. [31] for a proof.

Proposition: Let £ — M, F — M be two vector bundles based on a closed manifold M.
Any elliptic pseudo-differential operator A : C*(E) — C*(F) admits a parametrix, i.e. an in-
verse map up to a smoothing operator. In other words, there is a pseudo-differential operator
B :C>®(M,F) — C®(M,E) such that AB — Ir and BA — I are smoothing operators where I,
resp. [ is the identity map on C*°(E), resp. C*°(F).

Corollary: Let £ — M, FF — M be two vector bundles based on a closed manifold M. An
elliptic pseudo-differential operator A : C*(FE) — C*°(F) of order a extends to a Fredholm map:

A®: H¥(E) — H™YF).
In particular,

e Ker A and KerA* are finite dimensional vector spaces. They are subspaces of C*°(E) and
C*(F) respectively.

e Decomposition theorem
H*(E) = Ker(A) ® R(A") Vs e IR,

H*(F) = Ker(A*) ®R(A) Vs e R,
where the sums are orthogonal w.r.to the H*-inner product,
C*(F) = Ker(A) ® R(A"),
C*(F) = Ker(A*) @ R(A)
where the sums are orthogonal w.r.to the L2-inner product.

Idea of the proof: It is based on the results of section 3.6.

e The fact that A induces a Fredholm operator follows from its invertibility “up to a smoothing
operator” using one of the characterizations of Fredholm operators, as bounded operators which
are invertible, “up to a compact operator”.

e The fact that Ker (A) and Ker(A*) are finite dimensional vector spaces and the Sobolev de-
composition theorems follow directly from the properties of Fredholm operators (see section
3.6).

e Since Ker(A4) = (N, KerA® and and Ker(A*) = [N, Ker (4%)°, these kernels are subspaces of
C>®(E) and C>™(F).

e The decompositions of the spaces of smooth sections then follow from the Fredhom property
of the various extensions of A to Sobolev spaces.

4.11 The Hodge de Rham descomposition theorem

From the Bochner-Weitzenbock formula, we know that the Hodge Laplacian A = (d + d*)* differs
from the Laplacian AM™M by a zeroth-order differential operator. They therefore have the same
leading symbol; since we know that AN M ig elliptic, so is A. As a consequence of the above
corollary applied to the restriction A, of A to p-forms, the space of p-harmonic forms given by:

Hy(M) :={a e Q(M),A,a =0}
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is finite dimensional. Its dimension is called the p-th Betti number and denoted by (3,(M) so that
Op(M) = dim(H?(M)).

On the other hand, the decomposition theorem for Fredholm operators yields a Hodge decomposition
theorem:

QF(M) = H,(M) © R(d +d") Hyp(M) © R(dp-1) © R(d,y4,),

the direct sums corresponding to orthogonal sums w.r.to the inner product on forms. As a conse-
quence, we have:

lop(ary —

Pp(M) = dim (H,,(M)) .
The Hodge star isomorphism between p-forms and n — p-forms yields the isomorphism:
HP(M) ~ H"P(M)

and hence

ﬁp(M> = 6nfp(M>-

The FEuler characteristic which is given by the alternating sum of the Betti numbers defines a
topological invariant of the manifold:

E(M) = By(M).

There is another possible interpretation of the Euler characteristic as the index of the zero section
in the tangent bundle TM. Let f : M — N be a smooth map from a closed oriented smooth m-
dimensional manifold M to another closed oriented smooth n-submanifold NV of an oriented manifold
W of dimension m + n such that f is transverse to N. A point x € f~!(N) has positive or negative
type according to whether the composition:

My — Wiy = Wiy /Ny

preserves or reverses orientation. Here the first map is the tangent map T,f to f at point .
Accordingly we set i,.(f, N) =1 or i,(f, N) = —1. The intersection number of (f, N) is the integer:

i(f,N) =Y i(f.N).

zef~H(N)
It is invariant under homotopies of the map f.
Now if sg : M — T'M is the zero section of the tangent bundle of M, we have:
§(M) = i(so, M).

As a consequence, since any section s of the tangent bundle is homotopic to the zero section by the
map (t,x) — ts(x), if the tangent bundle to M has a section which is nowhere zero then £(M) = 0.
Since £(S*") = 2, every vector field on S?" vanishes somewhere. In other words, a "hairy ball cannot
be combed”.

We shall also need so split the space of harmonic forms as the sum
HP (M) = HPSY (M) & HP**4( M)
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of the space of self-dual harmonic p-forms
HPH M) = {a € HP (M), xa = a}
and of the space of anti self-dual harmonic p-forms
HPs M) = {a € HP (M), xa = —a}
which are both trivially finite dimensional since the space of harmonic p-forms is. We set
B (M) := dim (HP*(M)) , B, (M) = dim (HP**'(M)) .

Clearly we have:

Bp(M) = 3, (M) + 8, (M).

4.12 An incursion into index theory

It follows from the above proposition that an elliptic pseudo-differential operator A : C*(E) —
C*(F) is Fredholm since it is invertible up to a compact operator, namely here a smoothing operator.
It therefore has a well-defined index:

ind(A) := dim (Ker(A)) — dim (Ker(A*))

which is computed by so-called index theorems which express the index in terms of some chomology
forms thus relating it to topological characteristic classes. Just to give a flavour, we state here
(without proof) a few examples of index theorems.

e We saw that the operator D = d + d* gives rise to a Dirac operator D acting on forms on a
closed manifold M. Let us equip (M) with the Zs-grading given by the parity of the form
Q(M) = Q(M) @ QM)

where Q°(M) = Ker(I — P) is the algebra of forms of even degree and °¥ = Ker(I + P) the
space of forms of odd degree. Here P denotes the parity operator which is 1 on even forms and
—1 on odd forms. The index of the Dirac operator

D} = (d+ d¥)

lKer(1—P)

can be expressed in terms of the Euler characteristic:

Lemma:
ind(Dj) = x(M).
Proof.
ind(D}5) = dimKer(D}) — dimKer(D5)
= dimKer((1 — P)D) — dimKer((1 + P)D)
— Z dimKer(D‘sz(M)) — Z dimKer(D‘QQpH(M))

p p
n

= Z(_l)pdimKer(Dkzp(M) )

p=0
n

= ) (~1)PdimH"(M)

p=0

= > (=1)B,(M)
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An index theorem (which we do not prove here) gives a local expression of the index:

Theorem

ind(D}) = x(M) = (27:)3 /M e(V)

where V is the Levi-Civita connection on M, e(V) the Euler class of M equipped with V.

Let us now introduce another Z,-grading on (M) using the chirality operator defined on p

forms by:

e VA R

where k(n) = 2 if n is even and k(n) = 25! if n is odd. « is the Hodge star. Since I'* =T , the
space of forms splits:
QM) =Q"(M)®Q (M)

where we have set Q7 (M) = Ker(I' —I) and Q™ (M) := Ker(I'+ I). If the dimension n is even,
then D = d + d* anti commutes with I', i.e. I'D = — DT, so that the operator

Dt = (d+d*)
acts from the space Q7 (M) to the space Q~(M).

|Ker(I—F)

We henceforth specialise to the case n = 2k = 4l is a multiplie of 4, for which I' coincides
with the Hodge star operator on k forms. In particular we have:

H (M) = {a € Q¥ (M), Ta = a}

and
HE M) = {a € QF(M),Ta = —a}

that are finite dimensional spaces with dimensions 3, (M) and 3, (M) respectively.

Proposition: In dimension n = 2k = 4/, the bilinear form
o QM) x QM) — R
@0) — olap)= [ ang
M

induces a non degenerate symmetric bilinear form on H*(M). Its signature, called the signature
of M, is given by
o(M) :=sign(o) = B (M) — 3, (M).

Proof. We saw previously that fMa AB = (—1)F fMﬁ A a on k-forms so that if £ is even,
it yields a symmetric bilinear form. Given two closed forms « and 3, o(«, () only depends on
the cohomology class of o and [3; indeed

/M(a—l—d’y)/\ﬁ = /Ma/\ﬁjL/Mdfy/\ﬁ
- /MaAm/Md(wﬂ)—/deﬁ

:/Ma/\g
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where we have used Stoke’s theorem to set the middle integral to zero and the fact that 3 is
closed to set the last integral to zero.

The form o is non degenerate; indeed, let us assume that [, oA 3 = 0 for any closed k-form (3
and let us show that o = 0. Pick a harmonic k-form « as representative of a cohomology class
in H*(M). Then

(d+d)a=0=da=da=0=d*x)=0.

Hence x« is also a closed k-form and we can take 8 = xa. This yields a A xa = ||a]]* = 0 so
that a = 0 which ends the proof of the non degeneracy.

Let us now compute this bilinear form in different cases. First observe that for o € H**¢(M),

5 € H=A(M),

o, B) Z/Momﬂz/MaA*ﬁ= (a, B),
it @ € HFesd(M), 3 € HEasd(D)

o(a, B) =/MaA6=/MaA*6= (o, B)

and if o € HP4(M), § € HM*4(M)

a(a,g):/M*aAﬁz(—n’f/M@/\m:<a,ﬁ>:/M*aA*ﬁ:—a(a,5):0.

As a consequence, ¢ is diagonal on H**¢(M) @& H**4(M) with eigenvalues +1, —1 with multi-
plicity 8, (M) and B, (M). The bilinear form o therefore has signature

sign(o) = dimH"™* (M) — dimH"*4(M) = BF (M) — B, (M).

The following Lemma relates the index of Dy to the signature of the manifold:

Lemma:

ind(Df) = o(M)
Proof. We first observe that if o, =1, - -, ﬁ] (M) is an orthonormal basis of H7 (M) with j < k
then o;f = a; + %y, = oy —*ay, i =1, - ﬁ (M) yield an orthonormal basis of H’ @& H" ™,

where x is the Hodge star operator. Since the a; are self-dual and the o are anti self-dual, they
yield an orthonormal basis respectively of H>5%(M)@H"754(M) and H»**( M) @ H"5*¢(M).
As a consequence,

BHM) + B;_;(M) = dim (H*4(M) & H" (M)
= dim (K> (M) & H" 74 (M)) = B; (M) + 3,_;(M).

Hence we have,

ind(Df) = dimKer(Dy') — dimKer(Dy)
= dimKer(D‘Qsd( ) — dlmKer(D|m5d(m)

= Zdlm (KerH?*4(M Zdlm (KerH?***(M))

= Zﬁf(M>—Zﬁ;(M)
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= B (M) = b (M)
= o(M).

An index theorem (which we do not prove here) gives a local expression of the index as an
integral of the L genus:

Theorem Let M be an oriented Riemannian closed n = 4l dimensional manifold.

ind(Dy) = (_1)1/ML(V)

2
where as before, V is the Levi-Civita connection.

e Let M be an even dimensional spin manifold and let £ = S ® W be the tensor product of
the spinor bundle S of M and some exterior bundle W. Since S = ST @® S~ is Z,-graded,
sois E = Et@® E~. Let DT : C*°(Et) — C*(E™) be the corresponding Dirac operator.
The Atiyah-Singer index theorem (see e.g. [6], [31]) expresses this index of DT as the integral
over the base manifold of some Chern-Weil forms, namely the A-genus on M and the Chern
character on W described at the end of chapter 2:

1
(2im)>

ind(D1) = / A(V)ch(VY).

5 Configuration and moduli spaces

This chapter offers an illustration of how the various tools from geometry and operator theory
presented in the previous chapters can come into play in quantum field theory. A short description
of spaces of (inequivalent) configurations arising in Yang-Mills, Seiberg-Witten and string theory is
given here.

5.1 The geometric setting

A classical field theory with symmetries typically leads to the following geometric setting. A gauge
group G (a group of symmetries) acts on an (infinite dimensional) space of configurations X, and
one is interested in the moduli space of inequivalent configurations M := X/G.

The space of inequivalent configurations can play a role to study solutions of the classical field equa-
tions —namely the Euler-Lagrange equations minimizing the classical action— (Yang-Mills equation
in Yang-Mills theory and the Seiberg -Witten equations in Seiberg-Witten theory) or to investigate
the quantized theory from a path integration point of view (in string theory). In both cases the non-
compactness of the moduli space can come into the way; Seiberg-Witten theory offers the advantage
over Yang-Mills theory that the moduli space of classical solutions is compact and Seiberg-Witten
invariants are built up from integrals on the moduli space of inequivalent solutions to the Seiberg-
Witten equations. In the path integral approach to quantization, when the moduli space is a finite
dimensional manifold (for string theory, the Teichmiiller space of inequivalent conformal structures
on a Riemann surfaces is a smooth finite dimensional manifold), one can reduce path integrals on
infinite dimensional configuration spaces to ordinary integrals on the moduli space.

If the action is not free, the moduli space might not be a Hausdorff space; to cure this problem,
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one can either reduce the group of gauge transformations or reduce the configuration space in order
to get a free action and a manifold structure on the quotient space. For this reason, in Yang-Mills
and Seiberg-Witten theory one restricts to irreducible configurations, whereas in string theory, one
restricts the gauge group, considering only the connected component of the identity of the group of
diffeomorphisms of a surface.

Recall from the (slice) theorem of section 3.2, that given a Hilbert Lie group G, acting L*-isometrically
on a smooth Hilbert manifold X via a smooth, free and proper action, provided the tangent map
T := D0, (see notations of section 3.2) has a closed range, then the quotient space X/G is a smooth
Hilbert manifold. In practice, one typically comes across the following situation:

- G is modelled on some space H***(E) of Sobolev sections of some vector bundle E based on
a closed manifold M of dimension n (k > 0, s is usually chosen large enough s > § so that
Sobolev sections are continuous),

- X is modelled on some space H*(F') of Sobolev sections of another vector bundle F' based on
M

’

- forxz € X, 7, : C°(F) — C®(F) is a differential operator of order k£ > 0 with injective symbol.

The last proposition in section 4.8 then tells us that if 7, were elliptic, it would extend to a Fredholm
operator 7, : H*"*(E) — H*(F) and hence have a closed range (see section 3).

The fact that 7, be elliptic requires that its leading symbol be an isomorphism for non vanish-
ing &, but this in turn implies that £ and F' should have the same rank, which is not always the
case in practice. However, under the weaker requirement that the leading symbol be injective for
non vanishing ¢ (which we recall implies that 77, is elliptic), the closedness of the range of 7, and
as a consequence, the L2 orthogonal splitting:

R(7;) ® Ker(1)) = C*(F)

still hold. In fact this splitting holds in the H?® topology and we have:

Theorem: Let G be a Hilbert Lie group modelled on some space H*tk(E) of Sobolev sections
of some Hermitian vector bundle £ based on a closed manifold M of dimension n (with s > %,
k > 0) acting on a Hilbert manifold X modelled on some space H*(F") of Sobolev sections of another
Hermitian vector bundle F based on M. We assume that the action is L2-isometric for the L? Rie-
mannian metric on X built from inner products on the model space obtained by integrating along
M the inner products on the fibres. If the action is free, proper and smooth and if moreover, for any
r e X, 7, C®°FE) — C>®(F) is a differential operator of order k£ > 0 with injective symbol, then

the moduli space X /G is a smooth manifold.

In applications, an additional difficulty occurs; because one restricts oneself to some Sobolev set-
ting, the differential operator 7, may have non smooth coefficients lying in some Sobolev space
so that one then needs to adapt the classical results on differential operators with smooth coeffi-
cients (notice that a differential operator of order a with H*-coefficients takes smooth sections to
H* =% sections unlike an operator with smooth coefficients which takes smooth sections to smooth
sections). We shall elude this difficulty here, referring the reader to [29] for a discussion on this point.

5.2 The I.L.H. setting

In practice, one comes across Fréchet spaces of smooth sections rather than spaces of H®-sections,
namely intersections C*°(E) = (,., H°(E) rather than a space H*(E) for some fixed s, 7 : £ — M
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being a vector bundle based non a closed manifold M. Omori [41] introduced the notion of I.L.H.
space -the inverse limit of Hilbert spaces- by which C*(FE) is seen as the inverse limit of the Hilbert
spaces H*(E) (see [41]).

Recall that if {X,,,n € IN} is a countable family of topological spaces with continuous inclusions
X,—1 C X, then the intersection X := [ X, can be given the projective topology which corre-
sponds to the weakest topology on X that makes the inclusions X — X,, continuous. We denote the
resulting topological space, called the inverse limit of the X,, by (X; X,,,n € IN).

If for every n € IN, the space X,, is a linear Hilbert space and the inclusion maps are linear, the
resulting inverse limit (X; X,,n € IN) is a linear space called an inverse limit of Hilbert spaces or
an I.L.H. vector space for short.

A C*- LL.H. manifold modelled on an L.L.H. linear space (E;E,,n € IN) is an L.LL.H. topologi-
cal space (X; X,,,n € IN) such that

- X, is a C*-Hilbert manifold modelled on E,,,

- For each z € X, for any n € IN, there is an open neighborhood U,(z) of z in X, and
homeomorphisms:

o, :U,(x) >V, CE,

which yield C* coordinate systems around x € X,, and satisfy:

Un+1($) C Un<l') and ¢ = <I>n+1,

n|Un+1(Z)

- U(z) :==(),, Un(x) is an open neighborhood of z in (X;X,,n € IN).

We have included the last condition in the definition of an [.L.H. manifold which makes it a strong
[.L.H. manifold according to the usual convention, so that I.L.H. manifolds considered here are in
fact strong I.L.H. manifolds.

A map ¢ : X — Y between two C*-I.L.H. manifolds is C*-I.L.H. differentiable if it is the inductive
limit of C*-differentiable maps ¢,, : Xim(n)y — Yy for some m(n) such that Pn|y ( = Omn+1). It is

smooth if it is C* for all k € IN.

n+1)

There are examples for which one can choose m(n) = n (e.g. the multiplication in the Weyl group,
see below), but allowing m(n) # n is necessary if we want to put an I.L.H. Lie group structure on
the group of diffeomorphisms we need in the context of string theory.

An I.L.H. topological group is called an I.L.H. Lie group if it is a smooth I.L.H. manifold with
the group operations given by smooth I.L.H. maps.

The group of smooth diffeomorphisms on a closed manifold can be equipped with an I.LL.H. Lie group
structure [41] even though the group of diffeomorphisms of a fixed Sobolev class is not a Hilbert Lie
group, hence the relevance of the concept of I.LL.H. space.

Let P, B be smooth [.L.H. manifolds modelled on E and F' respectively, 7 : P — B a smooth
[.L.H. map and G an L.L.H. Lie group. Then (P, B, G, 7) is an I.L.H. principal bundle if and only if

the transition maps are smooth [.L.H. maps.

We are now ready to state the I.L.H. version of the above slice theorem. The notion of proper-
ness extends to the I.L.H. setting in a straight forward way.
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Theorem: Let G be an [.LL.H. Lie group acting transitively on the right on a smooth I.LL.H. manifold
X:
O:GgxX — X
(g;) — z-g.

Let us assume that the ILL.H. manifolds X, resp. G are modelled on the I.L.H. spaces C*(E),
resp. C°(F) where £ — M and F' — M are two Hermitian vector bundles based on some closed
Riemannian manifold M. The manifold X is equipped with an L? Riemannian structure built from
inner products on their model spaces obtained by integrating along M the inner product on the
fibres.

Under the following assumptions:

- The action of G on X is smooth I.L.H., L?-isometric, free and proper,
- Setting 0, := O(-, x) for any z € X, the map:

7. Lie(G) — T,X
u +— DOy(u)

is an injective differential operator with injective symbol, then The quotient is a smooth I.L.H.
manifold equipped with the induced L?-structure and the canonical projection w : X — X/G
yields an I.L.H. principal fibre bundle.

Let us now turn to three examples in quantum field theory; Yang-Mills, Seiberg-Witten and string
theory which use the above theorem.

5.3 Configurations in Yang-Mills gauge theory
Useful references are [10], [12], [29], [34], [40], [52].

G denotes a fixed compact connected Lie group.

Let P be be a smooth principal bundle based on a closed manifold M with structure group G.
Let adP := P X Lie(G) be the the vector bundle based on M with typical fibre given by the Lie
algebra Lie(G) of G associated to the adjoint action of G on Lie(G). Let us set E := adP and
F:=T*M ® adP, a vector bundle the sections of which are 1-forms on M with values in adP.

The space of configurations: Let C(P) (resp. C*(P)) denote the space of smooth (resp. H®) connec-
tions on P. Since a connection on P is a G-equivariant Lie(G)-valued one form w on P such that
w(X) =X VX € Lie(G) (X is the canonical vector field generated by X), two connections differ
by a horizontal one form on P and hence an adP valued one form on M. C(P) (resp. C*(P)) is an
affine I.L.H. (resp. Hilbert) space with tangent vector space C*(F') (resp. H*(E)).

The gauge group: Let Eg := P Xg G where G acts on itself by the adjoint action, then the set
C*®(Eq) (resp. H*(Eq)) of smooth (resp. H*-Sobolev) sections of Eg is an I.LL.H. (resp. Hilbert)
Lie group modelled on C*(E) (resp. H*(E)). It corresponds to the group of automorphisms of P
that cover the identity map on M.

The space of irreducible configurations: A connection A on P induces a covariant derivation V4
on adP from which one can define a differential operator of order 1:

da: (M, E)=C>(E) — QY(M,E)=C>™(F)
o — (X — V(o)
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which extends to the exterior differential dy : Q*(M, E) — Q**(M, E). The operator d4 is generally
not injective so that we need to restrict ourselves to #rreducible connections, namely those for which
d, is one to one. Notice that when A is reducible, an element u € Kerd, generates gauge transfor-
mations g; := e/ that leaves A fixed. The space C(P) (resp. C*(P)) of irreducible smooth (resp. H®)
connections on P) is also an I.LL.H. (resp. Hilbert) manifold modelled on C*(F') (resp. H*(F)).

An L?-structure on the configuration space: Since G is compact, its Lie algebra Lie(G) can be
equipped with a positive definite inner product which is invariant under the adjoint action. The
bundle F = adP thus inherits an inner product which, combined with the Riemannian metric on M
yields an inner product on F' = T*M ® adP. Hence, the configuration space C(P) which is modelled
on C®(F) can be equipped with an L*-metric obtained by integrating along M the inner product
on F. This metric is invariant under the action ©.

The gauge group action: The I.L.H. Lie group C*°(Es) acts smoothly on the I.L.H. space C(P)
of smooth connections on P:

O:C0%(Es) x C(P) — C(P)
(9,4) — A-g:=A+g 'dag.

The action © is L*isometric and it induces a smooth, free and proper action on the I.L.H. space of
irreducible configurations:

©:C®(Eg)/Z xC(P) — C(P)
(9,A) — a-g:=A+g tdag.

Here Z is the center of C*(E) and corresponds to C®°(P X Z(G)) where Z(G) is the center of G.

The tangent operator T,: It is the tangent operator at identity to 04 := ©(-,; A) and therefore
corresponds to the first order differential operator d4 : C*°(E) — C*°(F') which has injective symbol.

The moduli space of inequivalent connections: Applying the slice theorem to the I.L.H. gauge group
quotiented by its center G := C*°(FEg)/Z acting on the I.L.H. manifolds of irreducible configurations
X := C(P) shows that the moduli space X/G of inequivalent irreducible connections on P is a smooth
[.L.H. manifold.

5.4 Configurations in Seiberg-Witten theory

Classical references are [32], [35].

The setting is similar in spirit to the Yang-Mills setting. Here M is a closed 4-dimensional Spin®
manifold and P the lift of the orthonormal frame bundle SO(T'M ) to a principal Spin® bundle based
on M. Let E:= M x IR and F :=T*M ® IR ® S*(P) where S*(P) is the spinor bundle associated
to the Spin® structure on M.

The space of configurations: Let C(L) (resp. C*(L)) be the L.L.H. (resp. Hilbert) space of U(1)

smooth (resp. H® ) connections on L, the determinant line bundle £ associated to P. The space of
smooth (resp. H?) configurations is given by:

C(P) := C(L) x C=(ST(P))

resp.

C3(P) := C*(L) x H*(S*(P)).
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It is a smooth I.L.H. (resp. Hilbert) manifold.

The gauge group: The group of smooth (resp. H?®) automorphisms of P that cover the identity
on the frame bundle of M is an I.LL.H. (resp. Hilbert) Lie group which coincides with the group of
smooth (resp. H®) maps C°°(M,S') (resp. H*(M, S')).

The gauge group action: An element g of C*°(M,S') induces a bundle map detg on the deter-
minant bundle £ and a bundle map S*(g) on the spinor bundle ST(P). It acts on the space of
configurations by:

0 : C®(M,S") x C(P) c(P)
(9. (A, ) (A1) - g == (detg" A, ST (g~ "))

Irreducible configurations: Let C(P) = {(A,v) € C(P),¢) # 0} (vesp. (C*(P) := {(A ) €
C*(P),1) # 0}) denote the space of irreducible configurations. It is a submanifold of C(P) (resp.
C*(P)) as an open subset of that I.L.H. (Hilbert ) manifold. The above action is free when restricted
to irreducible configurations:

—
—

©:C®(M,S") xC(P) — C(P)
(9, (A0) = (A)-g:= (detg”A, S*(g7")¥).

The action © 4 is smooth, free and proper.

An L2—z'30m§tm'c action: The Riemannian metric on M induces a Hermitian product on the spinor
bundle S*(P) and hence one on the bundle F. Integrating this inner product on M, yields an L*-
metric on C*(P) which is invariant under the © action.

The tangent operator T,: The tangent operator at Id to the map 04y := O(-, (A, 1)) is the first
order differential operator

Taw) : CF(E) — C%(F)
[ Qdf,—f-9)

which has injective symbol.

The moduli space of irreducible configurations: We can apply the slice theorem to the gauge group
G := C>(M, S"), the space of irreducible configurations X := C(P) and conclude that the moduli
space X/G of inequivalent irreducible configurations is a smooth I.L.H. manifold.

5.5 The Teichmiiller space in string theory

The geometric setting for string theory is also that of Teichmiiller theory. Useful references are [4],
[11], [13], [51] and many references therein.

Here M is a closed Riemann surface of genus p (which we shall assume here is larger than 1),
E:=R&TM and F :=T"M @, T*M the symmetrized product of the cotangent bundle, where ®;
denotes the symmetrized tensor product.

In what follows, s will be assumed large enough for the sections of the different bundles to be con-
tinuous.

The configuration space: Let M(M) = {g € C®°(T*M ®s T*M),detg > 0} (resp. M?*(M) :=
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{g € H*(T*M ®,T*M), detg > 0}) be the space of smooth (resp. H*®) Riemannian metrics on M; it
is an I.LL.H. (resp. Hilbert) manifold modelled on C*(T*M @, T*M) (resp. H*(T*M ®;T*M)).

The gauge group: Let W(M) := {e®, ¢ € C>°(M, IR)} (resp. W*(M) := {e?,¢ € H*(M, IR)}) be the
group of smooth (resp. H?®) Weyl transformations, D(M) := {f € C°(M, M), f~' € C>(M, M)}
(resp. DS(M) := {f € H*(M,M), f~* € H*(M,M)}) the group of smooth (resp. H*) diffeomor-
phisms of M. W(M), D(M) are I.LL.H. Lie groups modelled on C*(M, IR), C*(T' M) respectively.
For fixed large enough s, W*(M) is a Hilbert Lie group, but D*(M) is not; it is a Hilbert manifold
modelled on H*(T'M) which is only a topological group. The I.L.H. setting is therefore useful to put
a Lie group structure on diffeomrophisms.

Let Dy(M) denote the connected component of the identity map in D(M) and let

G := Dy(M) © W(M)
where ® stands for the semi-direct product, namely the product with a twisted product law (f, ¢) ®
(f',¢") = (fof dof +9)

Group actions: The Weyl group W(M) acts on the configuration space M(M) by pointwise multi-
plication:
W(M) x M(M) — M(M)
(6,9) = g

and this [.LL.H. action is smooth, free and proper. The set
Conf(M) = {[g] i= {e* - g,e* € W(M)}, g€ M(M)}
is an [.L.H. manifold, the manifold of conformal structures. It is diffeomorphic to the I.LL.H. manifold
J(M):={J€C®(TM®T*M), J preserves orientation and J*= —I}

of smooth almost complex structures on M .

Because the genus is assumed to be larger than 1, in each conformal class [g] of g € M?*(M),
there is an smooth metric with curvature —1. Let us set M_1(M) := {g € M(M), s, = —1} where
54 is the scalar curvature of g.

There is a diffeomorphism of I.L.H. manifolds [51]:

M (M) ~ T (M)~ Conf(M).

The gauge group G of interest to us acts on M (M) by:

Doy(M) © W(M) x M(M) — M(M)
((f.9),9) — [e’g

and the action is smooth, free and proper (using here again the fact that the manifold has genus
larger than 1).

An L?-metric on the configuration space: In order to understand the quotient space, we use a split-
ting of the tangent space to the manifold of metrics. It is isomorphic to the space of covariant two
tensors and splits into pure trace and traceless two covariant tensors:

T,M(M) =~ C=(T*M &, T*M) = C*(M, R) - g & C3%(T*M @, T* M)
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where C3° (T*M @, T*M) := {h € C®(T*M ®, T*M), try(h) := g*hg = 0}. This splitting is
orthogonal w.r.to the inner product induced by the metric g on M on the space of smooth covariant
two tensors. This inner product on T, M (M) induces an L*-metric on M (M) which is only invariant
under D(M) but not under W(M). As we saw above, the action of the Weyl group on M(M) being
a straightforward pointwise multiplication, the fact that it is not L?- isometric is not a major ob-
struction to apply the slice theorem when taking the quotient. It is however a serious obstacle from
the path integration point of view and this non invariance of the metric under Weyl transformations
is a source of conformal anomaly.

The Faddeev-Popov operator: Using this L*-orthogonal splitting of T, M (M), the tangent map at
(Id,1) to the map 6, := O(-, g) reads:

Tg:COO(TM)E)COO(M,R) — C@(T*M@ST*M)@COO(M,R)
(u, A) (Pgu, trg(vgu) )

where V u is the symmetric covariant 2-tensor given by Lie derivative of ¢ in the direction u, try(V u)
its trace w.r.to g. The operator

1
Pyu :=Vgu— §trg(Vgu) - g,

called Faddeev-Popov operator,is the traceless part of V u. It can be shown that the operator P, has
injective symbol.

The Teichmiiller space: Up to the fact that the action is isometric only for Dy(M), a discrepancy
we argued is only a minor difficulty when applying the above theorem because the action of the
Weyl group is rather straightforward, we can apply the slice theorem. The quotient space, called the
Teichmiiller space

T(M) := M(M)/G(M)

is a smooth finite dimensional manifold (its dimension over IR is 6p — 6) and we have the following
diffeomorphisms of finite dimensional manifolds [4], [51]:

T(M) = J(M)/Dy(M) = Conf(M)/Dy(M).
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